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SPHERICAL GEOMETRY.? 


By EDWIN BIDWELL WILSON. 


INTRODUCTION. 


The past century was marked by two distinct yet closely related advances 
in elementary geometry; one concerned with the invention of new geometries, 
the other chiefly devoted to the revision of the foundations on which the older 
Kuclidean geometry rests. Harly in the century was invented the geometry of 
Lobatchevsky and about the middle of the century, that of Riemann.? The pur- 
suit of this work with its extensions by Cayley, Klein, Beltrami, and numerous 
others, leads on the one hand to the relations of metric to projective geometry 
and to their applications to geometry and the theory of functions; on the other, 
to the study of differential forms, the theory of surfaces, and the theory of 
groups.° The end of the century saw started, though by no means completed, a 
great movement to investigate the logical foundations of geometry and of math- 


1. These lectures on Spherical Geometry constitute a short extract from the author’s course entit- 
led ‘‘Elementary Geometry’’ and offered annually at Yale University to members of the Senior class for 
the purpose of ‘‘training students to become effective teachers of Geometry in the secondary schools.’? 

2. We may here call attention to Manning’s Non-Euclidean Geometry published by Ginn & Co. At 
present this seems to be the best book from which the student of meager mathematical development may 
learn the elements of Lobatchevskyan and Riemannian geometry, trigonometry, and analytic geometry. 
There is considerable criticism which might be advanced against the book but itis hoped that the read- 
ers of this series of lectures will be in a position to make their own criticisms. 

3. The bibliography of modern investigations on noneuclidean geometry and allied topics is very 
long. G. B. Halsted has covered the ground up to about 1880 in a collection of references printed in The 
American Journal of Mathematics, Vol. 1, pp. 261-266, pp. 384-385, and Vol. 2, pp. 65-70. Ture AMERICAN 
MATHEMATICAL MonrasLY has printed papers on noneuclidean geometry, chiefly by Halsted, as follows: 
Vol.-l, p. 70, 112, 149, 188, 222, 259, 301, 345, 378, 421; Vol. 2, p. 10, 42, 67, 70, 108, 187, 144, 181, 214, 256, 309, 
346; Vol. 8, p. 1, 18, 35, 67, 109, 182, 237; Vol. 4, p. 10, 77, 101, 170, 200, 247, 269, 807; Vol. 5, p. 1, 67, 127, 290; 
Vol. 6, p. 59, 166, 219; Vol. 7, p. 128, 154, 247; Vol. 8, p. 31, 84, 161, 216; Vol. 9, p. 158. We may note further 
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ematics in general.4 In this the Italians have been preéminent not alone for 
their scientific accuracy but for their pedagogic excellence as well. We may note 
in passing the excellent work entitled Question Riguardanti la Geometria Klemen- 
tare and published by the collaboration of a dozen writers under the editorial di- 
rection of F. Enriques. 

Important as is the study of noneuclidean geometries and of the logies of 
geometry for all who are interested in mathematics and especially for those who 
plan to teach elementary geometry in the secondary schools, yet the difficulty ex- 
perienced in approaching for the first time either of these subjects as they are 
generally presented is considerable. The difficulty of the Lobatchevskyan geom- 
etry is the infinite number of parallels, that of the Riemannian is the finiteness 
of space and the unilateral nature of the plane by virtue of which it is possible 
to pass from one side of a plane to the other without passing through the plane. 
The discussions into the logics of geometry are often very abstract and seem 
needless. Nothing goes so far toward removing such difficulties as the careful 
working out of some particular example already familiar to the student but now 
presented in a new light and discussed with the intention of preparing the path 
for future less familiar though analogous investigations. Spherical geometry 
furnishes just such an example. 

As generally presented spherical geometry is developed by means of the- 
orems concerning polyhedral angles and is dependent at least for its start on the 
Euclidean geometry in space. It is, however, possible to proceed differently, to 
regard the spherical surface as the fundamental entity, to lay down the funda-’ 
mental laws or axioms which govern the relations between geometric figures up- 
on the surface, and to develop therefrom the logically consistent system of the- 
orems that constitute the body of spherical geometry.’ For this purpose we may 
imagine ourselves, as some have done,® to be beings endowed with two dimen- 
sional perceptions and constrained to live and move upon the surface of the 
sphere, or we may simply will ourselves to take cognizance of naught save that 
which immediately concerns the spherical surface although we keep our percep- 


the paper by F. S. Woods on ‘‘Lobatchevsky’s Geometry’’ in the Bulletin of the American Mathematical 
Mathematical Society for May and July, 1900; also a memoir by the same author on ‘‘Space of Constant 
Curvature’’ in The Annals of Mathematics, Ser. II, Vol. 3, pp. 71-112. This latter is an elementary and 
lucid exposition of Riemann’s method of treating noneuclidean geometry. Strictly speaking Riemann’s 
work applies not merely to what we have called Riemannian geometry in the text but to the Euclidean 
and Lobatchevskyan geometries as well. We have ventured to employ the term Riemannian instead of 
elllptic geometry (as we employ the term Lobatchevskyan instead of hyperbolic) because of its general 
usage in this restricted sense by others and further because Riemann added this new geometry to those 
already known. 

4. The chief originator and investigator of the logical foundations of mathematical science is the 
Italian mathematician Peano whose work appears for the most part in his Formulaire de Mathematiques 
and in the Revue de Mathematiques. For the English reading public the recent elaborate treatise by Ber- 
trand Russell furnishes an account of this work and includes many valuable additions due to the author 
himself. 

5. This has indeed been done, years since, by G. B. Halsted in his Elements of Geometry (5th edi- 
tion, Wiley & Sons, pp. 257-287). The method we follow here is from a far more modern point of view 
and has an aim distinctly broader and higher. This may serve as an excuse for whatever repetition we 
may make of that which has been done before. 

6. Speculations of this sort may be found in ‘‘Flatland’’ which was published anonymously at Bos- 
ton in 1885 and has since gone through several editions. 
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tions as they are.. In either case the concept of straight line is no longer of use. 
That which takes its place is the concept of great circle. This is the straightest 
line, the line which turns neither to right nor to left, as far as motion on the sur- 
face of the sphere is concerned. The idea of similar figures has also to be aban- 
doned. These and other differences between plane and spherical geometry will 
naturally be expressed by laying down a system of axioms different from those 
employed heretofore. This idea, that it is the axioms which in reality makes geom- 
etry what it is, lies at the root of the modern point of view. 

We shall, then, assume a set of axioms which seem natural without at first 
seriously attempting to busy ourselves with the question of their completeness or 
independence,.and upon them as a foundation we shall build up our system of 
spherical geometry. Later we shall examine more carefully the content of these 
axioms in order to put ourselves in touch with the modern treatment of the foun- 
dations of mathematics and of geometry in particular. Finally we shall touch 
upon the Lobatchevskyan and especially the Riemannian geometry. Incidental- 
ly there will appear novelties in arrangement of theorems, novelties in methods 
of proof and in method of thought. These have sprung up recently but have al- 
ready taken a firm hold in science and it is to be hoped that they will find their 
way to some extent into the more elementary grades of instruction: for without 
being essentially harder they are more precise and more direct.} 


LECTURE I. THE AXIOMS. 


For the sake of brevity we shall call great circles lines. This will be of 
convenience because in many respects they resemble the straight lines in plane 
geometry, particularly in the Riemannian geometry. No confusion can arise, 
for the reason that the ordinary straight lines of plane geometry cannot exist on 
the spherical surface. 

Axiom I. Two points determine a line—except that to every point of the sur- 
face there corresponds one other point which taken with it will not uniquely determine a 
line. 

Axiom II. Two lines invariably intersect in two points. 

In these axioms the laws of combination of the elements, lines and points, 
are stated. For this reason axioms I and II are called axioms of combination. It 


1. In Europe mathematicians of note have in recent years occupied themselves with questions con- 
cerning the improvement of the presentation of Elementary Geometry. These improvements are along 
the following directions: The attainment of greater rigor in the treatment of problems involving limits; 
distinguishing more carefully what is defined, what is assumed, and what is proved; selecting modern 
instead of ancient methods in demonstration and especially obtaining the advantages which are to be had 
from introducing the important ideas of transformations, vectors, and so forth; ridding elementary work 
of a large number of theorems which may more properly be proved later or which are of the nature of 
curiosities, being of no use either practically or theoretically. See Geometrie Plane (1898) and Geometrie 
dans 1’ Espace (1899) by Niewenglowski and Gerard; also Geometrie Elementaire, Vol. 1 (i898) and Vol. 2 
(1901) by Hadamard; Elementi di Geometria (1903) by F. Enriques. These authors write for those who 
are studying geometry for the first time and consequently do not go so far into the modern standpoint as 
we do in these lectures. How much of that here given might be introduced into elementary instruction 
without surfeiting it with difficulties is a question which the future must decide. Certainly however, a 
more thoughtful and less formal treatment of geometry with some discussion of such terms as ‘‘continu- 
ous’’ and ‘‘motion’’ is possible and extremely desirable. In many cases the introduction of alittle more 
thinking and the exclusion of some useless feats of memory makes a subject easier rather than harder. 
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is to be noted that we have not tried to formulate any definition for “‘line’’ or for 
‘‘point.’’ They are accepted as intuitive elements and defined only so far as 
their properties which are stated in these and the following axioms define them. 

Axiom III. A point does not divide a line into two segments but makes of it a 
single piece in which the points are arranged in a natural order; that is, the words 
‘follow,’ ‘‘precede,’’ *‘le between’? are applicable. 

Axiom IV. The arrangement of the points in a line is continuous. 

As these axioms tell how the points of a line are arranged relatively to one 
another, they are called the axioms of arrangement. To the first we may remark 
that unless some point has been chosen for a beginning and ending point, no 
definite arrangement of two points on a circle or any other closed curve is possi- 
ble. For we may commence at any point and keep right on around the curve 
until we arrive at any desired point. The axiom on continuity also needs comment. 

The idea of continuity is simple enough—is is merely the absence of gaps. 
By a gap in a line is generally meant that a sizable portion or segment of the line 
is missing. For the purposes of geometry, however, gaps which have no size, 
which consist in the absence of a single point, must be ruled out. To drop a per- 
pendicular from a point to a line would be impossible if the one point where the 
foot of the perpendicular ought to fall were missing, and this even if every other 
point of the line were present. In like manner to find the middle point of aline 
is out of the question if the middle point is not there to find. .For example, to 
find the middle one of a series of four marbles is a problem without solution. It 
is therefore necessary to formulate some definition of continuity which shall el- 
iminate the possibility of gaps of even one single point. This may be done very 
simply by making use of the idea of order as stated in the third axiom. 

Suppose the continuous segment AB is divided by the point C into two 
segments AC and CB. Cis the last point of the first segment and the first point 
of the second. Evidently therefore, C is a point such that every point which 
precedes C lies in the first segment AC, and every point which follows C lies in 
the second segment CB. This statement is not true of any other point of the 
segment AB: for if X be a point of the segment AC all points between X and C 
follow X but do not lie in the segment CB, and similarly if X were apoint of CB 
there would be points preceding X which however would not lie in the segment 
AC. Moreover if the point C were missing so as to leave a gap of a single point 
there would be no point of the segment AB which would agree with the state- 
ments made above concerning C. By making use of this evident property of a 
continuous segment a definite and scientific statement of the idea of continuity 
may be formulated. 

Definition of continuity as understood in the above statement of axiom 
IV: If the points of a segment AB are separated into two classes such that each and 
every point of the first class precedes each and every point of the second class, then there 
must exist a point C such that every point which precedes C is in the first class and ev- 
ery point which follows C is in the second. This statement demands the existence 
of the point C and thus forestalls the possibility of a gap due to its absence. The 
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idea of defining the concept of continuity by this its most obvious property is due 
to Dedekind. We should add one thing more which is always understood when 
applying the definition of continuity, namely: between any two given points of a 
segment there is a third point. In other words it is impossible to take two points 
so close together that there shall be none between them—two ‘‘consecutive’’ 
points are, strictly speaking, impossible.* 

Axiom V. Geometrical figures may be moved freely about upon the surface of 
the sphere without suffering change in size or in shape. 

This is the so-called axiom of free mobility or superposition. In reality it 
contains a considerable number of different statements: for when analyzed, the 
words ‘‘size,’’ ‘‘shape,’’ and ‘‘moved’’ are no more simple than the ‘‘continuous”’ 
used in the preceding axiom. Let us therefore seek to state more precisely the 
ideas involved in this axiom. 

Motion without change in size or shape is generally known as rigid mo- 
tion. What, then, are the properties of rigid motion? In the first place the in- 
itial and final positions of a figure are all that need concern us. The intermed- 
iate positions through which it passes have no influence upon the final position. 
In other words if a figure be moved once from one position to another and then 
again moved so that it takes up a third position it might as well have been 
moved directly from the first into the third position. Any two successive 
motions are equivalent to a third motion. This is known as the group 
property. 

Definition of a group: When a set of transformations or changes of position 
is of such a kind that two successive changes of that kind result in a total change of the 
same kind, the set of transformations is said to form a group of transformation. 

Evidently rigid motions form just such a set, and part of Axiom V may 
be stated by saying— - 

Axiom V,. The set of all possible rigid motions forms a group. 

Secondly it is an obvious property of our conception of rigid motion, that 

Axiom V,. In any motion points are carried over into points, and lines into lines. 

In the third place any point A of the spherical surface may be carried by 
a rigid motion into any desired point A’ of the surface. Furthermore any ‘‘di- 
rection’’ or half-line issuing from A may be moved into any desired ‘‘direction’’ 
or half-line issuing from A’. The correspondence of the points A and A’ and of 
the directions a and a’ issuing respectively from them completely determines the 
motion. All other points are carried along in a perfectly definite manner when 
A and a go over into A’ and a’ respectively. The simplest motion is that in 
which no change of position takes place. This is called the identical transfor- 
mation: for each point takes a position identical with its former position. We 
are now able to state the rest of that which is contained in Axiom V. 


* It may be here noted that a segment AB has a definite last point B: but no definite next-to-the-last 
point. This fact which is of course unfamiliar in dealing with finite sets of quantities is of frequent oc- 
currence in infinite sets. For instance zero may be the last number possible, but there is no next-to-the- 
last number. We can come as near to zero as we please but we can not get next to it for the reason that 
between any two given numbers there is a third number. 


Axiom V,. Any point and direction issuing from it may be moved into any 
desired point and any desired direction issuing from that point—and the correspon- 
dence of these elements completely and uniquely determines the rigid motion. * 

Definition. Geometrical figures which may be carried over into one another 
by rigid motions are said to be congruent. The sign for congruence consists of three 
horizontal parallel strokes, as =. 


A anda = A' anda’. 


POLAR COORDINATE PROOFS OF TRIGONOMETRIC 
FORMULAS. 


By OSWALD VEBLEN, The University of Chicago. 


1. Graphical, that is to say analytic geometrical methods, seem at present 

’ to be on the gain in the 

teaching of Trigonometry. 

Particularly true is this in 

courses conducted by the 

‘‘Laboratory Method.’’ This 

fall, I have obtained rather 

| pleasing results by adopt- 

ing a suggestion of Profes- 

sor Moore to use polar coér- 

dinates. The geometric 

simplicity of these graphs, 

the sine and cosine being 

represented by circles and 

the secant and cosecant by 

straight lines (see Fig. 1), 

not only makes them at- 

tractive to the student but, 

unlike theCartesian graphs, 

makes them useful in prov- 
ing theorems. 

The proofst given 

below, it is hoped, will de- 

Fig. 1. monstrate this latter point. 


* The reader should convince himself that in case change of size or shape is allowed the correspon- 
dence of A and ato A’ and a’ will not be sufficient completely to determine the motion. The amount of 
distortion must also be somehow specified. 

+ While these proofs are probably to be found somewhere in the literature, I have not been able to 
find them. 
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That they contain some elements of simplicity I am convinced by the fact that 
several of my students worked out the proof of the formula for sin(z+y) with 
no other help than the mere suggestion to use polar codrdinates. §§6, 7, 8 are 
based on memoranda given me by Professor Moore of work intended for his 
elementary calculus course. The proofs are made only for positive angles less 
than $2. 

2. If an angle is inscribed in a circle of unit diameter its sine ts the chord of 
the are subtended. 

If one side OB of the angle AOB is a diameter of the circle (see Fig. 2), 
then since OBA is a right angle, aoe “s is the sine of AOX. If the angle is 
inscribed in any other way, by a familiar theorem, it subtends the same chord as 
AOB. 

The theorem is also true in the limiting case where one side of the angle 


Fig. 8. 


is tangent to the circle. This is the polar codrdinate case and thus, in Fig. 3, 
OA=sinAOX. We may note also that in a circle of unit diameter the length of 
the are subtended by an inscribed angle is the measure of that angle in radians. 
§3. Proof of the formula sin(w+y)—=sinxecosy+cosasiny. 
In a circle ABO (Fig. 2)* of unit diameter, let 


LAOB=x, » AB=sine. 
/ BOC=y, » BC=siny. 
2 LAOC=2+y, »AC=sin(r7+y). 


Let BD be perpendicular to AC. Then 


/ BAC=y (subtending same are as / BOC) 
Z BCA=« (subtending same are as 7 AOB). 


*Of course, in this proof OA need not be a diameter. 


» AD=A Beosy=sinxeosy, 
DC= BCcosx=sinyeosx. 
Since AC=AD+ DC, sin(a#+y)=sinxeosy--cosysinz. 

This Proot applies directly to the polar graph (see Fig. 4) if OA is taken 
tangent to the circle (so that A=O). The present 
form is intended to suggest its use to those who do 
not care to introduce polar codrdinates in a begin- 
ning course. 

4, Proof that cos(« + y)—=cosxcosy — sinasiny. 

Let OAB (Fig. 2) be the polar cosine curve, 

e., OA is the diameter (—1) of the circle OAB. 


OB=cosx, OC=cos(a+y), BC=siny. 


. _ Let BE be perpendicular to OC... OZ2/OB=cosy. 
X +, OF =coszcosy. 
#%y. 4. EB and CA are parallel, both being perpendicular 
toOC. » <CBE=/BCA=«. »,CH/CB=sinz.  », CH=singsiny. 
Since OC=OEH— CE, OST IY easy aan 
LY —Y 


). Proof that sinz—siny= —=2c08—5~ sin”. 


In the polar sine circle, Fig. 3, OA sine, AB=siny. On OB, lay off AC 
—=AB and let D be the point in which BC meets the circle. 

, OC=sinx—siny. 

By elementary geometry, 7 BAH=/ AOB+ / ABO=«a-+-y. 


Now Z COD is measured by the are AD and hence / COD= / ABD= ay 


Hence OCD is an isosceles triangle and OC=2. ODeos 4. 


But OD=sin( / OBD)=sin (« TY) sin 


2 
”, SIng— siny=OC=2 sin," cos ney 
§6. First proof of the formulas 
DypSIDL=COSL ee sesescses esessesvens weeeeeaeessne saeesesssecs (1). 
{cose AX=SID_N — SN 9 veaseveeeeeeessen o ceeesneeneees (2). 


Xo 


The proofs in this section make use of Fig. 4, in which / XOF,=«,; /F,OF; 
=Ar= / F,;_, OF, (i=1....n); or, if one prefers to speak of the ares, 


Aa—arcl, Ff, =arcl, f, =.....=areLy_ Ff). 


) 
F;_1P;_1 18 perpendicular to OF; and F;Q; is perpendicular to OF;_,. To prove 
(1), we make use of only one of the Az portions of the figure, for example, the 
third. OG, is taken equal to OF, and OG,—OF,. Then by elementary geometry 
Py Bs > Gi, Bg = Gg By > Bey Qo vnsveeneessess esecencnsssne censeesennace (3). 
But if we call 7 XOF,=—2, 7 F,F,O0=a and /F,F,Q;—2+ Ag, 


I, G,=OF, — OF, =sin(«#+ Ax)—sinag, 
P, F=f, F,cosx=sin Ax cose, 
F,Q,—f,f,cos(«+ Ax)=sin Ar cos(a#+ Az). 


Hence (3) says that 
sin A # cosa>sin(a-+- At)—sing>sin Ax cos(a#+ AZ@).......... vee (4), 


sinAx sin («+ Ax) —sine sInAZ 
. ~_eosr > ( Af) — Sint 7 cos(4#+ Ax). 


Since L nal and cosx is continuous, both extremes of this donble 
h=0 
inequality approach cose as Aw approaches zero. 


Therefore the middle term approaches cosz and we have 


. sin (2+ Ax) —sinz 
D,sing== L sin (@+ A) Sine oer, 


In this, according to our figure, Aw was always positive. But if XOF, 
had been taken as # the same figure with similar reasoning would prove (4) for 
that case also. 

Of course the theorem that for continuous functions, integration is the 
inverse of differentiation shows that (2) is a corollary of (1). But for some pur- 
poses of instruction it is worth while to compute (2) directly from the definition 
of an integral as the limit of a sum. Assuming the existence of a definite integral 
for cosa we have 


xX n 
f Cosx de== Lr 3 COS(Ly ARAL) AL oeceesresssees seeceeee neteseen (5). 


~“ Xo n=wo k= 


where Ara=(X—2,)/n, and also* 


1 


x n— 
f Cost de== LS COS(L, ARAL) DW ceccersseces ereeceeeenes (6). 
Lo 0 


N=e k= 


*In the familiar Cartesian figure, (5) corresponds to the inner set of rectangles and (6) to the outer. 
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. sin AZ 
Since L ———— 


==], (5) and (6) can be replaced by (7) and (8): 
Aw=0 Ax 


».¢ n 
f cose da== L & ecos(z,+hkaAx)sinAr= LF S,....(7), 


0 n=o k=1 


».¢ n—1 
f cost da== L & cos(a,t+kAx)sinArc= L S8’,....(8), 
Lo n=o k=0 N=o 
and (2) will be proved if we show that S,<sinX—sinz<S’,. 
From the quadrilateral F,P,F,Q,, we obtain, as we obtained (4), 


sin Ag cost, >sin(£,-+ Ax)—sinz,>sin Aw cos(a4,+ Az). 
From the second quadrilateral fF, P,F, Ve we similarly get 
sin Ax cos(x, + Ax)>sin(t#, +2AL)—sin(a4, + Ax)>sin Ax cos(t#,+2AZz), 
and soon. From the last quadrilateral we obtain, calling Y¥<XOF,=a2,+-nAz, 
sin Ax cos[a,+(n—1) Aa]>sinX—sin[z,+(n—1) Aa] >sin Ax cos(t,+naz). 


Adding together these inequalities we see that the sum of the first terms is 8’, 
and of the last terms is S,. In the middle terms everything else cancels, leaving 
only sinX—sinz,. So we have as we desired 


S',>sin X—sinw, > Sp. 
This result can be seen still more directly by noting that 


B= P Fy + Py Py +--+ Prakn, 


S,=f, O,+F, Qo+ cence + Fn1Qn; 
OF, =sinz,, OF ,==sink. 


If the rays centering at O be imagined to fold together like a fan from OF, to 
OF, it is evident that S, is less and 8", greater than OF,,— OF,. 

§7. Second Proof of (1) and (2). 

In some quarters there is a tendency to reverse the old order and present 
the integral caleulus before the differential. The definitions of the two opera- 
tions of differentiation and integration are certainly independent of each other ; 
and whatever order may be preferred for pedagogical reasons, it is not amiss to 
see that in either case precisely similar methods can be used in deriving the 
formulas for the usual functions. That such is the case depends depends on the 
following theorem. * 


*The proof of the first part of this theorem is made possible by the fact that any monotonic function 
is integrable,—a monotonic function being such that if a<b either always /(a)> or =f(b) or always f(a)< 
or =f(b). Just as we did for the special case of sinz in the last section we can let b—a=Avz and add up n 
inequalities like (9) and thus have Sx>F(«x)—Fxe>S'n. To prove the second part divide by b—a and pass 
to the limit as 6 approaches a. 
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If on an interval x, -..., X, two functions f(x) and F(x) have the property that 
for every two values of x, a and b(@, Sa<b<eX), 


FCA) (0 — 4) > BB) — BCA) FCO) (OHA) eneessneeseroe verseccses nsesscen (9) 


x | 
then, first, f f(e)da=F(X) —F(«%,); second, if f(x) is continuous, D,F(2)=f(2). 

In view of this theorem, to prove (1) and (2) we need only to prove the 
inequality 


COSL,.(4#—x,) > sing—sinx,>cosa(x—a,), OS<a,<aSx/2.....(10). 
To this end we make use of the inner part of Fig. 5 in which 
LXOS,=«,, LXOS=z. 


S, U is perpendicular to OS, S, Vto 
OS,, and SO” and S, O” are tangents 
to the sine curve OS,B. About O” 
a circle is described with radius 
O”S=O"S8, and meeting O’S in W. 
Since 


L8, V8S=$24+ (a—-2,) 
=r—[}e—(e—2,)], 


and /8,O0"S=z—2(4#—£,) 
=2[37—(«—-2)], 


the circle about O” must pass 
through V. Henee SVW-==4r. 
From these eonsiderations it fol- 


lows that #79. o 


sint—sint, = TS> VS=cos VSW. WS 
=cosr.(S, 0” + 0” 8)>cosz.areS, S=cosx.(*#—2,), 


and TS< US=eos USS, .8,S<cosz, .arcS, S<eosx, (x<—%@), 


which proves (10). 

§8, Seeond Proof of (1) and (2). 

Without going into details I will add the outline of a second proof of Pro- 
fessor Moore’s for the inequality (10) and hence for (1) and (2). This, unlike 
the others, is not a polar codrdinate proof, but uses the unit circle. In the outer 
part of Fig. 5, 


sing — sing, =F P=-cosFPK.PK>cos«.(PG+GP, )>cosz.are P, P=cosx.(*#—2,), 
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FP=cosFPP,.P,P==cos 5 


.P,P<cost,P, P<cosx,(t%—Xy). 


, COSH.(X£—2X,) <Sinxy—sinx, <cosz,(*—2Z,), which is (10). 
The outer part of Fig. 5 can also be used to prove that 


L-|- Lo sin 
2 2 


sinz— sinv, ==2c0s 


A LINKAGE FOR DESCRIBING THE CONIC SECTIONS BY 
CONTINUOUS MOTION. 


By JOHN JAMES QUINN, Ph. B., Head of the Department of Mathematics and Manual Training, Warren High 
School, Warren, Pa. 


The linkage is a material embodiment of the facts and conditions set forth 
in the following 

THEOREM: If one vertex of a movably pivoted rhombus is constrained to move 
in the circumference of a directing circle, while the opposite vertex is fixed in the diam- 
eter (or diameter produced), the locus of the intersection of the diagonal (produced) 
through the other two vertices with the radius of the directing circle is a conic. 

Let BIDF be the rhombus with the vertex B moving in the circumference 

, y orthe directing circle whose 

KF" scenter is F’; F the opposite 
vertex fixed within (with- 
out) the diameter; and DI 
the diagonal produced: to 
intersect the radius (pro- 
duced) in the point K. 
Draw KF, and FR’. Then 
in the figure to the left, 


In the figure to the right, 
EF K—FK=F K-—-BkK=—BF'=constant. _ The locus of & is an hyperbola. 


Now suppose that the radius of the directing circle becomes infinite. Then 
the circumference becomes the line XY, perpendicular to the diameter (the direc- 
trix); BF becomes the line B’F”, parallel to the diameter, and the diagonal D’I’ 
intersects it in K’. 
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Hence B'K'’—FK’. _ ., The locus of K’ is a parabola. 

CoROLLARY 1. The diagonal of the rhombus ts a tangent to the curve in every 
position; and the second diagonal is parallel to the normal. 

COROLLARY 2. When the diagonal is parallel to the radius itis an asymptote. 

CoROLLARY 8. If a point in one side of a movably pivoted rhombus, at a giv- 
en distance from the vertex, is constrained to move in the circumference of a directing 
circle, and a point in the adjacent side equidistant from the same vertex is fixed in the 
diameter (or diameter produced), the locus of the intersection of the diagonal (produced 
if necessary) through the other two vertices with the radius (or radius produced) of 
the directing circle is a conte. 

CoROLLARY 4. A conic is the locus of a point which moves so that the ratio of 
its distances from a fixed circle and a fixed point in its diameter (or diameter produc- 
ed) is equal to unity. 

The linkage is very easily constructed by using thin strips of wood or 
metal for each line in the above figure except the diameter of the directing cir- 
ele, which should be strong enough to support the rest of the linkage without 
bending. The links representing the diagonal and the radius should be slotted, 
then there will be an opening at their intersection in which a pencil can be in- 
serted to describe the curve. 

The points F and F” represent the foci, one of which, the point F, should 
be made to slide along the diameter. Then a change in the curve due toachange 
in the relative position of the foci is made evident. 

If the diagonal DI passes through the point F”, and an extra link DH is 
attached to the vertex D with the point # in the diameter, but so situated that 
DE=EF,, then the vertex J will describe a straight line. 

For we have "Dx F’I—constant. Consequently, ifthe vertex D describes 
a circle, the point J must describe its inverse. 

The extreme simplicity of this linkage reduces the geometry of the conics 
to that of the rhombus and the circle. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


Problem 185 was also solved by A. H. Holmes, Brunswick, Maine. 


187. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 
Express by radicals the roots of x7+-px5+2p*°a' +7yp%a+r=0. 
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Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. ¥a. 
Let c=y-+e. Then the equation becomes 
y? +27 -+(Tyet+p)[y® +2 + (8y2+ap)(y* +2°) 
+ (5y?2? + Fpye+aop? Cy +e) ]+r=0. 


Now x may be decomposed into two parts, y and ¢, in an infinite number of ways; 
we may, therefore, suppose y and 2 are suchas to satisfy the condition 7yz+p—0. 
. Y2=—4p, yet =—F. 
Let yt=a, 27=b. «1. a+b=—r, ab=— (hp). 
.. a and 0 are the roots of the equation w?-+ru—(4p)?*—0. 
1. a= — drt / LAr? +p), b= —r—V/ Lae? + Gp). 


Let » be an imaginary seventh root of unity, so that 


o=b[Aty/(A2—4)], ASV SLY 4 8/ -3) + W838) - 79), 


Then the required seven roots of the equation are 


VYatYb, wVYfatoe Yb, vw Ya+o® Vb, wv Ya+wt VY), 
w& Yatw Yb, wo Yatw? Yb, of Yi+o3 YD. 


188. Proposed by GUY SCHUYLER. ’ 
cy+ab=2ar, wy? +a?b?=20*y?. 


Solution-by 0. W. ANTHONY, Head of Mathematical Department, DeWitt Clinton High School, New York City. 


By squaring the first equation and subtracting from the second we get 
y==aa/b and y==—22a/b. Whence easily =), $(—1+47/3)b. y=a(1¥//3)b/a. 
Also solved by G. W. Greenwood, B. A., Professor of Mathematics and Astronomy, McKendree 
College, Lebanon, Ill.; G. W. Drake, Fayetteville, Ark.; Charles E. Barrett, Louisville, Ky.; H. F. 
MacNeish, A. B., Instructor in Mathematics in the University High School, Chicago, Ill.; L. H. New- 


comb, Los Gatos, Cal.; G. B. M. Zerr, A. M., Ph. D., Parsons, W. Va., and J. Scheffer, Kee Mar Col- 
lege, Hagerstown, Md. 


GEOMETRY. 


— 


Problem 203 was also solved by Henry A. Converse, Ph. D., Instructor in Mathematics, Johns Hop- 
kins University, Baltimore, Md. 


208. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud. England. 


Tangents drawn to two confocal parabolae from the point on the common tangent 
intersect at the same angle as the axes of the parabolae. 


I. Solution by G. W. GREENWOOD, A. M. (Oxon), Professor of Mathematics and Astronomy in McKendree 
College, Lebanon, Iil. 


PQ is the common tangent; S, the common focus. Draw PA, PA’ paral- 
lel to the axes; PT, PT’ are the other tangents from P; T, T’ being the points of 
tangency. Join PS. 
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Since a tangent from a point to a parabola makes the same angle with the 
line joining the point to the focus as the remaining tangent from the point does 
with the axis, we have / TPA=/QPS=ZTPA'. Hence /TPT’'= APA’. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let y? =—4a(4+a)....(1), 
y?cos?0-+-2ysind(xcosd-+-2b) =4bxeos6 + 4b? — a? sin? 0.....(2), 


be the confocal parabolae with axes inclined at an angle @. 
Let the common tangent be y==ma-+c.....(3). 
If (8) is tangent to (1), c=a(m?+1)/m. 
If (3) 1s tangent to (2), c==b(m? +1)/(mecosé+siné). 


n— acos@ oa +b? —2abeosé 
~ b—acosé’ ~  siné(b—acos6) © 


axsing a® +b? —2abeosé 
b—acos?  siné(b—acosé) 


.. (3) becomes y= 


Let (h, k) be the point on (4). 
7. y=m,c+a(m,?+1)/m, is tangent to (1), 
y=m,x-+b(m,? +1)/(m, cosé-+sind) is tangent to (2). 
But k=m,h+a(m?+1)/m,....(5), 
k==m,,h + b(m,? + 1)/(m, cosé + sing).....(6), 


ahsing a? + b2 —2abeosd 


b—acos@ siné(b—acosé) ~~ (7). 
From (5), mé— kin 4 9 —0....(8) 
7S ath ath 
(hsiné— keosé)m, b—ksin@ 
2 al 7 a 
From (6), ms heosd +5 heosé +5 =0..C9) 


.. m, and m, each has two values. 
From (4), m,—m,—asin@/(b—acos?). The other values of m, and m, are 


respectively, 
b—acosé (b—ksin#) (b—acos?) _ bvosd—hsin?6—a 
(a+h)sin6’ asind(heos6+b) ———-sin@(heosd-+b) * 


M,—M, — (a*+b? —2abcos0+2ahsin®9+h? sin® 0) sind 


. ltm,m,  (a?+b2—2abcosé+ rahsin®? d+h?sin26) cosd ean. 


209. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 
Find by a geometrical method the maximum value of sin? cosé cos24. 
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Solution by G. W. DRAKE, Fayetteville, Ark. 


In the cirele, radius 1 and center O, let 7 AOB=0, and 7 AOC=26. From 
C drop a perpendicular to AO or AO produced, meeting AO in H. Then CH= 
sin2é, and OH=cos2é.  siné cosé cos26==4s8in20 cos26=—the area of triangle OHC. 
But triangle OHC isa maximum when OH=CEH. Hence sin?@ cos cos206 is a max- 
imum when sin20—cos2é, 1. e. when 20=-90—20, or when 06=228°. 


Also solved by L. E. Newcomb, Los Gatos, Cal.; G. B. M. Zerr, A. M., Ph. D., Parsons, West Va. 
{Dr. Zerr gives the more general result 0=37(4m-+1).] 


210. Proposed by L. KE. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 


Let ADC be a triangle with angle C=120°, and let the interior bisector of 
angle C meet AD in B. Prove that 2.CB is the harmonic mean between CA and 
CD. 


Solution by M. E. GRABER, A. B., Instructor in Mathematics and Physics, Heidelberg University, Tiffin, 0., 

and G. W. DRAKE, Fayetteville, Ark. 
On AC produced through C, take a distance CK-=CD, and join K and D. 
Since triangle ACB is similar to triangle AAD, ... BC:DK=CA:KA, hence 
2.CA.DK — 2.CA.DK 


2.BO= “a — = “Gao But because OD=CK, and 2 KCD=60", 
2 OKD= / KDO=-60°, and triangle CKD is equilateral... 2.B0—704: ©P 
_ _ — ) 8 q 2 ee Oe C4. OD" 


Hence 2. BC is the harmonic mean between CA and CD by definition. 


Also solved by R. A. Wells, Bellevue College, Bellevue, Nebr.; G. W. Greenwood, B. A. (Oxon), 
Professor of Mathematics and Astronomy, McKendree College, Lebanon, Ill.; L. E. Newcomb, Los Ga- 
tos, Cal.; G. B. M. Zerr, A. M., Ph. D., Parsons, W. Va.; J. Scheffer, Kee Mar College, Hagerstown, 
Md.; E. L. Sherwood, Shady Side Academy, Pittsburg, Pa. 


é 
211. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 


Prove the validity of the following construction of an inscribed regular pentagon 
and regular decagon: Draw any two perpendicular radii of the given circle with center C. 
Call # the end of one radius CH and M the middle point of the perpendicular radius CM. 
Take the point & on CM produced. through C such that RCM=EM. Then RC=side of in- 
scribed regular decagon, RE =side of inscribed regular pentagon. 


Solution by G. W. DRAKE, Fayetteville, Ark., and R. A. WELLS, Bellevue College, Bellevue, Neb. 


Join H and M, also Hand Rk. Let r=CE#. 

(1). ME? =$gr? +r? =-5r? /4. MEH=$r//5. 

» RC=RM— OCM=ME—  CM=$r)/5 —$r=$r(/5—1)=a side of a regu- 
lar decagon inscribed in a circle whose radius is r. 

(2). RE? =RC?+ CH? =[4sr(/5—1)]? +r? =4r? (6 —21/5) +r? =47(10— 
21/9). «, RH=$r)/(10—2)/5)=a side of a regular pentagon inscribed in a 
circle whose radius is r. 


Also solved by G. W. Greenwood, A.B. (Oxon), Professor of Mathematics and Astronomy, McKen- 
dree College, Lebanon, Ill.; L. E. Newcomb, Los Gatos, Cal.; G. B. M. Zerr, A. M., Ph. D., Parsons, 
W. Va.; J. Scheffer, Kee Mar College, Hagerstown, Md., G. I. Hopkins, Manchester, N. H. 
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CALCULUS. 


172. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, O. 


d 1 
Solveq-—=—_7 
dx y— %—logwe 
Solution by W. W. BEMAN, A. M., Professor of Mathematics at the University of Michigan, Ann Arbor, Mich. 


Writing the equation in the form y= loge dy —4, we get ylogr—logcy, 
or, 7%—=cy. 


Also solved by G.W.Droke, Fayetteville, Ark.; M.E Graber, A.B., Instructor in Mathematics and 
Physics, Heidelberg University, Tiffin, O.; O.W.Anthony, DeWitt Clinton High School, New York City; 
G. W. Greenwood, B. A. (Oxon), Professor of Mathematics and Astronomy, McKendree College, Leb- 
anon, Ill.; G. B. M. Zerr, A. M., Ph. D., Parsons, W. Va. 


MECHANICS. 


161. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 


Four equal uniform smoothly jointed rods length a, and width w, form a 
a rhombus ABCD, A and C being in contact with two vertical walls } feet apart. 
An elastic string, natural length z, modulus 4, keeps the figure in position. The 
angle of friction at A and Cis tan—'». When the rhombus is just about to slip, 
find the angle A, and the angle between AB and the vertical. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Suppose the rhombus to be held in form by two strings AC, BD in a state 
of tension and that the rhombus is in a plane perpendicular to the walls. Let 
T, T’ be the tensions in BD, AC; then the virtual work T’.0AC+ T.oBD=-0. 

But AC?+BD*?—4a?, ... AC.8AC+BD.oBD=0. 

o. I’ BD==T.AC or T’=T.AC/BD. 

Let BD make an angle 6 with the vertical. Then 6—ACcosé or AC—bsecd, 
BD=a(.1+T/))=«,. Let &, 8 be the reactions at A, C. Revolving horizontal- 
ly, R+S=2T'cosd. Revolving vertically, (R-+S8)p—4w. 


», 
pe 2 Tbseco or T= 2W2 , 
peos 0 z, pb 
_ QW , _— —pbra 
ry=a(1 + poi bh — De 


v,—=2asingA or A=2sin—1(v,/2a). AB makes with the vertical an angle 
4B+0—4r—$A+0. 
162. Proposed by B. F. FINKEL, A.M., M.Sc., Professor of Mathematics and Physics, Drury College,Spring- 
field, Mo. 
Show that the velocity, v, of a wave along the surface of a liquid whose 
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depth is not less than the wave length, 4, whose density is 5, and surface tension 
ga 2x T 


T,is v?—= ; 
180 oat Ao 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let ¢ denote the velocity. Taking the axis of « in the undisturbed sur- 
face and drawing the axis of y vertically downward we get, C+p/o—d¢/dt. 
Since the motion is small, we can neglect the square of the velocity. The equa- 
tion of continuity is d? ¢/dx? +d? 6/dy? =0. 

. P=3A,e-™eos(nt—mr).  .. C+ p/d=gy+3nA,e-"sin(nt— mz). 

At the free surface Cé+ 7 is the excess of the pressure in the liquid over 
the atmospheric pressure due to the curvature and tension of the surface. Let 
y)==the vertical displacement of the free surface, then d*y,/dx? is the curvature, 
approximately; hence at the free surface T/0.d?y,/dx*=C+p/d=gy, 
+ 3nA,sin(nt—me). Let y==0, then dy, /dt-=-d¢/dy=—  2mA,cos(nt—mz). 

Oe Y= 2(m/njA,sin(nt—maz).  .. d®y, /dx?==3(m3 /n)A,sin(nt— mx). 

Substituting in the equation at the free surface we must have m? 7T'/nd= 
—(m/n)g+tn or n?/m?==g/m+mT/o. Now n+22v/i, m==2r/. 

UP ah /Zn 4-22 T/20. 


Also solved by M. E. Graber, A.B., Instructor in Mathematics and Physics, Heidelberg University, 
Tiffin, O. 


AVERAGE AND PROBABILITY. 
63. Proposed by COL. CLARKE,* 


Three points are taken at random one on each of the three faces of a tetrahedron. 
What is the chance that a plane passing through them cuts the fourth edge? [From Wil- 
liamson’s Integral Calculus, page 410. ] 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let ABCD be the tetrahedron, P a random point in the face ADC, Qa 
random point in the face ADB. Through A, P draw AF meeting DC in F; 
through A, Q draw AH meeting BD in H. Let DB=a, DC=b, DE=«, DF=y. 
On DB and DC take G and H on the same side of FF’ so that HG—dz, FH=dy. 

The chance that a point falls in the triangle AWG is dx/a, that it falls in 
the triangle AFH is dy/b. In order that the plane through P, Q may cut AC and 
AB or’the face ABC, the third point must fall on the triangle DEF. The chance 
of this 1s (#/a)(y/b)=ay/ab. 

... The whole chance of the plane through P, @ cutting AB and AC is 


6% 7% ny “¢ 41 of 4 
p= fof Bavays ("J audy ae ff mydeay =. 


Similarly the chance of AC and BC being cut is 4, and the chance of AB 
and BC being cut is}. .:°. The chance of ABC being cut=4+4+4—#. 


*Vol. V, 1898, p. 120. 
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146. Proposed by L. C. WALKER, A.M., Professor of Mathematics, Colorado School of Mines, Golden, Col. 
A random straight line crosses a given ellipse; find the chance that two points, tak- 
en at random in the ellipse, shall lie on opposite sides of the line. 
Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let O be the center of the given ellipse, axes OB=a, OC—b. Let KZ be 
the random chord, GH a diameter parallel to AZ, and FE a diameter conjugate 
to GH meeting KL in Q. Let OG=n, OH=m, OQ=—2, 7 GOH=¢, 7 BOH=6. 
Kiquation to ellipse is «?/m*+-y? /n?=1. 


Area of segment apt —a—Peine vs 


mn 


‘A= =(2nsing/m) { \/ (m* —2°)de= A ne Cem? — 22,/ (m? —z*) —2m?sin—1(2/m) ] 


Let p be the chance that both points are on the some side of AZ, p’ the 
required chance. Also, sing=ab/mn. 


p=f- f" 242dmie/n2ab? { yj" dmdez 
0 —m 0 —m 
1 mc *m4+-4e* (m2 —2?) +4m4(sin-t= )— dam? 2__g2 
=p ; _, mz*m* 4-42? (m? —2e2) +4m4\ sin = )- Tm? 21/ (m? —2?) 


m’ 
—4Anm*4 sin + 8m?2)/(m? —2?)sin—! = Jamaz+ f mdm 
0 


128 fr fr _ 128 
=(1 -zy) mdm —~ mdm =l— FR: 


', p=1—p=128/45x", the same as for a cirele. 


147. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 


In a bag are 7 balls, known to be black or white, either color, a priori, equally like- 
ly. I draw two, which turn out to be one white and one black. I replace them and draw 
two more. What is the chance both are black? 


Solution by W. W. LANDIS, Dickinson College, Carlisle, Pa. 


This problem is open to two interpretations. We shall assume that a bag 
has been chosen at random from n+1 bags containing respectively, 0, 1, 2, -...., 
black balls. The chance of any particular number of black and white balls be- 
ing found is then 1/(n+1). The chance that the bag containing r black balls is 
selected and a white and black ball drawn from it then 1/(n4+1).2.r/n.(n— ") / 
(n—1). Adding these probabilities from r—1 to r=n—1 we obtain as sum $. 
As this event has happened, the probabilities i in the next case must be multiplied 
by 38. We get then for the probability of drawing two black balls from this bag 


ne as ar woh =6[(n+1)r3 —r4 —nr? ]/(n+1)n2 (n— 1)?. 
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Adding these probabilities from r=2 to r=n—1 (as the bag containing but one 
black ball must be excluded) and reducing, we have, as the final result, probabil- 
ity required—[8n? —dn—2]/[10n(n—1)]. This can easily be verified for small 
values of n. 


PROBLEMS FOR SOLUTION. 


 ceamenamen mene 


ALGEBRA. 
190, Proposed by H. H. HOLMES, Brunswick, Maine. 
Find the general term of the series 2, 3, 7, 46, 2112, etc. 


191. Proposed by NELSON L. RORAY, Bridgeton, N. J. 
Find a number such that if it be multiplied by 2, 3, 4, 5, and 6, the cyclical order of 
its digits will not be changed. 


TT 


GEOMETRY. 
215. Proposed by M. J. NEWELL, A. M., Evanston High School, Evanston, Ill. 
Construct geometrically a right triangle, given the bisectors of the acute angles. 


216. Proposed by JOHN J. QUINN, Warren High School, Warren, Pa. 


Find, by plane geometry, the sides of a right triangle if the hypotenuse is 35, and 
the side of the inscribed square is 12. 


217. Proposed by G. W. DRAKE, Fayetteville, Ark. 


If one of the principal axes of a cone which stands on a given base be always parallel 
to a given right line, the locus of the vertex is an equilateral hyperbola or a right line ac- 
cording as the base is a central conic or a parabola. [Exercise 40, page 94, CO. Smith’s Sol- 


id Geometry. | 


218. Proposed by 0. W. ANTHONY, DeWitt Clinton High School, New York City. 


From a given triangle cut off an area equivalent to a given square by a line passing 
through a given point without the triangle. 


219. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 
Devise a simple geometric solution of the general quadratic equation. 


CALCULUS. 


174, Proposed by B. F. FINKEL, 204 St. Marks Square, Philadelphia, Pa. 


Integrate Sih Pe ogre dx, if p?<@q?. 
5 9 sinh qx 
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175. Proposed by M. E, GRABER, A. B., Instructor in Mathematics and Physics, Heidelberg University, 
Tiffin, Ohio. 


Find the volume of the cono-cuneus determined by 2? +a? y? /x? -=c?, which 


is contained between the planes s=0 and =a. Ans. $xc?a. [Todhunter’s In- 
tegral Calculus, p. 189, No. 28.] 


MECHANICS. 


165. Proposed by 0. W. ANTHONY, Head of the Mathematical Department, DeWitt Clinton High School, 
New York City. 


Find the approximate form of a tower of circular cross section 1000 feet high and 
having a radius of lower base 20 feet, and so constructed that all the parts of the structure 
shall be subject to the same stress, due to the weight of the part of the tower above. 


166. Proposed by G. B.M. ZERR, A. M., Ph. D., Parsons, West Va. 
If a gravitating particle of mass m be placed at the point (a, 0, c) prove 
that the work required to move a particle of unit mass from the point (2, y, 2) to 
an infinite distance is m[(a—a)?+(y—b)? +(¢—c)?]-3. Prove also that 


ad? d2 d? ' 
(T+ dp <x) {ml (@—a)? + (y—b)° + @—e)* Tj =0, 


except when z=a, y=), z=c. 


MISCELLANEOUS. 


143. Proposed by G. W. GREENWOOD, B. A. (Oxon), Professor of Mathematics and Astronomy, McKendree 
College, Lebanon, Ill. 


If A+ B+ C==180°, show that 1—cos?.A — cos? B—cos? C—2cosAcosBeosC—0. 


144. Proposed by L. E. DICKSON. Ph. D., Assistant Professor of Mathematius, The University of Chicago. 
Burnside, in his systematic search for all simple groups of orders from 
661 to 1092 (Proc. Lond. Math. Soc., 1895, pp. 333-338) overlooked the orders 
792==2? .3”.11 and 1008==24.3?.7. The former is immediately excluded. Dis- 
euss the latter order. 


NOTES. 


Beginning with January, 1904, the Mathematical Supplement of School 
Science will be published bi-monthly, as a separate magazine entitled School 
Mathematics. 


At the Christmas meeting of the San Francisco Section of the American 
Mathematical Society the following officers were elected for the coming year: 
Chairman, Professor R. EH. Allardice; Secretary, Professor G. A. Miller; Pro- 
gram Committee, Professors M. W. Haskell, Irving Stringham, and G. A. Miller. 
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BOOKS AND PERIODICALS. 


A First Course in Infinitesimal Calculus. By Daniel A. Murray, Ph. D., 
Professor of Mathematics in Dahousie College, Halifax, N.S. 8vo. Cloth, xvii 
+439 pages. Price, $2.00. New York: Longmans, Green & Co. 

We note in this work a few departures from the usual method of presentation of the 
Calculus. Among these departures are the following: Integration, or anti-differentia- 
tion, is presented simultaneously with differentiation; Infinite Series is relegated to the 
latter part of the book where also Taylor’s and MacLaurin’s Theorems are presented ; and 
Indeterminate Forms are discussed in an Appendix. 

In Chapter X, integration is formally taken up and considered as a process of sum- 
mation. A chapter is also devoted to Differential Equations. In the Appendix is also 
briefly treated Hyperbolic Functions, Intrinsic Equations, and Applications to Mechanics. 

In his discussion of Hyperbolic Functions, the author, following the suggestion of 
Professor George M. Minchin, uses hysin, hycos, hytan, hycot, hysec, and hycosec, instead 
of the usual sinh, cosh, etc. This notation has the advantage in that the symbols are now 
pronounecable, but there is a slight disadvantage resulting from the extra added letter. 
The notation might be abbreviated as follows: hys, hyc, hyt, hyct, hysec, hycosec. The last 
two not being used as much as the other four might retain the longer form. 

The book contains many references for collateral reading, and a large number of 
problems are inserted. Many of the figures are very poorly drawn, thus marring, some- 
what, the attractivensss of the book. B. F. F. 


Wireless Telegraphy; Its Origins, Development, Inventions, and Apparat- 
us. By Charles Henry Sewall, Author of ‘‘Patented Telephony,” ‘“The Future 
of Long-Distance Communication.’’ 8vo. Cloth, 229 pages. Price, $2.00. New 
York: D. VanNostrand Co. 


This book presents a comprehensive view of wireless telegraphy, giving its history, 
principles, systems in use, and the possibilities in theory and practice. The book will be 
found helpful to all those who are interested in this subject. The diagrams are good and 
the presentation is of a popular nature. B. F. F. 


Hinfiihrung in die Theorie der Analytischen Funktionen einer Komplexen Ver- 
dnderlichen, zweite Auflage. Von H. Burkhardt. xii+227 pages. Leipzig, 
Veit & Comp. 1903. 


The changes that have been made in bringing out this new edition will make the 
text much more useful to the student, since the discouraging list of unproved theorems 
in Chapter III of the old edition has been replaced by ample proofs of the theorems now 
needed in the new proof of Cauchy’s theorem, while the theorems on double integrals 
have been dispensed with. D. 


Algebraische Analysis. Von H. Burkhardt. xii+195 pages. Leipzig, 
Veit & Comp. 1908. 


This book, the preceding, and the 1899 volume on Elliptic Functions, together form 
the complete Vorlesungen on function-theory. The present introductory volume gives an 
admirable elementory account of the general theory of irrational numbers (on the basis of 
Dedekind’s cut) and limit processes, with application to the analytic representation of 
the trigonometric, exponential and logarithmic functions. It is intended for mature 
students who have experienced in the Calculus a need of a purely arithmetical founda- 
tion, and who are ready for rigorous methods in analysis. To readers of this class, who 
wish a brief account of the best methods in algebra, the book will prove very welcome. D. 
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SPHEICAL GEOMETRY. 


By EDWIN BIDWELL WILSON, Yale University. 


LECTURE II. THE ELEMENTS OF THE THEORY OF CONGRUENCE AND OF CONTINUITY. 


Thera are a number of theorems on congruence and on continuity which 
are as self-evidident as the axioms on which they depend. The difficulty is not 
in giving the proof but in seeing wherein lies the necessity or possibility of proof. 
It must be remembered, however, that the difference between an axiom and a 
theorem is not that one is more readily granted as self-evident than the other. 
Often a theorem may be just as evidently true as is any axiom. The difference 
is this: An axiom is a more or less self-evident proposition arbitrarily selected 
selected from among a large number of such propositions to serve as a basis for 
future logical reasoning, whereas a theorem is a proposition which may be de- 
duced by a number of logical steps or syllogisms from the assumed axioms. The 
axioms are merely a set of general statements or major premises which are neces- 
sary in order to start the chain of reasoning of which the theorems are the final 
results. From this it appears that a theorem possesses truth or validity only in 
reference to the axioms assumed and hence it is important that the axioms be as 
well founded as possible and in particular be not contradictory with one another. 
It is further clear that the réles of the elementary theorems and of the axioms 
may be interchanged to a large extent, theorems becoming axioms and axioms 
then becoming theorems. . 

Theorem 1. If in a motion one point and a direction issuing from it remain 
fixed all points remain fixed. 
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To state this in symbolic form: If A=A and a=a (where it is under- 
stood that the small letter indicates a half-line or direction issuing from the point 
represented by the corresponding large letter), then P=P for every point P on 
the spherical surface. To prove this we note that it has been stated in Lecture I 
that the simplest of all motions is the identical transformation in which each 
point keeps its original position. In this particular motion, then, A=A and 
a=aand P=P. Axiom V, states that the correspondence of a point and direc- 
tion to a point and direction completely and uniquely determines the motion. 
Hence any motion in which A, a=A, a ean be no other than the identical trans- 
formation and P=P. The theorem is therefore proved. 

Theorem 2. To every rigid motion there exists an inverse rigid motion. 

The inverse of any transformation produces just the opposite effect of the 
transformation itself. If the points of the surface have been moved by a certain 
motion from one position to a second position, the inverse motion moves them 
all back to the original position. The theorem states that no matter how the 
points have been moved about, it is always possible to find a motion which will 
take them back to their first positions. Let M stand fora rigid motion. Let A 
be any point and a any direction issuing from it. Suppose that the motion M 
carries A into A’ and a into a’, then by Axiom V, the motion is thereby deter- 
mined.* By this same axiom we are assured that we may inversely carry A’ in- 
to A and a’ into a by some motion M’. From Axiom V, it follows that the re- 
sult of two suecessive motions such as M and M’ produce another motion M”. 
This, however, is the identical transformation; for A and a have been carried in- 
to A’ and a’, and then back into A and a, so that Theorem 1 applies. Hence by 
the succession of M and M’ every point P of the surface has been returned to its 
original position and M’ is the inverse of M. .The theorem is therefore proved. 

This theorem is instructive in a number of ways. To begin with it is ful- 
ly as evident as any axiom and might have been included-among them. The 
proof tends to render the theorem obscure rather than more clear and unless 
given with extraordinary care is almost certain to be not valid,—to assume tacit- 
ly more than the axioms state and more than is equivalent to the outright 
assumption of the theorem itself. And it is in precisely this point that the chief 
value of such proofs lies. Until one has given proofs for these seeminglv 


*This step relies on Axiom V,. We tacitly assume that any motion will carry a point and a direction 
issuing from it into a point and a direction issuing therefrom. That a point is carried into a point follows 
from V,. That a line passing through a point is carried over into a line passing through the correspond- 
ing point may easily be proved as follows’ A given line is earried over into a line (Axiom V.,) and henee 
the points upon the given line must be carried over into points upon the resulting line. The statement in 
the text, however, requires more than this. It requires that a half-line shall be earried over into a half- 
line, not merely that a line shall be carried over into a line. Conceivably a line might be carried into a 
line in such a manner that the points, while remaining on the line, changed their relative positions. Thus 
the points which were originally on a certain side of a point A might, after the motion, be distributed 
upon both sides of A. In such a ease we could not speak of a half-line being carried into a half-line, for 
it would be split up and put part on one side and part on the other side of the point. To set aside this 
possibility we may change Ax‘om V, So as to read ‘‘and half-lines, into half-lines’’ or better, we may 
add, we shall understand the term line to include the fundamental rreperties of order and ccntinuily as set 
forth in Axioms FIITand IV. Thus Axiom V, states that lines are carried over into lines without destroy- 
ing the properties, order and continuity. 
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axiomatic theorems one does not come to a full realization of what a proof is nor 
to a thorough understanding of just what the axioms do contain. The investiga- 
tors into the foundations of geometry strive to be rid of all save the smallest pos- 
sible number of axioms, to give proofs for all other propositions. This some- 
times leads to great complication: for, the fewer our premises, the more elaborate 
must be our demonstration. From the pedagogic standpoint it is undoubtedly 
necessary to avoid the most difficult of these proofs and thus to posit more 
axioms than are of a strictly logical necessity. 

For us the above theorem serves also as an excellent introduction to the 
theory of transformations and to the notations thereinemployed. A transforma- 
tion, in this case a rigid motion, may conveniently be denoted by a letter placed 
in brackets. The expression ‘‘the point A and the direction @ are carried by the 
motion M into A’ and a’ which in turn are earried back by M’ into A and @’’ 
would be written in symbols as 


A; a[M] 4’; a’ [M’]4A; a. 
The intermediate set of letters may be omitted and the expression becomes 
A; a@[M][M’]4; 4 or 4; a[MM’] 4; a, 


which is read ‘‘A and a are carried by the succession of M and M’ into A and a. 
The inverse motion is denoted as a reciprocal, and the identical transformation is 
represented by unity, . 


M’, the inverse of M, is M-!; MM-!=1. 


Theorem 3. The whole and the part of a segment cannot be congruent. 
Special Case. Let AB be any segment and B’ any point of it, to show that 


AB not = AB. 


Consider the direction AB’B. This remains fixed. The point A also remains 
fixed. By Theorem 1 all points must remain fixed. Hence B’ cannot be carried 
into B. Ina similar manner it can be shown that, if B’ lies in AB produced, 


AB not = AB’. 


General Case. Let AB be any segment and A’B’ any segment which in- 
cludes AB or is included by it. To show that the two cannot be congruent use 
may be made of the principles of order and of continuity. The proof will doubt- 
less appear somewhat unfamiliar to those acquainted with only the ordinary pre- 
sentations of geometry. It is nevertheless no more difficult than the proof of 
the theorems on limits which are included in all treatments of elementary geom- 
etry—that is, if those proofs are correctly given instead of wrongly as is usually 
the case. By Theorem 2, A’B’ must be congruent to AB if AB is congruent to 
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A’B'. Consequently it may be assumed without loss of generality that A’ B’ is 
included by AB. Suppose M is the transformation which carries AB into A’B’. 
Consider the points A” B” into which A’B’ are carried, the points into which 
these points A’’B” are carried, and soon. We have 


AB[M]A’B', A'B' [M] AB", A’B’ [M] AUB’ 
or 
AB A’ B! AUB cece [M] A’ B! AB AUB 


According to Axiom V,, as explained in the footnote to Theorem 2, lines are 
transformed into lines in such a manner as to preserve the property of order. 
Hence 

AA'B, A’A"B, A’AB’, 


have the same order upon the line AB. The order opposite to this is shared in 
common by the series of points 
BB'A, B'B’A’', B’B''A", ..... 


As shown in Fig. 1, two dif- 
ferent cases may occur. In 


AAKKLUL 688 si 
ery eee can Ce Ee A, A’, AN, AU cece 


move constantly in the same 
direction and the points 


ABA BLL ABK B 


B, B’, BY, Be yee 
in the opposite direction. In the second case the points 

A, BY, AN, Be yest 
move in one direction und the points 

B, A’, Boy AO yee 


in the direction opposite to them. In either case on examining the order of 
AA’ B’, A’ A"B", A''A'’B", etc., it is seen that the points of the first set lie be- 
fore these of the second set. We have, then, two series of points continually 
approaching but never passing one another. Under these circumstances it is 
geometrically evident (and it will be proved in the next theorem) that the points 
of each set must approach a limiting point which may be the same for both sets. 
Let L, be the limit of the first set in the first case. 2, is not changed in posi- 
tion by the motion M. On the proof of this turns the demonstration of the 
theorem. JZ, cannot move to the left; for if it did it would fall in one of the 


27 


segments A(™A@+1) and we know that the points which make up this segment 
have come from the segment A™—DA™, ZZ, cannot move to the right; for if it 
did any point X situated between the original and the new positions of Lf, would 
have to come from some point to the left of Z, that is, from some segment 
A™A™+) all of whose points we know go into the segment A+) A(@+2), Hence 
in the first case Z, remains at rest. Therefore L,4 [M] Z,A’, which is con- 
tradictory to what has been shown in the special case of this theorem. As we 
have deduced by logical steps an impossibility from reasoning on the assumption 
that AB may be carried into A’ B’, it is evident that that assumption must have 
been wrong. To.treat the second case it is best not to use the transformation M, 
but M followed by M. Then the points with an odd accent may be neglected. 


For the transformation M M this ease offers the same difficulty as the former 
did for M. Therefore the second supposition is also impossible and the theorem 
that a whole and a part of a segment cannot be congruent is proved in its entirety. 

Theorem 4. Given a series of collinear points A, A', A”, .... the members of 
which move continually in the same direction without, however, passing a certain point 
B. There must exist a limiting point L to this series and this limiting point does not 
he beyond B.* : 

Consider any point XY of the segment 4B. Hither there are members of 
the series between X and B or there are not. Separate the points of the segment 
into two classes corresponding to these two assumptions. Let XY be any point of 
the first class and X’ any point of the second. There is some point A™ of the 
series between X and B. Hence XY comes before A™ ; but YX’ cannot 
come before A‘. Henee XY comes before X’ and every point of the first 
class precedes every point of the second class. By Axiom IV, there exists a 
point Z such that any point before Z belongs to the first class and any point after 
L belongs to the second. To show that Z is the limiting point of the series it is 
necessary to have some perfectly definite definition of limiting point. The idea 
of a limit is generally connected with that of nearness. The statement of the 
definition is expressed in terms of distance. For us at the present stage of. de- 
velopment this is impossible because no measure of distance has been adopted 
and indeed it has not yet been stated how distance can be measured. A more 
general definition of the limiting point, one that is independent of distance, must 
be given. If Z be the limiting point of a series of points situated on a line, and 
if we choose from the line any segment which contains in its interior the point 
fL, then from a certain point on all the points of the series will lie in this seg- 
ment. Conversely, if, when an arbitrary segment surrounding the point L has been 
chosen, all the points of the series from some point on lie in this segment, then the point 
Lis said to be the limiting point of the series. In case the points of the series all 
lie on the same side of the point Z the segment does not surround Z but may 
terminate in Z and lie on that side of Z on which the series lies. Furthermore, 


*Figure 1, or one quite similar to it, may serve the purpose. 
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when the points of the series always move in the same direction on the line it 1s 
Sufficient to show that one point of the series lies in the arbitrarily chosen seg- 
ment: for then all the rest must lie in it. It is this last, simplest state of affairs 
which obtains in the case in hand. Let L be the point which separates the class 
of points X from the class of points X’ as stated above. Let ZM be any seg- 
ment lying on that side of the point Z on which the points A, A’, A”, «0... lie. 
The point M belongs to the first class and hence there must be some point A™ of 
the series between Mand B. On the other hand there are no such points between 
Land B. Hence the point A™ lies in the segment DM. By the definition given 
above the point Z is therefore the limiting point of the series A, A’, A”, ..---+++ 
and the theorem is proved. 

The proofs of Theorems 3 and 4 required the use of the principle of con- 
tinuity. When the demonstrations are critically examined it will be seen that 
three essential ideas are involved: first, the separation of the points of a segment 
into two classes such that any point of one lies bofore any point of the other ; 
second, the application of the axiom of continuity to establish the existence of a 
certain point L; third, the proof that this point has the desired properties. This 
sort of demonstration occurs so frequently in any careful development of geom- 
etry that it is well for the reader to become thoroughly familiar with it at an 
early stage. A little practice will render it both clear and easy. There is no 
necessity of tacitly assuming that a circle is a continuous curve—the fact may be 
proved. In like manner it may be proved that a segment may be divided into 
any desired number of parts. In Euclidean geometry such a proof is scarcely 
necessary, for a construction may be found to accomplish that division. In spher- 
ical geometry, however, no such construction can be found and recourse must be 
had to the principle of continuity to show that such a thing as the third part of a 
segment exists. 

Theorem 5. A segment is congruent to itself reversed in direction and in this 
congruence one point of the segment remains fixed so that the portions of the segment on 
the opposite sides of the point merely change places. 

Let AB be a segment. To prove the first part of the theorem it is only 
necessary to note that the point A may be applied to the point B and the direc- 
tion AB to the direction BA (Axiom V,). Then B will fall upon A: for other- 
wise the part and the whole would be congruent. To prove the second statement 
of the theorem the positions of corresponding points of the segments ABand BA 
may be considered. The details of this demonstration are left to the reader. The 
entire theorem may be proved at once by having recourse to the principle of con- 
tinuity. Let O be any point of AB. If O be held fixed and the direction OB 
brought into coincidence with the direction OA, the point B’ into which the point 
B is carried lies either between A and B or at A or beyond A. Divide the points 
of the segment AB into two classes such that to the first class belong those points 
O for which B’ lies between A and B. By the application of Axiom IV we may 
show that there exists a point Z which remains fixed and which has the property 
that LA=ZB. The details of the proof are left to the reader. 
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ON THE GENERALIZATION AND EXTENSION OF SYLOW’S 
THEOREM. 


By PROFESSOR G. A. MILLER, Stanford University. 


Cauchy proved that every prime number which divides the order. of a 
group (G@) is itself the order of at least one subgroup of G. Let p representany 
prime which divides the order of @ and suppose that a has been so chosen that 
p* is the highest power of p which is the order of a subgroup of G. Such a sub- 
group may be denoted by P,, and we may suppose that P, contains only one 
subgroup (Pz, ) of order p* and of a particular type. This condition is always 
fulfilled when fa, but, in many eases, it may also be satisfied for smaller val- 
ues of S>~0. 

We proceed to prove that the number of the subgroups in @ which are of 
the same type as Pz is of the form1l+kp. If one of these subgroups would trans- 
form another into itself the two would generate a group (P,-) of order p®’, 6’ >8. 
Hence the number of the subgroups of order p* is of the form 1+4p, and every 
operator of order p’ which transforms one of these subgroups into itself must be 
in this subgroup. Since no subgroup of order p* could transform each one of the 
1-+kp subgroups of order p* into another, it follows that every subgroup of order 
p' is found in 1+mp subgroups of order p*.* In particular, Ps must be con- 
tained in a subgroup of order p*. ‘This is impossible if all the subgroups of or- 
der p* are conjugate since Pz contains at least two subgroups of the same type as 
Pz, while P, contains only one such subgroup. 

That the 1+kp subgroups of order p« form a single conjugate set may be 
seen as follows: If they did not form a single set, they could be divided into 
more than one set such that each set would include only those which are conju- 
gate under G. Since P, (or any subgroup of P, which is not contained in an- 
other group of order p* ) transforms each of the other subgroups of order p* into 
a different one, it follows that the set which invludes P, must include 1+4’p sub- 
groups while each other set must include a multiple of p subgroups. Since P, 
is any of the subgroups of order p* this result is impossible. Hence all the sub- 
groups of order p* form a single conjugate set and the number of the subgroups 
of order p® which are of the same type as Pz is of the form 1+ép. The latter 
constitute a single conjugate set since the subgroups of order p* form a single 
congugate set. 

Since p* is the order of a subgroup of G it must divide the order of G. 
That no higher power of p divides this order follows from the fact that the order 
is p* h(1--kp), where p* h is the order of the largest subgroup of G which trans- 
forms P, into itself. If h were divisible by p, G would contain a subgroup of 
order p*t!, Hence we have the results: 


*Several of the arguments of this proof depend upon the fact that any group of order p transforms 
operators and subgroups in sets of pB , where 8 may be 0. 
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(1) The number of subgroups which are of the same type as Pg is of the form 
1+ kp. 

(2) All of these subgroups form a single conjugate set. 

(3) The order of G is of the form p®& h,(1+kp), where p® h, is the order of 
the largest subgroup of G which transforms Pg into itself. 

By letting #==« in these results we have Sylow’s theorem. When f==a the 
factor h, is not divisible by p, while it is divisible by p for all other values of /. 

If G@ is represented as a substitution group it is only necessary that P, 
does not contain two similar subgroups of order p*. It may be observed that 
characteristic subgroups of P, may be conjugate under G. For instance, in the 
simple group of order 168 all the subgroups of order 2 are conjugate while the 
subgroups of order 8 contain a characteristic subgroup of order 2. If P, contains 
just m sets of conjugate subgroups of a given order, @ cannot contain a larger 
number of such sets but it may contain a smaller number. In particular, all the 
subgroups of order p* in G are conjugate since P, contains only one subgronp of 
this order. 

The preceding relates to generalizations of Sylow’s theorem. The main 
extension of this fundamental theorem is due to Frobenius and affirms that the 
number of subgroups of order p> , Za, is of the form 1+-kp, but that these sub- 
groups do not necessarily form a single set of conjugates except when d==u. It 
is clear that every subgroup of order p® which is transformed into itself by P, 
must be contained in P,. Hence P, transforms all the subgroups of order p° 
which are not contained in it in sets each containing p£ (<>0) subgroups. That 
is, if the number of subgroups of order p® in P, is of the form 1+kp, the num- 
ber of those in G must be of the same form. 

It remains to prove that the number of invariant subgroups of order p® in 
P, is of the form 1+kp. Let Ps represent any one of these invariant subgroups. 
All the others have some largest subgroup in common with P;. The common 
subgroup is clearly invariant under P,. We proceed to prove that the number 
of those subgroups of order p® (excluding P; ) which have a particular subgroup 
in common with P; is always amultipleof p. If the common invariant subgroup 
is not the identity, the number of these is equal to the number of subgroups (less 
one) of a certain order in the corresponding quotient group. As the theorem 
may be supposed true for for all groups whose order is less than p* it may be as- 
sumed true for each one of these quotient groups. That is, the number of invar- 
lant subgroups of order » which have a particular subgroup (not the identity) in 
common with Ps and are different from Ps is a multiple of p. 

It remains only to consider the case when the largest common subgroup is 
the identity. In this case P, contains one or more direct products of P; and some 
other group of order p>. In such a direct product [Ps , Ps ’] all the subgroups 
of order p*® which have only the identity in common with P; can be obtained by 
establishing a #, 1 isomorphism between P;’ and some subgroup of Ps. More- 
over, all the groups which can be constructed in this manner are in this direct 
product. For any particular subgroup of P; whose order exceeds p the number 
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of such isomorphisms is a multiple of p, since the order of the group of isomor- 
phisms of any group of order p’ (y>0) is divisible by p. Hence there are al- 
ways @ multiple of p such subgroups for every possible value of @<p*-!. 

When f= p’ there is clearly only one group, viz, Ps’. When ?=*—! there 
are p—1 such groups for every subgroup of order p*—! in Ps‘ and any particular 
subgroup of order pin Ps. Since d<a, we may assume that the required theor- 
em is true with respect to P; and P;’. Hence the number of the required sub- 
groups for 3=-p*—! and p®is of the form (n,p+1)(m,.p+1)(p—1)+1. That is, 
the number of subgroups of order p*® which have only identity in common with 
P; and are contained in the direct product [Ps , Ps’] is also a multiple of p. All 
of these subgroups are simply isomorphic with P;’. This completes the proof 
that P, contains just 1-+- kp subgroups of order p® . 

In some eases it is easy to extend this extension of Sylow’s theorem. For 
instance, we may readily see that the number of subgroups of order p*—1 in P, is 


of the form aay .* To see this interesting fact we may observe that any sub- 
eroup of order p*—! has just p*-2 operators in common with any other subgroup 
of this order. These common operators form an invariant subgroup of P, , which 
includes its commutator subgroup since the corresponding quotient group is abel- 
ian. It also includes the pth power of every operator of P, since this quotient 
group is of type (1, 1). Hence the operators which are common to all the sub- 
groups of order p*—! form an invariant subgroup including the pth power of ev- 
ery operator of P, as well as its commutator subgroup. The corresponding quo- 
tient group is therefore abelian and of the type (1, 1, 1, .......... ). Since the sub- 
groups of order p”—! in this quotient group correspond to groups of order p*—!in 
P, and since the’former number is equal to the number of sub-groups of order p 
in the quotient group of order p”, the theorem is proved. 

Another interesting extension is the fact that the number of subgroups of 
order p in P, is of the form 1+p+/p? whenever there is more than one such sub- 
group and p isodd. This extension is clearly included in the following theorem: 

All the operators of order p in P, which have not more than p conjugates con- 
stitute (with the identity) a subgroup. If all of these operators are invariant the 
theorem is evident. If this is not the case we may associate a subgroup of order 
p*-1 with each of the non-invariant operators of order p. The common operators 
of all these subgroups form an invariant subgroup which includes the commuta- 
tor subgroup of P, and is composed of the operators which are commutative with 
each of the operators of the group generated by the given operators of order p. 
The required theorem follows directly from this property if we bear in mind the 
well known equations 


t—"st”=8,8 


1 , . 
(st1)"=s  [mn—1)] 24—n } whenever s, and s are commutative. 


A somewhat different way of stating this theorem is as follows: Ifa 


*Bauer, Nouvelles Annales de Mathematiques, 1900, Vol. 19, p. 508. 
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number of operators of order p>2 generate a group under which each one of 
these operators has no more than p conjugates then the entire group contains no 
operator whose order exceeds p. It should however be observed that while this 
condition is sufficient it is by no means necessary to insure the fact that the re- 
sulting group contains no operator whose order exceeds p. 

It seems well to add that the greater part of this paper aims to present 
known results in a connected form. The theorem relating to the number of sub- 
groups of order p is, however, supposed to be new and evidently admits of fur- 
ther generalization. The method of proving Frobenius’ extension of Sylow’s 
theorem is also supposed to be new. 


THE THEORY OF OPTICAL SQUARES. 


By PROFESSOR ARNOLD EMCH, The University of Colorado. 


1. Optical squares* as they are used in surveying owe their usefulness to 
the fact that the incident rays from an object include constant angles with the 
corresponding final reflected rays. The proof for this constancy is a simple ap- 
plication of the geometric proposition that the sum of the angles of any triangle 
is equal to two right 
angles. 

The ordinary op- 
tical square is an entirely 
special case of a multi- 
ple ‘‘square’’ whose ge- 
ometrical theory and its 
most important applica- 
tion I propose to present 
in this paper. 

2. This theory re- 
sults from a close inves- 
tigation of Poncelet’s 
famous problem: To 
construct a rectilinear pol- 
ygon whose vertices shall 
le on given straight lines 
(one on each) and whose 
sides shall pass through Big. 1. 
given points (one through each). 


*For a description of optical squares (angular mirrors) see G. F. Barker’s Physics, Advanced 
Course, pp. 410-414, or any good text-book on surveying. 
}Traite des proprietes projectives des figures (1822), p. 345, or 2nd ed., tome I, p. 281. 
See also Cremona: Elements of projective geometry, p. 184. 
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Although the solution of this problem is well known it is convenient for a 
clearer understanding of what follows to give a brief outline of it. 

Let A,, A,, Ag, -..., An be the given points and a,, d,, G3, --... Gy, the 
given lines. Through A, draw any line v, cutting a, in B, and a, in B’,. 
Through A, and B, draw a line v, cutting a, in B,, through A; and B, a line 
v, cutting a, in B,, and so forth; finally through A, and By_1 @ line v, cutting 
a, in B,. In Fig. 1 this construction is shown in the case of n =4. 

Repeating this construction with any number of initial rays v, through 
A,, a number of trial polygons is obtained whose n sides pass through the given 
points and whose vertices, with the exception of the pointsof intersection of the pairs 
of rays v, and v,, lie on the given sides. The pencils of rays through the differ- 
ent points formed by the sides of these polygons are all projective, as it is evi- 
dent from the construction. Hence the two pencils through A, and A, formed 
by the rays v, and v, respectively produce a conic throngh A, and A,. This 
conic cuts the line a, either in two real or two imaginary points, or in a special 
case in two coincident points. Starting from these points by drawing lines as 
required by Poncelet’s problem the required polygons are obtained. To actually 
get those closing points on a, we have to draw three trial-polygons. Let the in- 
itial sides (v,) of these three polygons cut a, in B,’, C,,’, D,' and the three nth 
sides cut a, in B,, C,, D,. The six points B,, C,, D, and B,’, C,', D,’ deter- 
mine the two coincident projective ranges on a, and their self-corresponding pair 
which is found by a well-known construction gives the required points. 

2. A problem which depends on similar considerations may be stated in 
the form: To construct a polygon whose sides $,, 85, 83, -.-) &, pass through 
given points A,, Ao, Az, ..., An respectively, and whose vertices V, (intersec- 
tion of s, and s,), V.(S,, 83), Vsg(Sg) S4)9 9 Vn—1(Sn—1, $n) Hie on given straight 
lines @,, zg, Gg, ----y dn—1, respectively. It is further required that the rays on 
sides s, and s, include a given angle. 

To solve this problem we first construct a conic through A, and A,, exact- 
ly as in Poneelet’s problem. Then through A, and A, draw a circle whose 
points subtend the given angle over A,A, as achord. Where this circle cuts the 
conic are the two points where the rays s, and s, of the required polygon (gen- 
erally two polygons) intersect each other. If the conic is itself a circle, then 
there is generally no solution of the problem. If the conic is identical with the 
cirele through A, and A, subtending the given angle, then there is an infinite 
number of solutions. At it will be seen in the following sections, also this prob- 
lem bears on the theory of optical squares. 

4. Cremona in his Elements of Projective Geometry, page 199, states an 
optical problem which, as it will be seen, is an application of the foregoing 
proposition. 

A ray of light emanating froma given point A, is reflected from n given straight 
lines in succession; to determine, the original direction which the ray must have, i or- 
der that this may make with its direction, after the last reflection, a given angle. 

Physically, this is equivalent to n reflecting mirrors, all perpendicular 
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to a plane which is parallel to the rays of light and whose intersections with the 
mirrors are the lines dj, dy, dg, --) Un: 

For the sake of generality we make the hypothesis that these mirrors may 
be indefinitely extended and that reflections may occur along their whole extent 
and always in such a direction that the ray reflected from the mirror a, will strike 
the mirror a;;;. In other words, we assume that a ray of light may be indefi- 
nitely produced beyond its physical boundaries. This hypothesis is geometrical- 
ly possible and includes the real physical cases. 

Designate in Fig. 1 the reflecting lines or mirrors by a,, d5, dg) ---) ry. 
Through A, draw any ray v, striking a, at B,. The reflected ray v, passes 
through the point 4, which is symmetrical to A, with respect toa,. The ray 
v, strikes a, at B, and its reflected ray v, passes through A, which is symmet- 
rical to A, with respect to a, as an axis, and so forth. The ray Un+1 reflected 
from the last line a, at B, passes through ‘An 41 Which is symmetrical to A, with 
respect to a, as an axis. Let the rays v, and v,,, intersect at V. We have now 


a closed polygon whose sides v,, v,, Vg, ----) Un41 pass through the fixed points 
points A,, A,, Ag, ... Any and whose vertices B,, B,, Bg, ...., B, except V, 
lie on the fixed lines a,, @,, d3, ., Mn. Hence, when v, turns about 4,, V will 


describe a conic and the problem is reduced to the one explained under (8). 

0. This is as far as Poncelet’s and Cremona’s discussions of these prob- 
lems go. It will be seen, however, that an investigation of the angular relations 
between the rays of light forming the polygon ,, V,, ...., Ur41 brings to light 
some interesting facts. 

' Let a, be the angle of incidence of v, on a,, a, the angle of incidence of 
VU, ON Ay, a, of v,; on a3, and so forth; ¢,, b., o,,... the angles which a, and a,, 
ad, and dy, a, and 4, ---, inelude. The angles ¢,, 6,, ¢, -.-, according to the 
physical requirements of the problem must be chosen in such a manner that always 


Osta. + Qj=r. 


From the figure we now derive the following series 


Ay 1) 
d,=7—4,—9,, 
d3,=4,-+6,— ,, 

—=7 —G, —o, +$,—9s3, 


d « 54,49, —$,+6,— Pa, 

¢,=t—4, —o,+9, —, +¢6,— Px, 
Coy, =F — 44 — 9, +b, — 34 -- — Poy—1) 
do, 41-=4, +0,—-¢,4+ 63 — wrree — Poy. 


If there are n reflecting lines, then the number of angles « is also », and the 
number of angles ¢isn—1. To find the deviation of the first ray v, from the 
final reflected ray v,+41, drop a perpendicular from any point to the lines v, and 
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Uni1. Erect perpendiculars to a@,, a, @,, -.-, Ua at B,, B,, Bg, ...., B, respec- 
tively. Then, the first and last perpendicular deviate from each other by theangle 


a,+(n—2)r+a,—(6,+6,+63-+-.--+ On), 


consequently also the rays v, and v,+1 by the same angle 


ba, +4n —(b,+62 +93 + sees +On—1) + (N—2)z, 


If n is odd, n=2y-+1, 


dba, +4,-+$,—%2+3—-— sre — ba,— 9, — 92-93 — seace — Po, + (—2)z, 
—=(n—2)nr+20,—-2(6,+6,4+-.--4+ Poy). 


In this case the angle between the original incident ray and the final reflected ray 
depends on the angles ¢ and the original angle of incidence ¢,. Their point of 
intersection V describes a conic and there are two positions of V, real or imagin- 
ary, for which the incident and reflected ray make a given angle. 

If n is even, n—=2y, 


d=a,+7—-4,—-$,+0,—-93+ noses — Poy—1— 91 — Gg — 93 — sre — by —1+(n—2) z, 
==(n—1)7—2( 6, +63 +--+ Poy—1)- 


From this value of ¢ it is seen that in case of an even number of reflecting sides, 


O=d,= 112° 30 . >, =arbitvavy 
= 90° 


Big. 3. 
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V describes a circle and the angle ¢ is constant. Cremona’s optical problem ad- 
mits either of no solution or of an infinite number of solutions and the angle ¢ 
does not depend on the angles ¢; of even indices. 

We have therefore proved the following proposition: 

If rays of light emanate from a fixed source which, in succession, are reflected 
on n straight lines (mirrors) then the final reflected rays cut the corresponding original 
rays in points of a conic which is not or is a circle according as nis odd or even. In 
the first case (n odd) there are two places on the conic where the original and final rays 
make a given angle. In the second case (n even) there are no such places on the circle, 
or else an infinite number. In this case (n even) the angle ¢ only depends on the ang- 
les between succeeding reflecting lines, whose orders in this succession are odd. 

6. APPLICATIONS. Let n—=2, then d=xz—2¢,. To make ¢=-$7, we must 
choose ¢,;==45°. This is illustrated in Fig. 2, and is practically applied in Adams’ 
Angle Mirror®* or Optical Square. 

For n=4, d—d3r—2(¢,+¢3). 

To make ¢=47, 6,+¢, must be made equal to z. Under this condition 
6, and ¢, may vary separately. The condition is also satisfied by taking ¢,==¢, 
==$2-=112° 30’, and this is illustrated in Fig. 3. 


DEPARTMENTS. 


a 


SOLUTIONS OF PROBLEMS. 


eed 


ALGEBRA. 


Solutions of Problem 188 have been received from J. E. Sanders, Hackney, Ohio, and Charles A. 
Carpenter, Student in Adelphi Academy, Brooklyn, N. Y. 


189. Proposed by S. F. NORRIS, Professor of Astronomy and Mathematics, Baltimore City College, Balti- 
more, Md. 


Solve 3a-y=ay—2®, y= fee 


Solution by G. B, M. ZERR, A. M., Ph. D., Parsons, W. Va. 
ev? +3e 
atl - 


From the first equation, y= 


fete = |ete 
_ r+ 2(¢+1) 
0? (04 +728 +192? + 54 —72)=0. 
02=0, 1.442, —3.65, —2.3964+2.829,/—1; 
y—0, 2.623, —.895, 7.583 F .423),/—1. 


*Invented by George Adams in London in the middle of the 18th century and first described by his 
son in 1791. 
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GEOMETRY. 


Solutions of Problem 210 have been received from J. E. Sanders, Hackney, O.; Charles E. Barrett, 
Anchorage, Ky., and Charles A. Carpenter, Student in Adelphi Academy, Brooklyn, N. Y. 

Solutions of Problem 211 have been received from J. E. Sanders, Hackney, O., and John D. Cutter, 
Student in Adelphi College, Brooklyn, N. Y. 


174. Proposed by B. F. FINKEL, A. M., 204 St. Marks Square, Philadelphia, Pa. 
Given two triangles ABC and A’B’C’ lying in the same plane. The side 
B'C euts the sides AC, BC, and AB in the points J, H, and G, respectively ; the 
side A’B’ cuts the sides AC, BC, and AB in D, F, and LE, rrspectively; and A’C" 
euts AC, BO, and AB in M, ZL, and K, respectively. Prove that 


(DA'.EA'.A'F)(GB’.HB'.B'I)( MC LC .CK) 
——(KA'.A’L.A'M) (FB. BE.BD)IC .CH.CG). 
Solution by G. W. GREENWOOD, A. M. (Oxon), Professor of Mathematics and Astronomy in McKendree 
College, Lebanon, III. ; 
Since AC is a transversal cutting the sides A’B’, B’C’, C’A’ of the triangle 
A’B’C' in the points D, I, M, respectively, we have, by the theorem of Menelaus, 


A'D.B'I.CM=—B'D.CTLA'M. 


Writing down the corresponding results for the other transversals, we get, by 
multiplying, the result required. 


Also solved by G. B. M. Zerr, A. M., Ph. D., Parsons, W. Va. 


218. Proposed by H. F. MacNEISH, University High School, Chicago, Ill. 


Construct an equilateral triangle which shall have its vertices in three given paral- 
lel lines. 


Remark by G. I. HOPKINS, Manchester, N. H. 


The solution follows easily from the solution of Geometry Problem num- 
ber 156 in the MonrTHLy for November, 1901. 


Independent solutions have been received from R. A. Wells, Bellevue, Neb.; G. W. Greenwood, 
Lebanon, Ill.; G. B. M. Zerr, Parsons, W. Va.; A. H. Holmes, Brunswick, Maine, and the Proposer. 


214. Proposed by H. F. MacNEISH, A. B., University High School, Chicago, Il. 


Inscribe in a given circle a triangle whose sides shall pass through three given points. 


Solution by G. W. GREENWOOD, B. A. (Oxon), Professor of Mathematics and Astronomy, McKendree 
College, Lebanon, III. 


Denote the fixed points by X, Y, Z Take on the circle any number of 
points A,, Ag, -.... Draw A,X cutting the circle again in B,; draw B, Y cutting 
the circle again in C,; draw C,Z cutting the circle again in D,. 

Perform the same operation with A,, .... thus determining the points D,, 
_ The ranges A,, Ay, -.-, D,, D,,....arehomographie. Construct their double 
points which will give two (real or imaginary) positions of a point A with which 
D will coincide. 
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CALCULUS. 


Solutions of Problem 172 have been received from J. E. Sanders, Hackney, Ohio, and J. B. Gregg, 
M.Sc., C. E., Senecaville, Ohio. 
173. Proposed by J. E. SANDERS, Hackney, Ohio. 
Find the greatest ellipse that can be inscribed in a quadrant of a given circle. 


Solution by J. B. GREGG, M. Sc., C. E., Senecaville, Ohio, and G. W. GREENWOOD, B. A. (Oxon), Professor 
of Mathematics and Astronomy, McKendree College, Lebanon, III. 


By symmetry, the radius bisecting the quadrant will coincide with an axis 
of the ellipse. Denote the length of this semi-axis, and that of the transverse 
seml-axis, by a, 6. Then 

zab—area of ellipse=A (say). 
a+ (a? -+6?)=radius of given circle= r (say). 

or? ==2ar+b?. . 

Since A is a maximum, bda+adb—0. Also rda+bdb=0. 

1 7a=b?, r=8a, A=trr? 1/3. 


Also solved by G. B. M. Zerr, A. M., Ph. D., Parsons, W. Va., and A. H. Holmes, Brunswick, Me. 


MECHANICS. 


168. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 


A particle A, mass m, rests on a smooth horizontal plane and is attached 
by two inelastic strings to masses m,, m, at points B and C such that BAC is a 
right angle. Ifa blow is given A at an angle 0 to AB, find the initial direction 
of motion of m, and equations for initial motion of the particles m, and m,. 


Solution by J. B. GREGG, M. Sc., C. E., Senecaville, Ohio. 


Let v, v;, and v, be the respective initial velocities of m, m,, and m,, and 
let @ be the angle which the initial motion of m makes with the line of direction 
of the blow. Construct AD=v;-then DE perpendicular to BA produced=v,, 
AH=v,, 2 DAH=0-+ ¢. 

¥,==vc0s(9+¢), v,=vsin(d+ ¢), musing + m,v,sind=m,¥v, Coss. 

(m,—™m, )sindcosé 


Solving for 4, tang=—-—2__1-— ,; 
S ? m—mMm,S8in?d—m, cos?d 


DIOPHANTINE ANALYSIS. 


116. Proposed by HARRY S. VANDIVER, Bala, Pa. 
If n is an odd positive integer, and 1, », »’, n”, ..... denote all its distinct 
divisors, then 2">2(n+1)(1' + 1)(m’+1)..... 
II. Solution by the PROPOSER. 
By Euler’s generalization of Fermat’s Theorem (Dirichlet-Dedikind Zah- 
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lentheorie, 4th edition, p. 38), we have for n odd, 
24(.)_—1=O(mod1), 2% —1=0(modn), 2¢@) —1=0(modn’),....... 


where ¢(m) is the number of integers less than n and prime to it. We have, 
then, since ¢(1)=1, 


260) —J=1, 26) —1>n, 260-12 Wy. 


Now, unless n=8, there is at least one of the latter relations which is not 
an equality. For, let p be the largest prime factor of n, then 2?-1—1 > p. 

Make p=3, then 23-!—_1—3. From this relation it is evident that 2P?-!—1 
>p for p>3. If p=8, then n=3*. But 


20(8*) 1 >32, 


Hence, unless k==1 or n=8, there is at least one inequality in the original 
scheme, and we get by transposition and multiplication, 


2011) b(n) +$(n').--->2 (+1) (0! 4-1) (n” +1)... 
or, since (1) +4(n)+4(’)....=n (Dirichlet, 1. ¢., p. 26), 
2” >2(n-+1)Cv' +1) (m+ 1)... 
for n>3, which is the theorem. 


118. Proposed by L. C. WALKER, A.M., Professor of Mathematics, Colorado School of Mines, Golden, Col. 


Find the two least positive* integral numbers such that their sum shall be a square 
and the sum of their squares a biquadrate. 


Professor Walker finds that the two numbers, 
2 =4,565,468,027,761, y=1,061,625,293,520 


have the properties that their sum is a square and the sum of their sqnares is a 
biquadrate. Indeed, it may be verified that (v7-+-y)? = 2372159; (#+y?)4 
==2165017. In the letter accompanying the solution Professor Walker asks ‘‘are 
these the least numbers?’’ We invite other solutions bearing upon this import- 
ant point of the problem. 


119. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago, 


If p be any prime number and » any positive integer, the congruence 
cP" =x%(modp”) has p and only p solutions modp”. Hence the congruence defines 
the Galois field of order p” if and only if n=1. 


*As originally printed the word ‘‘positive’’ was omitted. 
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Solution by the PROPOSER. 


The only solution x divisible by p is seen to be =O(modp”). Let next # 
be prime to py. Then 


eP'1=1(modp"), «?"-*P—1) = 1(modp"), 


the second from Fermat’s theorem generalized, since ¢(p”")=p"1(p—l). 
Hence must z?-!=1(modp”). To prove that the latter has precisely p—1 distinct 
solutions modp”, we proceed by induction, the result being true for »=1 by Fer- 
mat’stheorem. Let therefore z,, ....., Zp; be the distinct roots of z?-1=1(modp*), 
whence 2;,?==2;+r,p", each r; being a fixed integer. To determine the roots of 
xP-!—1(modp*t!), we seek the integral values of m; incongruent modp such that 
c=a;,+m,p* satifies s?=ax(modp*t!). But (#,-+-mp*)?=«,?+multiple of p**1, by 
the Binomial Theorem. The condition is therefore 


a+rpt =a,t+mp* (modp**), 


whence m;=17;(modp) and m; is uniquely determined modulo p. 


AVERAGE AND PROBABILITY. 


148. Proposed by M. C. RORTY, Boston, Mass. 


Assuming points to fall at random upon a circle of circumference a, what is the 
probability of m or more points falling within a length b upon this circumference? 


Note. This problem. has practical application in determining the probability of accidental rushes 
of telephone calls as distinct from those rushes which are due to commercial causes. The solution for m 
or more points falling within a specified length b is known. The problem presented above differs from 
this in that a solution is required for any length b. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let m+r, (r=0, 1, 2, 3, .....—m) be the number of points to fall on 0. 
m-+-r points can be selected from» points inn!~+(m+r) !(n—m—r)! ways. 


Qn! (b) ™+7(a—h)2—m—9 


“Chanee = i(amaryl ra 


149. Proposed by L. C. WALKER, A.M., Professor of Mathematics, Colorado School of Mines, Golden, Col. 


Three points are taken at random on the convex surface of a right cone. Find the 
probability that the section of the cone made by the plane passing through them is a com- 
plete ellipse. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

Let ABC be a section of the cone, H one of the random points in the sur- 
face. AD=c, GD=h, BD=R, EG=r. Through EF pass the plane HC. Then 
the area of the surface, of which HBC is a projection 

zy [h?+h—r)? ] 


_ Bap LR - RV Cer). 
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(See Vol. V, Nos. 6-7). Now h=(c/R)(R—r). 

., Surface of which HBC is a projection, V/ (RR? 4+¢?) [R? —4)/ (kr) (&-+7r) ]. 
S=—surface of which HA FC is the projection. 

1 S=aRy/ (BR? +0?) —y/ (R? +e?) R — by (Br) (R41) 


_ tT Chr) erry y Ce? + 6F) 
2r 
If the two remaining points are taken anywhere on the surface S the sec- 
tion will be a complete ellipse. 


R 
f n2(R? +02 )r(R+r)? dr 
+ The chance==———————_____— 


R 
4n? R3(R? +0?) f dr 
0 


= eS (R?r+2kr? +73 )dr=it. 


150. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 0. 


If the length of a circular are be b and the radius vary uniformly, what is the aver- 
age area of all the segments possible? 
Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
The least area is=0 when R=radius is o. The greatest area is the area 
of a circle, R=0/(27), cireumference=—), .:. area==b?/(4z). 
b? b? 
verge aami( 2 0) ee 
», Average area==4 tn + 0 37 
The problem may also be solved as follows: Area of segment 
==4Rhb—sR’sin(b/R). Average area= A =3$ (Rb Rk? sinb/R)dk/ ak. 


6/29 


Let 6/R=y, then limits of y are 0 and 2z. 


an a-—. —siny )— yf 


re cosy siny x( yt _ )| 
l-5 yet Bye tT Bye by 1 PUY gat aa B6It 


—4 b2 


151. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 


If A and B piay tennis together, find the probability that A will win, given that a is 
the probability that A will win a given point and b the probability that B will win the point. 


I. Solution* by the PROPOSER. 


Without reaching the score deuce, A wins [a game] only in the following 
Cases : 


AAAA, AAABA, AABAA, ABAAA, BAAAA, 
AAABBA, AABBAA, ABBAAA, BBAAAA, AABABA, 
ABAABA, ABABAA, BAABAA, BABAAA, BAAABA, 


with the probability a4+-4a+b+10a‘b?. The number of ways in which the score 
deuce may first arise equals the number of permutations of A, A, A, B, B, B, 
which is 61+(3!3!)—20. It remains to find the probability that A will win 
after the seore deuce is reached. This happens in 2 plays in the case AA; in 4 
plays in the cases ABAA, BAAA;; in 6 plays in the cases ABABAA, ABBAAA, 
BAABAA, BABAAA; in 8 plays in the cases when either AB or BA is followed 
by one of the preceding 4 cases; etc. Hence the probability that A will win after 
deuce is 
a? 
2 3 4},2 53 Ny N+ZAn. — 
a? +2036 + 4a4b? 184563 +... + 2%a"+26"-4..... iia 
The total probability that A will win is therefore 
20a? og, 
1—2ab ° B°. 
Interchanging a and b, we obtain as the probability that B will win 


b4+4b4a+10b4a? 4 00" asas, 
1—2ab 


As a check, it is seen that this sum equals 1 in view of a+06=1. 


a+ +4a4b-+1004b2 + 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
To win a game in the first six points A must win four straight points, or 
four out of five, or four out of six. The chance of this is 


4 4h2 
at SOO 4, SOO at 44a + 10048", 


The chance that B wins in the first six points is 64+ 4ab4+10a?b+. The chance 
that each wins three points is (6!/3!3!)a?b3=—20a363. If they each win three 
points, then A must win two successive points to win the game. The chance that 
A wins two successive points is 20a5b?, the chance that B wins two successive 
points is 20a2b5. The chance that each win a point is 40a*b4. After each have 


*The problem was intended to read ‘‘win a game,’’ a second proposed problem reading ‘‘win a 
set.’’? The latter has been withdrawn in view of Professor Zerr’s solution. 
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won four points, the chance that A wins two successive points is 40a°)+. The 
chance that B wins two successive points is 40a‘b°, the chance that each win a 
point is 80a5b°, and so on. 


Let p=A’s chance of winning the first game, and g—B’s chance of win- 
ning the first game. 


p=a*+4a4b + 10a4b? +20a5b3 + 40a%b4 + 800705 +1600808 -+L........ 
—a+ +-4a4b+10a4b? + 200503 (1-+2ab+-402b2 + 80308 fee) 


4 
—a*t+4a4b+10a*b? + saa g (1+ 4b-+10b? — 2ab—8ab*), 


Similarly, q= > os [rug (it 444100? —2ab— 8a’ b). 


The chance that A wins 4 set in ten games is 
6.7 6.7.8 6. c S. 9 
po + Op a+ a P°U? tg PB + ay? 
=p + 6p%q-+21p%q? +.56p%q3 + 126p%q4. 
The chance that B wins the set in ten games 1s q° +-69°p +219 %p? +-56q°p* +1269 %p!. 


The chance that each wins five games is a5 Pa! -=2h2p*qs. 


Let P be A’s and Q be B’s chance of winning-.the first set. Then as before 
P=p* +6p%¢+21p%q? +56p%q? + 126p%q4 + 252p%q' +504p8q° 
+1008p°¢7 +-2016p 198 +... 
=p* + 6p¢ + 21 p%q? +56p%q* + 126p%q* +252p79> (1+ 2pq 
+ 4p*q? +-8p3q? +...) 


| 252 p7q® 
“Pt Hite Bape ee 


Q=— 7 ix or (14+-6p +21p? +56p3 + 1264 —2pq —12p?q—42p%q—112p4q). 

The shanee that A wins three sets out of five and thus wins the match is 
P,=P>+3P3Q+6P?Q?=P'(1+389+69Q?2). 

The chance that B wins the match is 9, =Q?(14+3P-+6P?). 


MISCELLANEOUS. 


—=_ 


142. Proposed by R. A. WELLS, Bellevue College, Bellevue, Neb. 


Find a general expression for the value of @ such that when @is one of the 
acute angles of a right triangle, the three sides of the triangle will be 
commensurable. 


I. Solution by 0. W. ANTHONY, Head of Mathematical Department, DeWitt Clinton High School, New York City. 
Without assuming the triangle to be right, we start with the equation 


c? =a* +b? —2ab cosC, ».a=b cosC+1/(b? cos? C—b? +c? ). 
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Let 6°cos? C—b? +c? =1?. Then c?=1?+6?sin?C. Assume l=a«?—y?, 
and bsinC==2ay. Then a=,/(b? —4x°y?) + (2? —y?). 

Let 6? — 4a? y?—=s?, b+2ay-ks, and b—2xy=s/k. Then b—s(k?+1)/2k, 
vy ==s8(k? —1)/4k. 

Taking s=4mk we obtain the following formulae: 


b=2m(k? +1), c=a? +m? (kh? —1)2/2?, 
a=4mk + [a? —m? (kh? —1)*/x?], C=cos[2k/(k? +1)]. 


As an example, assume 7=3, m==3, k=2. We find a=24, b—30, c—18, 
cosC=#¢. 


II, Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


m?+n?, m®* —n*, 2mn are the sides of any right triangle. Let m—pn. 
on? (p? +1), n*(p?—1), 2n?p are the sides. 
The equation for the general value of 6 is 


n* Cp — Neost-panpsind=n"( p* +1). 


a aa Ly _ en? Np 


cos’ cosé-+-sinf sind=1,. cos(0—/)==1. 


, then the equation becomes 


0 O—fB=27n,, 0=2nn, +8. 
As 6 must be less than $z, the general value of @ is 0=f. 
Also solved by J. B. Greggs, M. Sc., C. E., Senecaville, Ohio. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


192. Proposed by F. P, MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College 
Defiance, O. 


What is the difference pebwreen the squares of the two infinite continued 
; 1 ( } 
fractions (3 + grog) amd (2 +a gr)! 


193. Proposed by SAUL EPSTEEN, Ph. D., Chicago, Ti. 


Professor Goursat states (Transactions of the American Mathematical 
Society, January, 1904, p. 111) thatif a,, a, .., a,3h,, hy, --; hy are two se- 


quences, the h’s being all positive, then >> “2 2 een . Prove this. 
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194. Proposed by L. EK. DICKSON, Ph. D., The University of Chicago. 


In the determination of the canonical forms of Abelian transformations 
modulo p, one is led to the type [0,, b,, DB, |: 


5) hy 1 OE 7 00S, +7, +0583 +95, FF, — Fy, 

He'=Ho +08, §,/=6,—&,, 13 ==15 +b,&,. 
Find its period and determine the conditions under which it is conjugate with 
[¢,, C2, €, | under Abelian transformation. 


GEOMETRY. 
219. Proposed by H. F. MacNEISH, A.B., Assistant in Mathematics, University High School, Chicago, Ill. 


Draw a line through a given point which shall divide a given quadrilateral into two 
equivalent parts; (1) when the point lies in a side of the quadrilateral, (2) when the point 
is without, (8) within the quadrilateral. 


220. Proposed by G. B.M. ZERR, A. M., Ph. D., Parsons, West Va. 


Two triangles are circumscribed to a given triangle ABC, having their sides perpen- 
dicular to the sides of the given triangle. Prove that the two triangles are equal, and find 
the area of these triangles. 


DIOPHANTINE ANALYSIS. 


120. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 


Kind the prime numbers p for which x? —pxe—pxr—z+p? —3=0 has more 
than two sets of positive integral solutions 2, z, each <p. 


AVERAGE AND PROBABILITY. 


152. Proposed by L. C. WALKER, A.M., Professor of Mathematics, Colorado School of Mines, Golden, Col. 


A square hole is cut through the center of a sphere of radius r. Show 
that the average volume removed is 7973 (23 |/2—28). 


MISCELLANEOUS. 


143. Proposed by R. L. MOORE, A. M., Fellow in Mathematics, The University of Chicago. 


Does there exist a function, of single valued inverse, satisfying the fol- 
lowing conditions: (1) if w=f(v), w=f(u) then w=f(v); (2) given u,=—f(u), 
v;—S(), ¥,=f(v); if the triple w, v, w can be regarded as the lengths of the 
sides of a triangle, the triple w,, v,, w, cannot be similarly regarded. 


144. Proposed by IRA M. DeLONG, Professor of Mathematics in the University of Colorado, Boulder, Col. 


Determine the number of distinct spherical polygons of n sides formed by ares of n 
given great circles on a sphere, each are to be greater than 0 degrees, and less than 360 de- 
grees, and no two sides of any polygon to lie an the same circle. 
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NOTES. 


Krrata in solution of Algebra, 188, p. 14. Read y=a, (1 1/3)a. 


Professor Arnold Emch has been appointed editor of the University of Col- 
orado Studies in place of the late Dr. Arthur Allin. 


On January 22 occurred the death of the Rev. Dr. George Salmon, the 
well known and distinguished author of a series of classic mathematical works 
embracing A Treatise on Conic Sections; Lessons Introductory to the Modern 
Higher Algebra; A Treatise on Higher Plane Curves; and A Treatise on the Ge- 
ometry of Three Dimensions. PF. 


On December 12, 1903, occurred the death of our valued friend and con- 
tributor, Marcus Baker, Cartographer of the U. S. Geological Survey and Assis- 
tant Secretary of the Carnegie Institution. Mr. Baker was an enthusiastic sup- 
porter of the MonTHLYy from its beginning. His contributions in the way of ex- 
cellent solutions will be greatly missed by many of our readers. F, 


Beginning with January, 1904, the Mathematical Supplement of School 
Science appears as an independent magazine entitled School Mathematics under the 


responsible editorship of Professor G. W. Myers of the School of Edueation of 
The University of Chicago. It is devoted mainly to questions concerning the 
pedagogy of mathematics, covering the period from the later grammar grades to 
the end of the sophomore year in college. 


The following courses in Advanced Mathematics will be offered in the 
Summer School of the University of Pennsylvania, opening July 5, 1904: Cal- 
eulus, Dr. G. H. Hallett; Differential Equations, Dr. F. H. Safford; Modern 
Analytical Geometry, Head Professor Crawley; Theory of Functions of a Real 
Variable, Assistant Professor I. J. Schwatt; Theory of Functions of a Complex 
Variable, Assistant Professor G. E. Fisher. Other courses will be offered by 
Dr. Easton and Mr. Dimick. BF. 


‘‘Geometric Construction of the Regular Decagon and Pentagon Inscribed 
in a Cirele’’ is the title of a pamphlet just issued by the author, Major Henry H. 
Ludlow, Professor of Military Science at Agricultural College, Mississippi. The 
principal construction is that proposed in the MonrHLY, November, 1903 (Geom- 
etry 21]). Introductory paragraphs furnish the basis of a strictly elementar, 
proof, independent of the results following from the usual construction. The 
Preface gives an interesting bit of history in regard to the construction. D. 


The University of Chicago announces the following appointments of grad- 
uates and graduate students to mathematical positions of collegiate rank: Otto 
I’. Geckeley, Instructor in Mathematics at the School of Technology, Atlanta, 
Ga.; Monro N. Work, Instructor in Mathematics at the Georgia State Industrial 
College; Theodore Lindquist, Instructor in Mathematics at Augustana College, 
Rock Island, Ill.; A. M. Salsbury, Instructor in Mathematics at the Hlinois Col- 
lege, Jacksonville, Ill.; Duane Studley, Instructor in Mathematics at the Lewis 
Institute, Chicago, Ill.; F. W. Hanawalt, Professor of Mathematics in Albion 
College, Albion, Mich. 
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SPHERICAL GEOMETRY. 


By EDWIN BIDWELL WILSON. 


LECTURE III. THE CONCEPT OF ORDER; ANGLES AND TRIANGLES. 


Theorem 6. All the lines which pass through the same point O pass also 
through a common point O'. 

Let the two lines a and } which pass through the point O meet again in 
some point 0’. Let ¢ be any other line which passes through the point 0. Then 
c must cut each of the lines a and 0} in another point—say Q and F respectively. 
The pairs of points O and 0’, Oand Q, O and R do not uniquely determine a 
line: for we have by the above hypothesis two lines through each pair of points. 
Now Axiom I states that there exists only one point which taken with the point 
O will not uniquely determine a line. Hence the points O’ and QY and # must 
coincide and the theorem is proved. 

Theorem 7. If in a motion one point of the surface remains stationary, that 
other point which taken with it will not uniquely determine a line remains also 
stationary. 

If O be the point which remains fixed, any direction a issuing from O will 
be carried into a direction a’ which issues from O. Hence if } and ¢ are any two 
lines passing through O they will be carried into two lines Db’ and c’ which like- 
wise pass through 0. But by the foregoing theorem 6 and ¢ intersect in 0’ and 
b’ and c’ also intersect in O’. Hence O’ must be carried into O’—that is, it re- 
mains unchanged in position. 

Two points such as O and 0’ through which an indefinitely great number 
of lines may be passed are called antipodal points. The segment of a line inter- 
cepted between the two points is called a semi-line. 
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Theorem 8. All semi-lines are congruent and in particular are congruent to 
the remaining portions of the lines of which they are severally the parts. 

That all semi-lines intercepted between the same points are congruent is 
evident from the fact that, O and O' remaining stationary, any one direction is- 
suing from O may be carried into any other. To compare semi-lines intercepted 
between different pairs of antipodal points it is only necessary to perform a mo- 
tion which carries one of the points of one pair into one of the points of the other 
pair. The number of steps to follow out in the reasoning is not large and they 
will be left to the reader to fill in. 

Definition of angle: An angleis the geometric figure formed by two directions 
issuing from a common point called the vertex of theangle. The two directions, apart 
from any particular segments lying along them, are known as the sides of the 
angle. 

It should be noted that when sufficiently produced the sides of an angle 
meet; that the angle must not be regarded as the portion of the spherical surface 
intercepted between its sides but merely as the geometric figure consisting of the 
sides which are of limited but undefined extent and of the vertex. 

Theorem 9. An angle is congruert to itself and is not congruent to any angle 
which has one side and the vertex in common with it but the other side different. 

The proof is like the proof of the corresponding theorem for segments. In 
fact there is a great similarity in the theorems concerning angles and segments. 
For example we set it down as an axiom that the points of a line are arranged ina 
natural order so that the words ‘‘follow,”’ ‘‘precede,’’ ‘‘lie between’’ are applicable, 
and we found this axiom very useful. It is intuitively obvious that the same is 
true of angles about a common vertex, or, to speak more precisely, of the direc- 
tions issuing from a given point. We might, therefore, either postulate this 
property of angles or prove it, if possible, by means of the corresponding prop- 
erty of lines which we have already postulated or we may be able to get along 
without it by using indirectly the properties of the arrangement of points in lines. 
Which of these courses we choose to pursue depends to a considerable extent on 
our point of view. 

As the idea of order is of the utmost importance in many diverse branches 
of mathematics and may often be taken as fundamental, the following discussion 
will be not inappropriate. Consider the digits 


012 38 45 67 8 9 
and 09 678 901 2 8 4 
and 03 69 05 8 1 4 7 
and O 741 8 5 2 9 6 8. 


Of these four methods of arrangement the first will unquestionably be regarded 
as the only natural arrangement. The second is not essentially different from 
the first. For if the series of elements be considered to form a closed eyele so 
that the last written leads back to the first, the application of the words ‘‘follow,”’ 
‘‘precede,’’ and ‘‘lie between’’ is not impaired in the slightest. In each set 7 falls 
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between 6 and 8. On the other hand the last two arrangements are different from 
the former and are different from each other. The order has been essentially 
disturbed and has been replaced by a different order which for some problems in 
the theory of numbers may be more convenient but which nobody would take to 
be the natural order. If we look a little more carefully we see that the last ar- 
rangement does not differ so radically from the third as at first appears to be the 
case. The order in the two has merely been reversed. The words ‘‘lie between’’ 
have the same validity in both but the meaning of ‘‘follow’’ and ‘‘precede’’ has 
been interchanged. 

These observations lead to the idea that when a set of elements are 
arranged in a closed series, two arrangements in which the words ‘‘lie between,’’ 
‘‘follow,’’ and ‘‘precede’’ have the same applicability may be called the same ar- 
rangement; two arrangements in which ‘‘lie between’’ preserves its characteris- 
ties, and ‘‘follow’’ and ‘‘precede’’ are interchanged may be called opposite; and 
two arrangements in which all three of the words change their significance when 
applied to the individual elements may be considered as essentially distinct. if 
there be given two sets of elements 


01238 45 67 8 9 0 
and ABC DE FGHIJdJA 
which may be paired off in such a way that to each element of either set there 
corresponds one element of the other and only one and if each set possesses a 
definite arrangement of its members and if furthermore the words ‘‘follow,’’ ‘‘pre- 
cede,’’ and ‘‘lie between’’ have the same significance when applied to the different 
members of each pair then the two sets of elements may be said to have the same 
arrangement.* Such is evidently the case in the example cited above. 


When there is given a set of elements such as 
+ + X = / ( 6 2? 1 GG 


which do not possess any natural order or of which the natural order is not 
known, an order may be attributed to them arbitrarily by pairing them off 
against a set of elements which are arranged in order and by bodily transferring 
this order to them. Such a proceedure is often useful but it must be remembered 
that no real or natural order has thereby been obtained among the elements con- 
sidered unless it can be shown that every such method of establishing an order 
leads to the same final result. For instance, let P be any point on the spherical 
surface. Describe any line which does not pass through the point P. Each di- 


*The fact each of two sets of elements must possess its own independent characteristics if any valu- 
able conclusions are to be drawn from establishing a correspondence between the sets has been over- 
looked by so eminent a mathematician as Hilbert. See my paper on The So-called Foundations of Ge- 
ometry, Archiv der Mathematik und Physik, Vol. VI, pp. 104-122, 1908. It must however be evident that 
if the elements of a set B have no other properties than those derived from a one to one correspondence 
with the elements of a set A, then the set Bis trivial and any thoorem obtained concerning its elements 
is really a theorem concerning the elements of the original set A. For this reason logicians are careful 
to compare not only the members of two sets but the operations and conceptions connected with them. 


o0 


rection @ issuing from the point P will cut this line in one point, say in A. The 
points A are arranged in a definite order upon the line and we may say that the 
directions @ are arranged in the same order. We may say that a direction a’ fol- 
lows the direction a when the corresponding point A follows the point A. The 
order which is thus attributed to the directions a is purely relative to and depend- 
ent on the order of the points on the particular line which has been chosen. Had 
some other line been fixed upon and the same process carried out there might 
conceivably have resulted a wholly different arrangement of the directions issu- 
ing from the point P. And until it has been proved that no matter what line 
was selected the same arrangement of the directions must result, we are in no 
position to affirm that the order found is at all a natural order. 

To bring out even more clearly some of the ideas connected with order 
consider the series of positive integers and the series of all positive rational num- 
bers. Each of these series possesses an obvious natural order; yet by rearrang- 
ing the latter into an order wholly artificial it becomes possible to pair off the 
elements of the two series in a one to one manner. Any rational number may 
be written in the form p/q where p and q have no common factor. Arrange the 
rational numbers so that those in which the sum of numerator and denominator 
is smaller precede those in which the sum of numerator and denominator 
is greater and in case the sums are the same place the numbers which have the 
smaller numerator first. There results the series 


1 1° 1 2 8 1 TIT 2 RB 4 65 
1233 3°44 $3 59 $6 § 8 @ $B OT we 


which contains once and only once every rational number and which may be put 
‘into one to one correspondence with the series of integers 


12 3 4 5 6 7 8 9 10 11 12 18 14 15 16 17 18 ......... 


Thus by sacrificing the natural order we may set up a one to one correspondence 
between these two series. It has been shown by somewhat complicated analysis 
that the points upon the segment of a line may be paired off against the points 
in a square. In this manner the points in a square may be considered to be or- 
dered into a simple series in which the words ‘‘lie between,’’ ‘‘follow’’ and ‘‘pre- 
cede’’ are applicable. As however this order is wholly artificial and may be dif- 
ferently established in a great number of ways is is of very limited value. 
Considerations like these shed a great light on the magnitude and signifi- 
eance of the assumptions at the bottom of the third axiom which states that the 
points of a line are arranged in a natural order. The fact of the arrangement 
alone is not of great import because almost any set of elements may be assigned 
an order. The word natural is what gives the axiom its significance. It states 
that the points of a line are distributed in an order which cannot be mistaken for 
nor confused with any other. If there were a number of equally natural orders 
which could not be at all times readily distinguished from one another the whole 
theory of segments would become unsettled. It also becomes clear that before 
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speaking of a natural order among the directions issuing from a point so many 
difficulties are to be met that a development of the theory of angle along lines 
similar. to those pursued in discussing segments had best not be attempted 
any earlier than necessary. 

Definition of (proper) triangle: A (proper) triangle is the geometric figure 
composed of three segments each of which is less than a semi-line drawn so as to con- 
nect in pairs three points. The parts of the triangle are its three sides, and its 
three angles which are the angles formed by the directions in which the seg- 
ments leave the vertices. A segment less than a semi-line may be called a proper 
segment. 

Theorem 10. If two sides and the angle formed by them in one triangle are 
congruent to two sides and the angle formed by them in another triangle, the triangles 
are congruent. 

As two angles are congruent the triangles may be moved so that these 
angles coincide. The adjacent sides take the same directions and as they are 
congruent they must coincide throughout. The third sides will therefore lie on 
the same line and between the same points of the line. Of the two segments 
which satisfy these conditions one is greater than a semi-line and cannot form 
the side of a proper triangle. Hence the other segment must be the third side 
of each triangle and the triangles coincide throughout. 

Theorem 11. Ifa side and two adjacent angles of one triangle are congruent 
to a side and two adjacent angles of a second triangle, the triangles are congruent. 

Theorem 9 is needed in the proof—which is left to the reader. A similar 
proof may be given for the following: 

Theorem 12. If two angles are congruent their vertical angles are also 
congruent. 

Theorem 13. If three directions a, b, c radiate from a point and three direc- 
tions a’, b', c' from the same or a different point and if furthermore the congruences 
Xab=Xa’'b' and Xac=Xa'c' are fulfilled, then Xoc=HXV'e’. 


ON SOME SPECIAL ARITHMETIC CONGRUENCES. 


By H. S. VANDIVER, Bala, Pa. 
If we take the well known relation 


_ 2 
(?57 1-1) 2¢m04 py, 


where p is a prime, and suppose that p=38(mod4), then 
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—1 
i !=-+1(modp)....(2). 


The question is, what analytic relations govern this ambiguous residue? Dirich- 

let (Werke, Vol. I, p. 107) called attention to the problem, and Jacobi (Creile, 

Vol. 9, p. 189) enunciated and proved a theorem connected with it. Kronecker 

(Liouville, Vol. 8, 2nd series, p. 269) gave another theorem which may be used 

as a practical rule for determining the sign in any particular case. I wish to 

discuss here some relations connected with Jacobi’s theorem, which is as follows: 
If pis a prime number of the form 4n+-8, then 


on I !=(—1)# (modp) 


where ». is the number of quadratic non-residues of p which are less than 4p. 
Jacobi’s proof of this depends on the theory of quadratic forms. Another 
proof is easily obtained from the formula 


—1 \@-1)?2 pI 
(Py!) =z Monoap), 


the truth of which is evident from (2) (see Bachmann, Niedere Zahlentheorie, 
; —1 ; 
Vol. I, pp. 178-9). The theorem shows that the least residue of S !(modp) is 


known as soon as the evenness or oddness of » is determined. There area num- 

ber of other questions in the theory of numbers which involve a consideration of 

this same criterion, and some of them will be investigated here. It is necessary 

to make use of the analysis in another demonstration of Jacobi’s theorem. 
Consider the series 


and calculate the residues of these numbers, modulo p, between the limits 
$( p—1)and —$(p—1). No two of these-residues can be equal in absolute value. 
For, let a? and 3? be two terms of (8) which give equal remainders, irrespective 
of sign. Then 


a2 = +" (modp). 
Now we cannot have a? —7? =0(modp) since neither «— nor 4+ is zero, and 
each is less than p. The relation a? +? =0(modp) is also impossible since p has 


the form 38(mod4). Hence the absolute values of the residues are identical, in 
some order, with the integers 


1, 2, 3, .., 4(p—1). 
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The positive residues in question constitute all the quadratic residues of p which 
are less than 4p. Consequently there will be precisely as many negative resi- 
dues as there are quadratic non-residues less than 4p. By multiplication 
we then obtain 


= \)= (—1)+ = 1) (modp), 


from which the theorem follows, a ! being prime to p. This proof is of some 


interest in itself, since no use is made of Wilson’s theorem. 
Let —a,, —4g, ...., —a,, be the negative least residues, modulo p, for the 
numbers in the series (3), and f,, 85, --.-, 9,, the positive residues. Now write 


1?=[1?/p|p+r,, 2?=[2?/p]p+re, --, Cp’)*LCp’)?/pl] p+, 


where [m/n]| represents the largest integer in m/n, and p’=4(p—1). Hence 
11519) --) Tp are the least positive residues for the series (3), modulo py. They 
are therefore identical apart from their order with p—a,, p—4s, ...., D—4 , 
Fy, Ba, ---) Ay Hence by addition, 


12-2? +3* +....+-(p')?=Mp+rp+B—A, 


or PC P—1)( pt+1)=Mpt+rp+B—A....(4), 
where 


M=[1?/p)+[2?/p)+--[@)?/p], Aa, tag+.- te, B= 8, +8, +--+%e-. 
SINCE 4), yy vy Gey By Poy ~~) Bey are the numbers 1, 2, ....., p’ inacertain order, 


Upon substitution in (4), the resulting relation may be written 


vp M= sep (p® —1)+8(p? —1) (mod2). 
oe M+ (p+ 38)(p? —1)(mod2). 


Now for p=4n+3), s:(p+3)(p? —1)==$(2n+3)(n+1)(4n+2) =0(mod2). 
Hence the interesting conclusion, »=M(mod2). The number M may be express- 
ed by meansof circular functions on applying the relation 
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n—l1 
m m 1 . 2kma kz 
> sin cot —, 
k=1 


where m and n are positive integers, » not a factor of m (Eisenstein, Crelle, 
XXVIT, p. 281). 
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The residue of » modulo 2 occurs in the investigation of the following 
question: If a@ is any primitive root of the prime p=-4n-+38, then the least abso- 
lute residues of a, a?, ....., a?) , modulo p, are the integers 1, 2, 3, ...., }(p—1), 
in some order. For no two of them can be equal in absolute value or we would 
have a congruence of the form 


at+=+a%, ar-8=+1(modp) [?<a<d(p—1)] 


which is impossible since «—f is less than 4(p—1). The residues are then dis- 
tinct, and we get by multiplication, v being the number of residues in question 
which are negative, 


qa(P*—1) =(—1)” pt ! (modp). 


But a@’—D) =(—1)"t1, $(p—1)!=(—1)* (modp). 3, v= 4-n+1 (mod2). 

We might ask whether there is not a method for determining »(mod2), 
based on a theory of distribution of quadratic residues. But there appears to be 
but one general fact known regarding the residues less than 4p, namely, 

If pis a prime of the form 3(mod4), then in the series 1, 2, 3, ...... $(p—1), 
there are more quadratic residues of p than non-residues. 

It may be mentioned here that no elementary proof of this theorem has as 
yet been given.* 

If in the first congruence of the paper we put p=4m-+-1, then 


— 2 
(e 1) == —]1(modp). 
Since we can now set p=a?+b*, we may write 


p—-1 
2 


!=+7(moda+bi), 7?=—1. 


The theorems concerning this two-valued unit residue are analogous 
to those which have been developed for the case p=4n+3. 

For example, make p=8k +5, and calculate the least positive residues of 
(3), modulo p. If m is one of these residues then p—™m is also. For, if a? is 
the term of the series corresponding to m, then there is one and only one posi- 
tive integer 7, less than 4(y—1), such that 


3? =p—u*? (modp), 


as follows from the fact that p has the form 1(mod4) (Bachmann, |. ¢., p. 195). 


*For what appears to be the only proof known, and which is not elementary, see Smith, Works, Vol. 
I, p. 275, 3rd foot-note. 
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Hence the residues may be put into two classes, 2h+1 of them less than 44+2, 
and 2k+-1 of them greater than 44+2. Represent these by 7,, rs, ---, Tor41, and 
$1) Sg) --) Soesi, respectively. Now find a positive integer N, such that 


S, = +i, (moda + 07) 


where 7 is arbitrary and N, <4$(p—1). As this involves the solution of a linear 
congruence in the domain R(/) the unique determination of N, is always possi- 
ble. Hence the residues of (3) can be expressed by 


Pry Pag nn » Vok—1) iN, iN, ortee ’ Non +1 trees (9), 
if we disregard order and sign. Now there cannot be a relation 
rs = Ne (moda-+t+ 02). 


For if f? and g? are two terms of the series (8) such that f?=rs3 , g?=+iN,. (mod 
a-+-bi), then 


f?=tig*, f* +g*=0 (moda+d1). 


of 4+94=0(modp). But this last relation is impossible since p has the form 
o(mod8). Also it is obvious that we cannot have such relationsasr,=r, , N,=N, 
(moda-+ bt), where n=1, 2, ....., 2k-+1, v=1, 2, ..... 2k+1. Hence the series (5) 
is identical with 1, 2, ..... 444-2, in some order. Multiplication then gives, us- 
ing (3) and (5), 


[ (4442) 1]? =(—1)#0?*41(44+-2)! (moda-+di). 
Dividing by (44 +2)! which is prime to a+0i, and reducing, 
(44+-2) !=(—1)"+h Cmoda+odr), 


where », is the number of negative terms in (5) which are obtained when the 
N’s are given their proper signs. 
EXAMPLE. Let p==-18. Then the numerically least residues of 


1’, 22, 3°, 4?, Oo”, 6, 


are 1, 4, —4, 3, -—1, —3. But —426i, —8=~—21, —J=—51 (mod2+ 37). 
.6!2—7=5 (mod2+ 382), 6!=5 (mod13). 
To develop theorems corresponding to the above for the determination of 


q—- 


the least residue of 5 } !(modq), where q is a prime of the form 1(mod8), it 


would be necessary to make use of complex moduli defined by higher cyclotomic 
equations. But the treatment of the case p=5(mod8) is sufficient to show the 


o6 


character of the analysis one would encounter. It is curious that the ambiguities 
already discussed have an analogue in the following theorem :* 

If P is a prime of the form 4c+1, and m2+n?—P (m and n integers), 
then either m or n has the form +1(mod4). If m=+1(mod4), then 


2c)! 
m= ry (moaP), 


Now since (2c) !=—1(modP), we can write 


Hence the least residue of (c!)4(modP) can be determined uniquely. But in 
(7) the residue for (c!)?(modP) is two-valued, and we face a problem which is 
analogous to Dirichlet’s. 


ON THE EVALUATION OF CERTAIN DEFINITE INTEGRALS. 


By PROFESSOR G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa, 


io 


1. In works on Calculus we find the following: 


oO 
f ele? +(e?/a*) Id==dy/x ee, 


0 


We wish to find the value of 


f e—( fu? +(9/"*) sin[ ha® + (k/x?) |daz=A, 
0 


f e—l fu? +(9/2")leos[ ha? + (hk/x? ) \dx—B, 
0 


as well as of the still more general definite integral C of §6. 
In view of the substitution y=2|/m, we have 
“~ 1 Vi 


oo 
4 — 2 2 | — 
e—lmat soa" VNdle =f e— [y?+(mn/y?) dy——" —— e—-2V (mn), 
J, Vm o y 2)/ m 


oo 
Now Aap 7 { fe (f-hy —L)2?—(g—ky 1) (A/2*) — gf +h Dat (gt kY—1) (0/29) de, 
Vv —t" 0 


*This theorém is due to Gauss; see Smith, 1. c., p. 268. 


ov 
oo 
B= af [e-¢ f—hy —1)x?—(g—ky—1)(1/a?) + e—( fthy—1)x*—(g-+ky—1) (1/2?) dx. 


Lety)/m=/[fthyY(-))=vV aft ev (P+ EVES -8V PT rt, 
Vn=V/ loth (-)) =v [d9t3V @? +) 4V Le9-8V YG? Th) =u ke. 


YA a VE or ytr-v) — VE ig ort tyuto), 
47/(-1) (r—-1) 41/(-1) (+24) 
aa —2(r—t) (u—v) Vt —2(r+t)(utv) 
~4(r— ° Erp t) ° 
a 9 _ _ 
Wop PLB” (ru+tv) [y er(rv+iu) — ¢ 2(rv-+tu) +t er(rv+tu) + ¢ 2(rv+tu) 
—TWopere (rf Hl } 


— VV TN su tte) Spe! 
= — Woy” a(rutte) fysinh2(rv-+tu) +teosh2(rv + tu) }. 
Similarly, 


=a ay F) e—20ruttr) fyeosh2(rv-+ tu) +tsinh2(rv--tw) }. 


ie ¢) 
oe k; | 
° — 24( /1? e 2 —_—— 
fe | fx 0) ar ha + 7 da 


— 4 reap 2(ru-+tv) [BEN (2cret-tu)) +t gosh 20+ tu)) ]. 


2. Let f=1, g=0, h—=0, k=b?; then r=1, t=0, u=—$0)/2, v-=$b)// —2, 
r?—==1, ru+ w=$b7/ 2, ry-btu=tb/ — 2. 


A= VUE de —by2sinh(b)/ —2)= — Vey (— 1)sinh (6—1/2) 


= — Ve bY2sin (by/ —24/ — = h/(yerPsin(by/D=f_ e~*sin(b? /x* )da. 


Similarly, B={ e—**cos(b? /a? )dxu=s1/(7)e—*V2c08(0)/ 2). 
0 
3. Let f==cosd, g=a®cos0, h=sind, k—a?sind; then r=cos30, t=1/(—1) 
X sing, u—acos$0, v=—a;/(—1)sing6, r?—t?=1, ru+tv=acos), rv+tu 
=a;/(—1)sind. 


A Ve zacose[ 4/1. cosfOsinh(2ay/—1 sind) 
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—1/—1(7/—1 sind0)eosh(2a)/—1 sind)} 


—— 


= Ve 2acos®faos46 sin(2asin#)-+sing0 cos(2Zasind) } 


— Ve 20c089gin (2asind + $0) =f e—[n?+(at/a*)]costsin {[x? + (a? /a?) sind } de. 
0 


Similarly, 


B={ e— Lu? + (07/2?) lags { [ x? + (a? /x? ) |sind}dx — Vine 2acos6eog(2asind+- $0) 
0 


4. Let f=1, g=b?, h=1, k=b?; then r=$)/(2//24+2), t=3/ (2-22), 
u—$by/ (27/242), v=-$b// (2-2/2), r?-P=1/2, ru+v=), rv+ tub —1. 


A =f e—la?+(07/2")] sinf a? +(b? /x?) Jdx 
0 


ore 


5 e—2%{ 4 /—1),/(2 +2) 2)sinh(20)/ —1) 


Vv 


~ 4y/ 


—P/—1/@—2)/2)eosh(2b)/ —1)} 


/ 
= 1 i “ef 1 /(4/2+1)sin(2b) —1/G/2—1)e0s(28)}, 
B={ e—lx? +(0° 2") leos[ a2 4-(b? /x* ) Jdx 
0 


os Ve? V G/2+1)c0s(2b) —/ G/2—1)sin(2b)}. 

5. Let f=cos20, g—dsa?sin20, h—sin20, k=-4a?cos20; then r=—cosd, 
t=)/(—1)sind, u=$ga,/(1+sin20)=$a(cosé+sind), v=$a),/(sin20—1)== 
$a,/—1(cosé—siné), r?—t#=1, ru+tv=—sa, rv+tu—dsay —l. 

A =f e— 0? C0826 +(a7/2x?)sin26]sin[ ¢2sin2d-+ (a? /2x* ) cos20 |dx 

0 
—=47/ (z)e-*{ —1/(—1) e080 sinh(ay/ —1)—//(—1) [)/ (— 1) sind Jeosh(ay/ —1)} 


=$ 1/(z)e—*{cosé sina--sin@ cosa) =41/ (z)e—*sin(0-+a), 


ie ¢) 
0 


D9 
6. Let C=J  e—(fe*+9/2") sin( hx? +k/x? )cos( px? +q/x? )dx 
0 


_ poss. e— ( fae? +g/a?) (el ha? +k/a? )¥—-1 — e— (hac? +h/%?)¥—1) 


=. 
x (e'pa? +q/x*)¥—1 4 e—(pu? +4q/2?)V¥—1) dy, 
C= dy J. [e- | f—(h+p)¥—1]a?--[g—(k--q)V—1]1/a? 
— El Fh pyy—iar—[gt (h+ gy 11/0? | dy 
1 [°°] 
+ 4,/—]1 J [erLt py tela (han 1/28 — gt P+ =P) —Ha*—|g HOY ANd, 
| a 0 


Let /{ ft(h+p)y -ly=y {af+ay[ f2+(h+p)?)}} 

+ {3f-$/ > P+h+p)? }}=res, 
Vigth+@)y -l}=v {s9+sv [92 +(h+q)?]} 

LY (g9—-47/ [92 + (h+9)2 ]} teu, 
Vi fth—pyy —l=vV afte 0 P+(h—p)? 3} 

ty {$f-t/[ P+h—p)* J} =vt4, 
Vigth-QY —-l=v {(s9+3V Ly? + k-@)? J} 

+ 139-3 (9? +(k—@)* ]}=y te. 


O= Vr wie e-2(r+s)(t+u) = g—2(v—w) (y—z) E20 +w)(yt+z2) 
“8y/—-1\ ros r-+s v—wtti<isés 


/t/—1 ; 
— Hey ot ors re +ts) +-scosh2(ru + ts) ] 


/T/—] ; 
— eat eng vO Losin? (ve fy) +-weosh2(ve-+wy) ]. 
7. Let f=1, k=a?’, q=b?, g=h=p=0; then r=v=—1, s=w=0, 


)], yay [2(a? — 6?) ], 


t=$y/ [2a +0°)], wa 


=v [2(a?—b?)], r? —s?*—y? —w?—0, rt-+su=$)/[2(a?+07)], 
rut ts=V—*1/[2(a2 +02) ], vy--we—by [2(a?—b2)]), 


ve +-wy VV [a(a2 8°), 
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lo @] 


as o=f e—*sin (a? /x®? )cos(b? /x? )dax =" fe-vie@ +> Isiny/[2(a? +6*)] 
0 
+ e—V12(a°—b*) Ising /[2(a? —b?)]}. 
If b=-0, Cf e~**sin(a? /x? de e—*V2sin(ay/2). 


8. If we integrate both sides of the equation 


lo] 
f p—medye— 
0 m 


(n-+1) times with respect to m, we get 


00 e—MNa 


(—1)"+1 S Garr dt = = = logm — aT md 4+$+$44-.0.41/n). 
From Sf. Ss el —, we geti f- en de log (=) seven (p). 


2a Ee max 2b e—ma 2a 2b 
From -f- f dxdm — Sf. f ded = { logmdm-+- | logmdm 
a+b a+b “ a+b a+b 


% —ax __ p—be \2 
we get f° € “sags sinagth-teaadvegce 
0 


(2a)24(2b)% 
= log (Saray) ween nna (q). 
# (eae — e— bx) ( ervy—l 4+ e-rey—2 ) 

x 


oe eae __ p —bx 
Now f cosradx =: $ 
0 x 
ee) 
=3f (¢- —a(a—ry--1) __ e— w(b—ry¥—1) 1 g—alatry—t) —e—vlb+ry- »), gAdr 
0 


Hoe gH at) 88 gry St) 88 ge pe) BY CP) 


a ear e—bx . 
f ———— sinrz dx = 
0 Hb 


f eee en 1__g—rey— Nae 
By—1 = 


2 0 
— — { (e-n ar) g-aib—ry— _ e-e(a+r¥—1) 1 @-x(b+ry—1) Jota 
/— 
°“ 0 


1 log (C= —" ) 1 lo {o+r\/-1 


= -log )=tan- tan} 
2)/—1 a—r\/—1 2y/—1 Va+try—1 a b 


This last follows from the relations 


log(C+ Dy —1)=$log( 0? + D?) + /(—1)tan—(D/C). 


x 


oo oo 2 
etn __ p—bx ; e -ax__ p—bxr) (prxy—1 ! e7~rey—l)\ 2 
f (2—-"" Jeos* rx dx==4 { (cee ) Nae 
0 “ 0 


7 CO 


—- 4f a 2(e—v(a—r¥—1) — e—x(b—ry —1) + e—e(a+ry —1) —e—xlb+ry- 1) )? dx 
0 


90 00 
0 0 


lo @] 


+- 1 a2 (e—v(a+ry—1) —e—«.b-+ry—1) )2 dx 
0 


—=2 log 


9g )2a(? 2b 
aye | +3(a—r//—1)log[2(a—ry’—1)] 


+ $(b—r)/ —1)log[2(b—ry/ —1) ]—4$(a+b—2ry —1)log(a+b—2r)/—1) 


+ $(a--r/ -1)logl2 (a+ry/—1) +404 r/ —Dlogh2b+ry —)] 
—$(a+b+42r/—Llog(a+b+2n//—1), from (9), 


=4lo 


—3(a 


==4 log 


Dy )24( 2p) 2b 
o ae pais, |r 3alog (4a? +4r2)+d4blog(4b? +4r?) 
+ b)log{ (a+b?) +49? J 


| (2a)24(2b)29(4a? + 4r2)*( 40? +47? )P 
SGD ey FHrTe— | 


Since sin?77=1—cos?rz, we get 


f, a dz blog| Cor | 


Fro mf f- 
2a+b 
yf 
2a+b 


a byXatb) (4a? [492 )a(4b? +47? yo 


2442b p—max a+2b g—mx 
—de dm+ af f é mde dm + J sS- ° dx dm 


2a4+-b 


+2b +2b 
snmp (mlogm—m)adm+ { (mlogm—m)dm, we get 
2a+6 3b 


ie) tL __ p—bx 3 
s | |e —4 (8a) “10g (30) + 3(2a + b)*log(2a +9) 
0 . 
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Da + h)3(24-+b)? (BH) (Bb)? 
—$(a+2b)*log(a+2b) -+$(38b)° mentee ore 


2a -+2be— -M2x 
— Sf ~ da dim 3 f- f x dm 
3a +b 3a-+b 


- we om 
—af ff dx dm— r { dx dm 
0 “ a+3d a+3b 


4a 
= (4m* logm—3m? )dm 4 3 f Gsm Log —m* yam 
38a+5b 


+2b 4b 
+3f- (Am? logm—3m? ydm + (3m? logm—m? )dm, we get 
a+36 


a+38b 


in [ows e—be (4a) 44) (2a + 2b)824+20)* (4h) a] 


‘de= zlog (Ba + b)H8aFB¥(q £85) Kat3b)* 


wo eae __ e— bx n 
In general, { ; = |e equals 
0 


when nis even, ani 

1 [na |*[ (--2)a4+26 |... [2a+ (n—2)b ]2n—2[ nb | 

8 | @cad b(n Bya +0) Ca Cn 8ybP aEe Galo 
and when n is odd, -—=-x 

and when % is 0 ‘Gab! 


[(n—la + b][(r—8)a + 80 J.[2a-+ (m2) ona nd J | 
[na ]%[ (2—2)a+ 26 |... [8a + (n—8) ]2n—sL a+ (r—1) 6 ]?n—1 


where 2)=(na)"—-1, a, =n[(n—la + DY, 


acs = 


dy == 


=) [(n—8)a- $30)", 


[(n—2)a +20], = wee 


mmm mmm mm me 


63 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


Problems 189 and 190 were also solved by L. E. Newcomb, Los Gatos, California. 


190. Proposed by A. H. HOLMES, Brunswick, Maine. 
Find the general term of the series 2, 3, 7, 46, 2112, ete. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va., and GRACE M. BAREIS, Miss Roney’s School, 
Bala. Pa. 


Denoting the n+1st term by Tyii, Wwe have the recursion formula 
Tri T,,? —?. 


191. Proposed by NELSON L. RORAY, Bridgeton, N. J. 


Find a number such that if it be multiplied by 2, 3, 4, 5, and 6, the cyclical order of 
its digits will not be changed. 


Remark by L. E. DICKSON, Ph. D., The University of Chicago. 


The answer is the period 142857, of the fraction+. Solved in the MONTHLY 
of 1895, p. 13, Algebra problem number 32. 


GEOMETRY. 


Problem 212 was also solved by F. D. Posey, A. B., San Mateo, California. 
Problem 218 was also solved by L. E. Newcomb, Los Gatos, California, and F. D. Posey, A. B., San 
Mateo, California. 


215. Proposed by M. J. NEWELL, A. M., Evanston High School, Evanston, Ill. 
No satisfactory solution has been received. 


216. Proposed by JOHN J. QUINN, Warren High School, Warren, Pa. 


Find, by plane geometry, the sides of a right triangle if the hypotenuce is 35, and 
the side of the inscribed squre is 12. 


Solution by L, EK. DICKSON, Ph. D.. The University of Chicago. 


“The inscribed square’’ to a right triangle is open to two interpretations: 
(1) the square has a side lying along the hypotenuse; (2) the square has two 
sides lying along the legs of the right triangle. For (1), the present problem is 
impossible (see problem 221). For the interpretation (2), denote the legs by a 
and 6, a= 6, whence a?+6?==35". By similar triangles, a—12:12—a:b, whence 
ab=12(a+b). Adding and subtracting twice the latter from a? +6?=1225, we 
get 


(a+b)? —24(a+b)=1225, (a—b)2==1225 —24(a+d). 


64 


Hence a+ b=49, a—b==7, a=28, b=-21. The geometric verification is evident. 


Also solved by B. F. Finkel, A.M., M.Sc., 204 St. Marks Square, Philadelphia, Pa.; J. K. Ellwood, 
Principal Colfax Sub-District School, Pittsburg, Pa.; A. H. Holmes, Brunswick,Me.; and G. B. M. Zerr, 
A. M., Ph. D., Parsons, W. Va.; L. E. Newcomb, Los Gatos, California; G. I. Hopkins, Warren High 
School, Warren, Pa.; J. Scheffer, Hagerstown, Md. 


217. Proposed by G. W. DRAKE, Fayetteville, Ark. 


If one of the principal axes of a cone which stands on a given base be always parallel 
to a given right line, the locus of the vertex is an equilateral hyperbola or a right line ac- 
cording as the base is a central conic or a parabola. [Exercise 40, page 94, C. Smith’s Sol- 
id Geometry]. 


Solution by WILLIAM HOOVER, Ph. D., Professor of Mathematics in the Ohio State University, Athens, 0. 
Let the given central conic be 


DU AYR LOHL, SHO ee eeeeceeee cosets eeeeeeecenenes eeeeeeaneeen (1), 
and regarded as the central conicoid 
> Jey? (De? ORD cececcsecsssse cevsseressacee careenecee cesseeeeneeseeees (2), 


in which the semi-axis e vanishes. 

This solution will employ the principle that the principal axes of a cone, 
which envelope a given conicoid, are normals to the. three confocals which pass 
through the vertex. The confocals to (2) are given by 


ge y? 2? 
a ee es 3 
ati | b+i + e+h l (9), 
and so the confoeals to (1), by 
A y? a? 
—_— — nd ee 4 
api + hr TO ) 


If (¢, 7, 5) be the vertex of the cone, a normal to one of the system (4) is 


Laraj tens], LetAlty—a) , Cet4d eos) (5), 


y 5 


and if J, m, n be the direction-cosines of the given line, and ¢ an undetermined 
number, we should have, for the normal to (4) at (y, £, 5), 


ps pn ps P 
Th m= bpd a (6), 

ae PS py) OG pS 7 
giving a+A= r? b-+-A= mp) ea pp erst ttt netssns scene (7), 

d 1: (= 4 4 = g 
and l/¢-+-my--ns=p Gai + 7 + =) =p errr CoD F 
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since (€, 7, 5) ison (4). From the first two of (1%), 


DL EVAR G/M] evvvcensevsscsnsen senesentnee seneeenees (9), 
and from the first and third of (7), G@==p[E/U—S/1 J nce ccssseencssece mesessen sesesnen (10). 
(8) and (9) give A — DHL LE + 1 A SLE LR 9/1 crceen esse ceca eeeceeesen eecenecenneeneseettec (11), 
and (9) and (10) give [a—] [E/U— S/n] al E/0 9/10 coeeeeceeceen veeeesecneeen eeteeeeettte (12), 


showing that the locus of the vertex, when the base is a central conic (1), is the 
intersection of the hyperboloid (11) by the plane (12), or an equilateral 


hyperbola. 
For the second part, let the base be an indefinitely thin elliptic or hyper- 


bolic paraboloid given by 
D2 AY [DH Qe eccsecessen sesececssccen vesesanecseeeeee seseaes (13), 
and the paraboloids confocal to o by 


ai 7 bar a 


The normals to (14) through (§, 7, $) are given by 


ata)[a—é b+4] [y—y Z—$ 
fatal tensd e+ yn) mE nnn (15), 
and we have again 
6s pn _ 
l= ; m= n 0 nsseensscatece seseectees ceaeeeeses (16), 
giving Ab APE /L, DA AHO waesaeeseseven vnenrsenenerne sa cersenennnnn seceanten (17). 
<a of Te )= A=—nh 
These give 1E + my-+-2ns= =( So “+ BA 2S JPA MA rerernecsnnes (18). 
Wes l= +mn+-2ns 
This gives an ee sessetsenecauee eeceesestssiee eastecsuncesaeeseseesees (19). 


Adding (19) to the first of (17) and substituting from (16), 
[22 — 1? Jo Larry 4201S — HO oe eeeeeeereeeein cneeeeetn eecenn cence (20). 
Eliminating 4 and p from (16) and (17), 
A — DAE DG J 0] oneeesneecscee venecese ce vcenenrenectenn enone (21). 


Therefore in this case the locus of the vertex is a straight line, the intersection 
of the planes (20) and (21). 
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218. Proposed by 0. W. ANTHONY, DeWitt Clinton High School, New York City. 


From a given triangle ent off an area equivalent to a given square by a line passing 
through a given point without the triangle. 


I. Solution by F. D. POSEY, A. B., Instructor in Mathematics, St. Matthews School, San Mateo, Cal. 


Let ABC be the given triangle and P the given point on the opposite side 
AC say from B. Let a be the side of the given square and suppose the part cut 
off to be a triangle. 

Draw PE perpendicular to AC and PD parallel to AB cutting AC in D. 
Consider the problem solved and the line PQR cutting AC and AB respectively 
in @ and R, to be the required line making AQR=a?. Let AQ=az, QD=y, PH 
=m, AD=n. Since AQF and PQD are similar, 


a AQR 2a to 2a? 
y?  PQD = my’? oy mm 
; x 2a? 2a? 2a?n 
Since y=n—2x == —— or #?+—-4 + 
e ? 
n—-X m m m 


. 20" at a a? 
Completing the square, #? + me bys = (2 +- a) 


Construct a third proportional p to m, a. ».p=a?/m. 

"2? -l-2nx4+p* =p| 2n+p]. 

Construct r=2n+/p and s a mean proportional between p and r. 

1 ce ==2pa +p es", £+p—8, t=—=S—p. 

By constructing AQ=s—p, AQ#& may be shown to have the required area. 
If the part cut off is not a triangle it may be reduced to the preceding case by 
cutting off a triangle equivalent to the difference of the given triangle and the 
given square. 


II. Solution by G. W. GREENWOOD, A. M (Oxon), Professor of Mathematics and Astronomy in McKendree 
College. Lebanon, Ill. 


Lines cutting off a triangle of constant area from two tntersecting lines 
envelope an hyperbola having the given lines as asymptotes. * 

Construct hyperbolas for each pair of sides, and draw tangent to them 
through the given point. 

If we are restricted to compass and ruler, we can construct the foci and the 
auxiliary circle, and by this means construct the tangents through the points. 


Other solutions, which arrived too late for insertion, will be printed next month. 

*Take the two lines as the axes of abscissae, the angle between them being w and the given area A. 
The area of the triangle formed by the axes and the line 2/a-++y/b=1 is sabsinw=A, whence the equation 
of the line becomes (ya?/2A)sinw—atz=0. Differentiating with respect to a and eliminating, the equa- 
tion of the envelop is found to be the hyperbola zy=:(1/2sinw)(2A?—A). Ep. 
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III. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

Let ABC be the given triangle, AB base, C' the vertex. Let P be the given 
point without, PA=b, 7 PAC=0, / BAC=A, area of square==m?, area of tri- 
angle=A, A—m?=n. Let the line from P cutting off the area m? meet AC in 
D, ABin HE; AD=y, AH=x. 


Ther Say sir A? aeeceeecssesccsnssssssncssscssnscssssnssessssessens asuecensesesessesneeesnsaness wasessnscenuersseeseces (1). 
SOYSIMO=AVCAPA D .n.eeeecscsssn scscsssse svssecesssasn ssesssse ssssssssnssasusecsssssessanesesensensenaseseeees (2). 
POLS OF A] area PAH eecccecucesvecccsssssnesessssesssn sesseceneenreuseseccencesseesseeceevaeeesens (8). 

1 FOCSID LO A] SOY SiO 10? eesecc ese sesscsessssscscesssssnsesenee necesveseseens ueteseesveseesee (4). 

The value of y from (1) in (4) gives 

ome 2m? sind 
bsinfo+A]  sinAsin[@+A] ° 
om? in dle 2m?sind m4 
~bsinfo+ A] sinAsinf0+A] ' b®sin?[0--A)’ 


_ sin sin (OFAN oe 2m? sind 4 m4 oo 
sind sinAsin[@+A] ° b?sin2(¢+A] dsinf@+A] 


If m? is to be the quadrilateral part of the triangle, substitute » for m? in 
the above values for a, y. 
Two geometrical constructions which arrived too late for insertion will be printed next month. 


219. On account of the pedagogical importance of this problem, the solutions are withheld until 
next month in order that they may all be printed in the same number. 


CALCULUS. 


Problem 173 was also solved by L. E. Newcomb, Los Gatos, California. 


174, Proposed by B, F, FINKEL, A. M., 204 St. Marks Square, Philadelphia, Pa. 


[s.@] e 
sinh px . 
Inte rate { + cosr« daz, if p? <q?. 
g » sinh gz , if p?<q 
I. Solution by WILLIAM HOOVER, Ph. D., Professor of Mathematics, Ohio State University, Athens, 0. 
sinh px 0 EPL __ 9px 
I={- wn PY cosra de= f GOSH AU eesessecesee seecaeeeatesae tesaeeten (1). 
o sinh gz 0 e@—e—a 


In (1), put gv==7z, or x=[7x/q |z; then (1) is 


== * a COSINE AZ veccessscssses cose serereces cereeenseeeee (2), 


—e—2 


in which a=pz/q, m=rz/q, and the required integral 
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t sina 
cc ceeeceeeeesceceecesstesa weseeee 3 
f g e” + 2cosat+e-™ (), 


as given by Williamson’s Integral Calculus, Appleton Edition of 1884, p. 148, 
Ex. 8, and by Carr’s Synopsis of Mathematics, Edition of 1886, Equation 2594, 
p. 386. Iam indebted to the latter von for the outline of the integral in equa- 


tion (2). If we make, in raf 


— eae 


—— sinm« dz, the indicated division, 


vi =f [e*-+e—* |sinma[ e—t* + e—37@ 1 e—5ra@ 1 ete. jdz, 
0 


in which, if we remove brackets, there occur terms of the type 


f e—**sinbx dx, whose integral is, Williamson, Ex. 19, p. 117, and 
0 


D 


'— m es 
T= pte ean t > {[2n—1]z+a’}? +m?’ 


We have, by Casey’s Treatise on Plane Trigonometry, Ed. 1888, Ex. 33, p. 231, 


“Troe =U ~scep ll tee D -etae ] 
x E 8 op 5a | cet 


In this put z=iz, and then taking the derivative of the logarithm of both mem- 
bers, noting that cosiz—4s[e-*+e7], we have 


5 e* —e-* _ x 1 x 
e*4+2cosa’te-® — (x—a')®+a2  (x—-a’')? +2? 
x x 
~ ~ . af ° 
1 Gena te) Grta’yipa2t 


If in this we put s=m, and in the above summation for J’ we make n=1, 2, ete., 
we have, finally, 


@ ax —ax m —mM 
eo" + ¢@ ; en ae 
r={ S10 NX dx=? —_—— OOOO 
Jog enmX—e-™ 3 em 1+ 2eosa-+e—™ 


If in this we put m=i0, noting that sin(70x)=4(e% —e—-*), 


ax AL 6x __ pméx 0 
f- (7% + e—9) (e emex de sin 
0 


eTX — e—7% cosa+ cosd 
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In this, change a into im, 6 into a, and we have 


(— ew _ ean ma d sina 
—_——__—cosmz dz—=—___—____——. 
Jog emX%—e- e” + 2cosa+e-™ 


Restoring the values of a and m, (3) becomes 


_ T sin?™/¢ 
— g e"/44. Qeospn/g + er/e 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Let w=ry/q, a==n7p/q, b)/ —l=ar/q. 


A =f" Sinhpe cosra a=" sinhay cosb)/(—1)y 
— ginhga de = sinhzy 
z(? (ee) (ot fe) , 
=o), ev—ew 


efat+b)y—_e—(a+bjy  ela—b)y — e—(a—b)y 
=3,5, —— ery —e—FY eee 
= gy anata +6) + gy tane(a— 0). 


(Williamson’s Integral Calculus, p. 142). 


28ina 


tang(a+ b)+tan$(a—b) “Cosa cob’ 


us sina us sin(7p/q) 
~ Oq" cosa-+ cosb 2q ° eos(zp/q) +eosh(zr/q) | 
175. Proposed by M. E. GRABER. A. B., Instructor in Mathematics and Physics in Heidelberg University, 
Tiffin, Ohio. 


Find the volume of the cono-cuneus determined by 2? + a?y?/x? =c?, which 
is contained between the planes z—=0 andw=a. Ans. gzc?a. [Todhunter’s In- 
tegral Calculus, p. 189, No. 28]. 


I. Solution by G. W. GREENWOOD, B. A. (Oxon), Professor of Mathematics and Astronomy, McKendree 
College, Lebanon, III. 
The section by a plane parallel to the yz plane is an ellipse whose semi- 


axes are c and cr/a, and whose area is therefore c?a/a. Hence the required vol- 


. Te? a 
ume 1S sia xdx, or $xac?. 
a 0 
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If. Solution by B. F. FINKEL, A. M., M. Sc., 204 St. Marks Square, Philadelphia, Pa. 


The equation may be written in the form y=t—y/ (c? —2?). If 2-=0, 


y=t—a, the equation of two lines in the zy-plane passing through the origin; 


if y=0, 2—=-+¢, the equation of two lines in the zz-plane parallel to the z-axis. It 
is thus seen that the given surface intersects the xz-plane in two parallel straight 
lines, and the wy-plane in two straight lines passing through the origin. If z=a, 
y—c*? —2*, the equation of acircle. The intersection of the surface with a plane 
parallel with the yz-plane at a distance z=k<a, isanellipse. If we pass a plane 
parallel to the vy-plane at a distance z<c, the intersection of this plane with the 
surface and the plane z=a, is a triangle whose altitude is a, and base 2y 
—=2a)/(c? —2?). Hence we have for the required volume, 


° g c? zZ 7 
V= 2f 2a4/ (ec? —2? )dze—4a E2z —2?)+ — sin = | —drac’. 
0 Jo 


2 
Also solved by W. W. Landis, Dickinson College, Carlisle, Pa.; E. L. Sherwood, Shady Side Acad- 


emy, Pittsburg, Pa.; William Hoover, Athens, 0.; G. B. M. Zerr, Parsons, W. Va.; L. C. Walker, Gold- 
en, Col.; J. Scheffer, Hagerstown, Md.; and the Proposer. 


MECHANICS. 
164. Proposed by W. J. GREENSTREET. A. M., Editor of The Mathematical Gazette, Stroud, England. 


P balances W on a system of n movable 
pulleys of equal weight, each hanging by a 
separate string. If P is moved find the max- 
imum acceleration of W. 


Solution by G B M ZERR, AM, Ph D, Parsons, W Va 

Let T,, T,, T,, ----» Tn be the ten- 
sions on AB, CD, EF, ...., GH; &,, X2, 
La, --, €, the lengths AB, CD, EF, ....., 
GH. Then dz,/dt, dx,/dt, dz, /dt, ....., 
dx,/dt represent the velocities. 

Let Q be the additional weight 
which moves the system, m the weight of 
each pulley. 

Now P=T,, 2T,=T,4m, 27, = 
T,+m, ...., 27T,=m-+ W. 

1 2P=27T,=T,+m, 4P=2T,+ 
2m=T,+38m, 23? P=2T;+6m=T,+ (23 
—1)m, ....., 27 P=T,4+ (2%1—1)m, 2"P 
= (2"—1)m-+ W. 

The equations of motion. are 


2 
mn Oe 20, —m—Ty, 
m ax m d?x 
rr ih i oe ia 
m @atn1, (2a d? Xp oe 
Te 2 Ty m= Dy a re m—W 
Eliminating 7, we get 
2(P+Q) ax, _ T,. 
( ; +a) Gee =2(P-+-Q)—m— 
Now dx, /dt=2dx, /dt=2? dx, /dt—.....—-2"—dx,,/dt. 
WAX, (dt? 2d? x, /dt? = 2? da, /dt? =.....=2"—d?a,/dt?. 


Kliminating 7, we get 


2° (P ad 
(SSE + at x 5) gp eh Q)—2m—m—T,. 


Kliminating 7, we get 


23(P+@) 2m m mM \GA?2L,  o4 _92_9 _- 
( gg Og ag) dee CEE) ah MMT - 


Hence eliminating all the tensions we get 
2"(P+P) 
g 
=2"(P+ Q) —m(2"-1 4-27-21 On-3 4 ADF 1941)—-W 
==2"( P+ Q) —m(2"—1)— W. 
. lL de, _ 
e 2g dt? sa RK OT OND PTT TOR oT ed et nee 


< ] 1 1 \ ad’ 
+ — 7 (gn 2 Qn—4 1. On— 64. +. Saad +- sa +s). ae 


= 22" P+ Y) —m(2"—1)— W. 
1 dx, [2"(P+Q)-—m(2"—-1)—W ]g 
"Brae (P+ Q) m1) 
Substituting the value of P we get 


A— 3.2”0g 
3.2% 94-3.2"W +3. 2"(2" —1)m—+(22?—1)m 


—acceleration of W=A 


3.2" 0g 


~ 8.222Q43.2" WE (4.22 3.2” —1)m’ 


When @Q is infinite A is a maximum=g/2". 
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165. Proposed by 0. W. ANTHONY, DeWitt Clinton High School, New York City. 


Find the approximate form of a tower of circular cross section 1000 feet high and 
having a radius of lower base 20 feet, and so constructed that all the parts of the structure 
shall be subject to the same stress, due to the weight of the part of the tower above. 


I. Solution by G. W. GREENWOOD, B. A. (Oxon), Professor of Mathematics and Astronomy in McKendree 
College, Lebanon, III. 


Denote the radius of the section by 7, and the height by h. The decrease 
in area of the sections parallel to the base is proportional to the decrease in the 
weight. 

2 —rdr=kr'dh. +. log(20/r)=kh, since r=20 when h=-0. 

If the radius at the top be a, log(20/a) =1000k4. 

“. L000 log(20/r)=h log(20/a). 

Uniform stress can only be secured by having a weight at the summit. 
The tower cannot come to a point. 


II. Solution by S. A. COREY, Hiteman, Iowa. 


Let «=-vertical downward distance from the top of the tower. In order 
that all the parts of the structure may be subject to the same stress, the area of 
the circular cross section at any point must be proportional to the weight of the 
tower above. This condition will be approximately satisfied by assuming the 
area of the circular cross section to be e””, as then the volume of the part above 


xv 
will be { e™dx, or e”*/m, and the weight is directly proportional to the volume. 
0 


From e”*==720? =area of base, when x—=1000, follows m=.007136. If the 
weight of 1/m cubic feet (140 cubic feet) of the same material used in the tower 
be evenly distributed on the square foot of summit the given conditions are all 
approximately satisfied. 


Also solved by G. B. M. Zerr, Parsons, W. Va. 


MISCELLANEOUS. 


143. Proposed by G. W. GREENWOOD, B. A. (Oxon), Professor of Mathematics and Astronomy, McKendree 
College, Lebanon, III. 


If A+ B+ C=-180°. show that 1—cos*?.A — cos? B—cos? C—2cosAcosBeosC=-0. 
Solution by MARY STEAGALL, Student at The University of Chicago. 


Take C==180°—(A-+B). Then cosC=—cos(A+B8) and cos?C= 
cos*(A+). Introducing these values for cosC and cos? C we have: 


1—cos? A —cos? B—(cosAcosB—sinAsinB)?-+- 2cosAcosB(cosAcosB—sinAsinB) 


Performing the operations indicated aud putting 1—cos?A for sin? A, and 1— 
cos? B for sin? B the terms reduce to 0. 


Also solved by C. H. Brown, Richard Yates, G. E. Cadman and Adolph Pierrot, of Chicago, IIl.; 
Wm. Hoover, Ph. D., Athens, Ohio; E. L. Sherwood, Pittsburg, Pa.; 8. A. Cory, Hiteman, Iowa; Nel- 
son L. Roray, Palmyra, N. J.; M. EH. Graber, Tiffin, Ohio; A. H. Holmes, Brunswick,’Maine; G. B. M. 
Zerr, A. M., Ph. D., Parsons, W. Va.; F. D. Posey, A. B., San Mateo, Cal.; Christian Hornung, Tiffin, 
O.; J. Scheffer, Hagerstown, Md.; and the Proposer. 


73 


PROBLEMS FOR SOLUTION. 


a 


ALGEBRA. 


2 2 
198. Errata. For Ss read = 


195. Proposed by W. J. GREENSTREET, A. M., Editor of the Mathematical Gazette, Stroud, England. 
Prove that when n is a positive integer, 


rT=7N 
2 (—1)" 0, 2°-7 r? =n? —2n. 
r=1 

196. Proposed by L. E. NEWCOMB, Los Gatos, California. 


Find the rth term of (« ——\Ee in terms of gz. 


197. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 0. 


Solve (18)42—-*) —(54)/2)35-2, 


GEOMETRY. 


221. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 


Construct a right triangle with given hypotenuse h, and having an inscribed square 
of side 12 with a side lying along the hypotenuse. Show further that the minimum value 
of h is 86, the triangle being then isosceles. 


222. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


At the ends of a focal chord CC’ of a parabola are drawn the normal chords CD, 
C'D'. Prove that DD' is parallel to CC’ and equal to three times its length. 


223. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 


Find a point C in a given: line AB, so the lines joining C to the angular points of a 
triangle PQR coplanar with the given line may cut off on any line parallel to the given line 
and lying in the same plane two equal segments. 


CALCULUS. 


176. Proposed by B. F. FINKEL, A. M., M. Sc., 204 St. Marks Square, Philadelphia, Pa. 
Show by any method, Riemann’s excepted, that 
“ b? by2 6 
—x2 _ _ 
Sie x cos— ,da—3// (=)e ¥2c0s8b// 2. 
177. Proposed by 0. W. ANTHONY, Head of Mathematical Department, DeWitt Clinton High School, New 
York City. 


Find the volume of the minimum cone which can be circumscribed about a hemi- 
sphere. 
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MECHANICS. 


167. Proposed by EDWIN S. CRAWLEY, Ph. D., Head Professor of Mathematics in the University of Penn- 
sylvania. 

An anchor ring or torus is produced by the revolution of a circle of radius r, the 
center of the revolving circle describing a circle of radius R. A quadrant of the torus is 
cut by two planes through the center of the ring perpendicular to each other and perpen- 
dicular to the plane of revolution. Determine the limiting value of the ratio R:r, so that 
when the quadrant thus formed is placed with one of its ends in coincidence with a hori- 
zontal plane it will rest in that position. 


AVERAGE AND PROBABILITY. 


153. Proposed by J. E. SANDERS, Hackney, Ohio. 


Three circles, radii c=1/6a, are at random within the circumference of a given cir- 
cle, radius a. Find the chance that (1) all three intersect, (2) two only intersect, (3) none 
intersect. 


NOTES. 


Professor Glover of the University of Michigan is giving atwo-hour course 
on Annuities and Insurance. 


Associations of Mathematics Teachers have been organized in the States of 
Kansas and Washington. The former has adopted School Mathematics as its offi- 
cial organ. 


A Congress of Mathematicians will be held at Heidelberg, Germany, in 
July to celebrate the hundredth anniversary of Jacobi’s birthday. An Interna- 
tional Congress of Mathematicians is to be held at St. Louis during the week be- 
ginning September 19, 1904. 


The current number of the Transactions of the American Mathematical So- 
ciety (January, 1904) contains the following articles: The subgroups of order a 
power of 2 of the simple quinary orthogonal group in the Galois field of order 
p"=81438, by L. HE. Dickson; On certain invariants-of two triangles, by J. G. 
Hun; Isothermal systems of geodesics, by E. Kasner; Zur Gruppentheorie mit 
Anwendungen auf die Theorie der linearen homogenen Differentialgleichungen, 
by Alfred Loewy; On the group of the sign (0, 3; 2, 4, o) and the functions 
belonging to it, by J. W. Young; On the definition of reducible hypercomplex 
number systems, by Saul Epsteen; A simple proof of a theorem in the calculus 
of variations, by E. Goursat. 


On February 22nd, at Columbus, Ohio, met a conference in which a very 
large number of the educational institutions of the State were represented, to 
form a State organization in the interests of pure science. Dr. George Bruce 
Halsted, now of Kenyon College, was called upon to preside, and the name 
chosen was the ‘‘Association of Ohio Teachers of Mathematics.’’ The meeting 
for finally perfecting the organization and adopting the constitution will be held 
at the end of March or near the beginning of April. At this meeting there will 
also be a highly important program of papers and discussions. F. 
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SPHERICAL GEOMETRY. 


By EDWIN BIDWELL WILSON. 


LECTURE IV. THE PARTITION OF THE SURFACE. 


The theorems which have been derived in the foregoing lectures have been 
concerned with that which obtains at points of the surface or along lines on the 
surface. Little has been said of the characteristics of the surface taken 
as a whole. It will be remembered that in the definition of a triangle a caution 
not to regard the triangle as a portion of the surface was especially mentioned. 
It would be equally improper to speak of the interior or exterior of the triangle: 
for no demonstration or axiom has yet been given to show that the triangle has 
properties such as are implied by the use of these words. With this deficiency 
is closely connected (though it might not appear so at first) the rudimentary state 
of our knowledge of angles, due as has been seen to the fact that we are not as- 
sured of any natural arrangement among the directions issuing from a point. 
This renders it difficult if not impossible to proceed to right angles and the rela- 
tions of symmetry. To set aside both these limitations we shall now investigate 
the statement: A line divides the surface of the sphere into two separate parts. 

Describe a line 7 on the surface. Relative to this line two points A and B 
may have one of two positions. If the line joining A and B cuts the line / in 
Land M both of which lie within or without the segment AB the two points A 
and B may be said to lie on the same side of the line /: but if the points DZ and 
M are so situated that one lies within the segment AB and the other without that 
segment, then it would be natural to say that A and B lie on opposite sides of 
the line 7. Thus the points of the surface may be assorted into three classes of 
which the first contains all the points on the line J, the second all the points 


16 


which lie on the same side of J as A, and the third all points which lie on the op- 
posite side of J] from A. Choose another point, say B, and again divide the points 
of the surface into three similar classes, points on /, points on the same side of / 
as B, and points on the opposite side of / from B. Now it is a fundamental 
property of our conception of divisibility of a surface into parts that if A and B 
are two points of the same part then any point which is in the same part with A 
is in the same part with B and vice versa. If there were laid down a definition 
by virtue of which the surface could be said to be divided into parts and if later 
it became apparent that in accordance with the definition a point C might be in 
the same part with A and B without necessitating that 4 and B were in the same 
part, we should be forced to conclude either that our definition was useless or 
that the phrase ‘‘divided into parts’’ had been applied in a sense quite different 
fromthe usual. With these preliminary remarks on the meaning of division into 
parts and its significance we may lay down 

Axiom VI. A line separates the surface of a sphere into two parts: these 
parts being such that if two points B and C are in the same part with A, then they are 
in the same part with each other. 

Theorem 14. Any two lines intersect in two points which are situated on op- 
posite sides of any arbitrary line not passing through their points of intersection. 

Theorem 15. If the surface is divided into two parts by the line l, then the 
segment of a line which connects any point of one of those parts to any point of the line 
l lies wholly in that part. 

Theorem 16. If a line cuts one side of a proper triangle it must also cut one 
of the other sides or pass through their intersection. 

The proof of the first two of these theorems is left to the reader, that of 
the last is as follows. Let the line 7 cut the side AB of the triangle ABC. As 
the triangle is a proper triangle the side AB is not so great as a semi-line and the 
line 7 cannot cut this side in a second point. Hence the points A and B are sit- 
uated on opposite sides of the line 7. If J cuts neither AC nor BC nor passes 
through the point C, and points A and C lie upon the same side of /, and like- 
wise the points Band C. This is contrary to the fact that A and B are on oppo- 
site sides of the line and hence the theorem is proved. 

As an immediate corollary it follows that a line cannot cut all three sides 
of a triangle. 

Theorem 17. Two semi-lines OAO' and OBO' which connect a pair of antipo- 
dal points divide the surface into two parts. 

From Theorem 14 it follows that any line drawn on the surface cuts the 
two semi-lines in question or passes through their points of intersection O and 
0’. Draw on the surface any line 7 which does not pass through the points of in- 
tersection of the semi-lines and let it cut them in the points A and B. By the 
points A and B the line / is divided into two segments of which one is less than 
a semi-line and the other greater, except in the special case when the two semi- 
lines happen to form one complete line. Let C be any point of the proper seg- 
ment AB. From Theorem 15 it follows that the segment joining C to any point 
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of OAO’, or OAO' produced so as to form a complete line, is less than a semi- 
line. By so much the more is the segment which joins C to any point of OBO’ 
or OAO' less than a semi-line. Consider the class of points D such that 
the proper segment CD does not cut either OAO’ or OBO’. Consider also the 
elass of points # such that the segment CH cuts one of the semi-lines or passes 
through the vertices O and 0’. Every point of the surface, except such as are 
situated on the given semi-lines, occurs once and but once in one of these sets. 
Moreover from Theorem 16 it is evident that any two of the points D may be con- 
nected by a segment which does not cut either of the semi-lines and that any two 
of the points H may also be so connected (although in this case the segment can- 
not always be taken less than a semi-line) and that no point D can be connected 
with a point by a segment which does not cut one of these given semi-lines. 
Hence the theorem is proved. 

It has been seen that the points in one of the portions of the surface have 
the property that any segment drawn through them and intercepted by the given 
semi-lines are all less than a semi-line. This portion of the surface may natur- 
ally be said to be the interior of the figure and may be said to be enclosed by the 
broken line OAO’BO. We should note at this point that we have actually defined 
the words ‘‘interior’’ and ‘‘enclosed by.’’ Our definitions are based upon prop- 
erties of our figures proved from the axioms laiddown. This is not usually done. 
It is customary to assume all such properties. We may proceed along the same 
lines to the following theorems. 

Theorem 18. A proper triangle divides the surface of the sphere into two 
parts, an interior and an exterior, such that a segment drawn through any point of the 
interior and intercepted by the side of the triangle is less than a semi-line, and any two 
points on the exterior may be connected by a segment which does not cut any side of the 
triangle. 

Theorem 19. If segments are drawn to join two vertices of a triangle to points 
of the opposite sides they meet within the triangle. 

The proof of the former of these theorems is left to the reader, that of the 
latter depends on Theorem 16. Let ABC be the triangle and A’, B’ two points 
of the sides opposite A, B, respectively. Consider the triangle ACA’. The line 
BB’ cuts the side AC by hypothesis and cannot cut the side CA’ because BC is 
less than a semi-line. Hence it cuts AA’ and the theorem is proved. There is 
considerable interest attaching to this theorem owing to the fact that it is often 
taken to be the definition of a triangle.* 

A set of segments AB, BC, CD, DE, ...., is said to form a broken line. 
The broken line is simple when it does not pass twice through the same point. It 
is closed when the last point of the last segment coincides with the first point of 
the first segment. It if conver when no line on the surface cuts it in more than 
two points; otherwise it is re-entrant. A closed simple broken line may be called 


a polygon. 


*See Schur, Ueber die Grundlagen der Geometrie, Mathematische Annalen, Vol. 55, p. 268, postulate 
7; and Peano, Sui fondamenti della Geometria, Rivista di Matematica, Vol. 4, p. 55, et seq. 
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Theorem 20. It is impossible to draw a triangle two of whose sides are semi- 
lines and if two of the sides are greater than semi-lines the triangle is not simple. 

Theorem 21. If one side of a simple triangle is greater than a semi-line the 
triangle is improper and re-entrant. 

In the latter theorem let ABC be the triangle and AC the side which is 
not proper. Form the triangle which has for sides AB and BC and the proper 
segment drawn between A and C. This is a proper triangle and by Theorem 16 
any line which cuts the sides AB and BC cannot cut the third side, the proper 
segment AC. Hence the line must cut the improper segment AC in two points 
and the given triangle is reéntrant. This is the reason that in working with tri- 
angles on the sphere the triangle is understood to be proper unless the contrary 
is specifically stated. 

Theorem 22. If two points of a broken line are on opposite sides of a line 1, 
the broken line cuts the line | in at least one point and in at least two points if the 
broken line is closed. 


situated on opposite sides of the line 7. These points lie on certain of the sides 
of the broken line, say BC and EF. Consider the points P, C, D, ...., BE, Q. 
Separate these points into three classes such that those in the first lie on the same 
side as P, those in the second on the same side as Q, and those in the third on 
the line itself. In ease there is a point belonging to the third class the theorem 
is proved for the broken line cuts the line / at this point. In ease there is no such 
point examine the sequence of points P, C, D, ...., H, Q. Since the first and last 
of this sequence are situated on opposite sides of the line J there must be two 
successive points of the sequence which lie on opposite sides of J, and the seg- 
ment which joins these points must cut 7. Hence the broken line cuts 7. If the 
broken line be closed, as ABC....FGA, it may be divided into two broken lines 


Hence the broken line cuts the line 7 in at least two points. 

Theorem 23. A convex polygon lies entirely on one side of or along the line 
formed by producing a side of the polygon so as to form a complete line; entirely with- 
in or along the contour of the figure formed by producing two of the sides until they in- 
tersect; and entirely within or along the contour of the triangle formed by producing 
three of the sides until they intersect. 

Theorem 24. <A convex polygon divides the surface into two portions, an inter- 
ior and an exterior, such that any two points of the interior may be joined by a proper 
segment which does not cut the polygon, any two points of the exterior may be joined by 
a segment not necessarily proper which does not cut the polygon, and no point of the in- 
terior can be joined to any point of the exterior by a segment which does not cut the 
polygon. 

These theorems are demonstrated by methods so like those already given 
that the details may be omitted. Incase of reéntrant polygons the theorems be- 
come somewhat more complicated and are of decidedly less value in elementary 
work. The following theorems may be stated. 
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Theorem 25. Any polygon of a finite number of sides divides the surface into 
portions, an interior and an exterior, such that any two points of the interior or of the 
exterior may be joined by a broken line which does not cut the polygon, and no point 
of the interior can be joined to any point of the exterior by a broken line which does not 
cut the polygon. 

It was stated at the outset of this lecture that intimately associated with 
the division of the surface was the troublesome question of the arrangement of 
the directions issuing from a point. The solution of the difficulty depends on 
Theorem 17 by means of which it will be possible to, prove 

Theorem 26. The directions issuing from a point may be arranged in a nat- 
ural order, with respect to all lines which do not pass through the point, by associating 
each direction with the point in which it cuts a given line not passing through the point 
and by assigning to the directions the order which the points associated with them have.* 

Let O be the point from which the directions issue and O' the antipodal 
point. The directions from O and O’ each cut in one and only one point any ar- 
bitrary line 7 not passing through O and conversely to each point of the line cor- 
responds one and only one direction obtainable by joining the point to O. Set 
up a similar correspondence between the directions issuing from O and the points 
of a second line l’. As the points of the lines / and /’ are associated in a one to 
one manner with the directions issuing from the point O, they must be associated 
in a one to one manner with each other. Therefore, if a point describes one line 
and passes once and only once over each point of the line, then the corresponding 
point of the other line will describe the line in such a manner as to pass once and 
only once over each point. It remains to show that the order of description is 
the same. We shall show that the words ‘‘lie between’’ have the same signifi- 
eance for both lines. Let O4A’O’ be a direction which cuts/in A and /’ in A’. 
Let B, C, D be three points of 7 and B’, C’, D’ the three corresponding points of 
l’. If C lies in that segment BD which does not contain A, it will be said to be 
between B and D; and similarly for the corresponding points. The semi-lines 
OBB'O' and ODD'O' divide the surface into two parts in one of which A lies and 
in the other of which C is found if it be between Band D. The semi-line OCC'O' 
lies in the same portion of the surface as C does. Hence C and ( liein the same 
part with each other. But A and C are in different parts and hence A’ and C’ are 
in different parts. Therefore C’ lies between B’ and D’. Hence / and’ are de- 
seribed in the same or in the opposite order. As the order on the two lines is 
independent we may say that the order ACD on one is the same as the order 
A'C'D’ on the other, and the theorem is proved. 

Theorem 27. In case a convex polygon (including the proper triangle and the 
figure formed by two semi-lines which connect a pair of antipodal points) is subjected 
to a motion, the resulting figure is a convex polygon of which the interior corresponds 
to the interior of the original polygon. 


*The directions being related in a one to one manner to the points on a line and possessing the same 
order may be said to form a continuum just as the points on a line do. 
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Theorem 28. If the point O remains fixed during a motion the directions 1s- 
suing from O change their positions without suffering a change in order. 

The former theorem is left to the reader; the latter may be proved as fol- 
lows. Let OAO' and OBO’ be two directions between which the direction OCO' 
lies. Let the three directions be moved into OA’O’, OB’O, and OC’O’, respective- 
ly. The region enclosed by OAO’ and OBO’ is, by the foregoing theorem, moved 
into the region enclosed by OA’O’ and OB'O’. Hence if OC lies in the original 
region, OC’ lies in the transformed region. The words ‘‘lie between’’ have, 
therefore, the same significance before and after the motion. Hencethe order is 
not changed or it is reversed. 

To rule out the second supposition consider a line / on the surface and let 
the directions issuing from O be associated with the points on /as described under 
Theorem 26. Let OA be moved into OA’ and suppose that the intersections of 
these directions with the line/7 be 4 and 4’. Let OX bea variable direction is- 
suing from O and cutting / in x. Now cause ¥ to describe continuously the line 
1 from 4 to 4’. If OX’ be the direction which after the motion corresponds to 
OX the point X’ will describe the line / from 4’ towards 4. Hence at some posi- 
tion X¥ and X’ will coincide and to this point will correspond a fixed direction is- 
suing from O.* This is impossible for then there would be no motion (Theorem 
1). Hence the order of the directions issuing from a point cannot be changed 
by a motion. The theorem is proved. And from this point we can proceed in 
the next lecture to develop further the theory of angles and in particular to the 
establishment of the existence and properties of right angles. 


*This conclusion is based on two steps which we shall not prove here but which ought to be men- 
tioned and may be left to the reader to demonstrate. First, if one of two rigidly connected directions 
OA and OB is moved continuously about the point O, the other moves continuously about that point. 
Second, if two points X and Y, starting from two points A and B, move continuously in opposite direc- 
tions until X falls on B, then they must have coincided at some point. 
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A METHOD OF TRANSVECTION IN THE ACTUAL COEFFI- 
CIENTS, AND AN APPLICATION TO EVECTANTS. 


By 0. E. GLENN, University of Pennsylvania. 


The most common methods of obtaining, in actual coefficients, the eon- 
comitants of a binary algebraic form become almost impracticable in the case of 
forms of high order. If the concomitants are given in symbolic form, the process 
consists in performing tedious algebraic reductions, and combination of the sym- 
bols involved, in order to reduce them back to the coefficients which they were 
originally taken to represent. The other methods are processes of differentiation, 
the most important of which is the annihilator. The nature of the former meth- 
od limits it to forms of low order, while the latter, which figures prominently in 
the methods of Cayley and Sylvester, involves the theories of partition of num- 
bers and indeterminate analysis. 

In this paper is briefiy sketched a theory wherein every concomitant is 
represented as a summation. The advantages of the method are marked in the 
eases of the Aronhold and other invariant processes and in the theory of 
evectants. An interesting deduction from the theory is a proof that the complete 
system for a form is coextensive with transvectants of the form over other of its 
transvectants. This proof is not, however, included in the present note. 

Consider two binary forms, of orders m and n, respectively, m2n: 


7 0 A LL) 


p=b,"=b a ' rtnb, 0,14, eee 


1 
WU bole } sollte 


be used to denote the following sum of binomial products 


If the symbol 


then the rth transvectant of f over @ will be 

Cf, Pr") Do L*o oto tito ott Fedo bls + nrg Ll nr tar $1 Ln + 
vs t+ m— rl im—n, Lf n—r tm rl m—n 41 1b ne + 
- tm —rl em, mln —r Op rbrt yr ) (ayy MER, 

in which k=m—r, l=n-—-r. 


*The signs of the numbers ( ‘ ) alternate plus and minus. 
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Then if we let [j—c] stand for the positive values (zero included) of the 
difference j—c of two positive integers, as 7 takes successive values, the latter ex- 
pression may be written* 


(1) Cf, DP) -=C,™ 2 — 28 
j=m+n—2r 
=G ) Sj jtr—-mU Lj 47—n] i+r—mdj—[ j+r—n| On +rOrtv—r ge Mtn 7—-IL I, 
j=0 


It is to be noted that the subscript j is identical with the subscript of ¢ in the 
term of (1) which a given j produces. This fact leads to an important modifica- 
tion in the cases when ¢ is a transvectant of f, or where both f and ¢ in (1) are 
replaced by transvectants. 

Evidently we have 


7=2(m—-7) 


CAA) HAM — =F ) By p per—m LD) jr g4¢-r—m)] GL j-r—m Ou padre tyr Gy AMF I, 
j=0 


Then Cf, A) =e, 3M—2' + 8) —= ( ff, CA, Ards 


j =8m—2(r+s) 
- ° ° e e 3 —2 — j j 
=) > 1, Loy', j’—1,' Tj-1, Dy" +2" @) 2 1,41, j—-1; Tj-1, Oy +rdyty—r Uy m—alr-+s)—J 4 ° 
j'=0 j=stu' —a' 


where /,’=7’—[j+s—m],l,=)-—[jtr—m], l,’=[7' +s+2r—2m],1,=[j+r—m]. 
Replacing 7 by its value, we get 


7’ =8m—2(r+s) 


(AM)s=C) % gli, gay Tp—ty Guta a, —t, L071, Lea,” 


j=0 
—— __ 2 <f 
XK Ay + rdrpy—rv€,3™ 2(r+s)--J Lod. 


Finally, making use of the commutative properties, we write this 


j =8m—2(r+s) 


GIG) > ttt, 7 —1,' G's bt Li", ty) Lhe, —1," 
j’=0 


— ae sf 
X Ayr! Up prdrpy— a UBM AFIT Hod 


where k,==s+vr'—2’, 1,/=1,"=[k+r—m]. 
The ¢th transvectant of f over this covariant will be 


*The superscript to Tis omitted, being fully determinate from the subscripts. 
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j’ =4m—2(i+7+8) 


Cf, DGG) Say Lige gt Tpit ey te! Lg", by Ty, —ty", by —ly' Lt,"1,! Lh," 
j’=0 


X Cyr par Uta’ By pa Oy 4 yn IMPs OS", 
in which 

Voy" —[ 7" +r-—m], ky ==t--v" —2", 

[jp tt+2r+2s—3m], V,=—[k,+s—m], U’,=[he +s-+4+2r—2m]. 
In general, we will have therefore, 


(2) Cf; weeteencaecnse Cf; Cf; Chi frst sternencneeens = 


vere k,--U, Ly, Ly 1," A yp) 4 ~F) © yd) + AMDT) Ay tat by 4 re +v—r 
A+2)m—2r+...F2)—J@ My jh 
xa, 6 +2)m—2(r+...+2)—J J‘ ), 


This is a covariant of order (h+2)m—2(r+s-+....+2) degree (h+2), weight 
(h+2)m—(r+st....-2) and index (r+s+t+....+2). 
Any concomitant in the series obtained by giving to h all integral values 


xa rr) A uw (hl) 4. AM) "hay + Uy ty—r . 


For the sake of illustration, a few concomitants in actual coefficients are obtained. 
Let f=a,? =a, 34+ 80,0 2a, +.., 9=0,2? =) otf +20 0,8. T-- Then 


j=8 
Cf; )=G) > iP, ja PGi (uta Drpp ane PI,’ (pols!) —=Cy,° 
j=0 


= (9), — 1b) 8 +[2(4, 0; — 4259) + (9% —,b,) Je Pu, +[ (420, —4509) 
+(4,b, —a,b,) Jere? + (2b, — 430, as. 


Cf; C),=C)ar ‘i Yeu, Lee, Lev, Guta Oy y—a 
== (Ay), —3b,)—4, (4,0, — 426, ) + ly (Ayby— 24d) +4, 0, )— 4549, —a,0). 


Let next f==d,4=d 9% f+ 40,2 8%. +--- 


PF gC Oy Caan = 2.4 gg — 44, 43 +80," )y=1, 
Cf, Af edsH GQ )an Q dev, Foye, Ler Guta Caty—a 
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= 2a) (gh, — A?) A, [2(d ds — 2054, 4 4y)+2(A jd, — 20g ds +4342) ] 
+g [ (ag —2a gd, +A 4dy) +4(41 43 — 2a,” + Ugd,)+ (dd, — 2044, +a" ) J 
—A,[2(4,d,— 2094, + gly) +2(dbg— 20, Uy +g) ] +244 (dyt, — 44") 
==6(A dt, +20, d,d; —A8 —Ads —AP2d,)=d. 


The non-vanishing (even) transvectants of the binary 11~-* over itself are 
five in number. Of the forty-two transvectants of the 11~*, f=0, over these 
five, viz., 

F,G,...,Z, A’, By, BS, 


K’ is linear (evanescent) and N, W, F’ N’ and &’ are of order 11. The 11th 
transvectants of f over these latter five give five invariants J, -.., I,. These 
may be given in their simplified form. We have* 


E=( ff) o= C2) 3% peg Zig pai gt) Ua ba Crop O14 Fo! 
j=0 
=(H yy 9 — 200, A, + 90a, — 2404, 4, + 420a,a, —252a/ )v? 
42a hy 1 —9A 1A, 9 F80A gd, — TOA, Mg + 900,07 —420,0,)0 1%» 
+ (2a,4,,—20a,a, 5 $900 gd) —2400,0g-+ 4200,0, —2020 ¢? )rQ. 


Ty=Cf, fifo 10) 111 = Oar Gigs Ferg s eg te Uae (2), —0, Lr Let's 
X dy +r €10-+v—a 
= — 2a 2a, +44 5d, a, 9, 1 — 80d A241 9 4.3600 9A 345%, 9 —IO0d 9A 44g, 9 
+ 16804 ,4,4,4,,—1008a,a 2a; ,—1404 94,454, + 800d 504, | 
—3604)440,0,,+168a,d,4,4,, 1620 70,9 + 20600, 045449 — 27000, A.A 34, 9 
+82400a,a,0,4,,—1512a,a,0 54, » 800 254, 1 +8600 a, , ,— 9600, Ag474 44 
+ 1680a,0,4,0,,—1008a,a,2a, ,— 36000 4,4," + 96004 , 4,4 g4, —1680a,a;4,0, 
+10080a, a 2a, —2450a,? a? + 26700420 54345 — 12600a, 4,4,0, +58800,054 64, 
—36000,2a,4, , + 96000, 4,0,0, 5 —168000,0 40,4; » +10080a,4,7 4, 9 
—43200a,a,a,° 4+.75600a, 4,0, —453600a,a,°d,—11200a Pag 
+-142200a,4,4,4, —12600a,0,4,4, —432004a,a, + 756000 3 a4 A g 
—45360a,a2a, —201600a,4,4,7 +-1209600,a 4, —16200a fa? 
43679200, A544, 201600024 ,, + 12096040, 4, — 2116800, 
+123480a 2a 2 —211680aa,. 
Index—weight=22. 
Now (E,’, EB,” ).=CCh fi05 Cf) A 10)2= Ee 


=) (°) jaan [A‘—1] Ty [a'r $a Oyo 4y—r0Co ova fa [1—A’ ton —[1 a] 


X Ay+tra 410+v—a- 


But (2,)@°)=(..) (1). Hence there immediately results I,—=D n,2. 


[To be completed in the May number of the MonrHu_y.! 
ne 
*In a memoir on the octic form, in preparation, I give for the first time the complete system for the 
octic in actual coefficients. 
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SIMON’S CLAIM FOR GAUSS IN NON-EUCLIDEAN GEOMETRY. 


By DR. GEORGE BRUCE HALSTED, Gambier, Ohio. 


In Vol. X, of THE AMERICAN MATHEMATICAL MONTHLY, p. 186, foot-note, 
Professor J. W. A. Young quotes, with apparent acceptance, a legendary asser- 
tion of Herr Simon. This assertion is the triple blunder that there is an ‘‘estab- 
lished recognition’’ by Gauss ‘‘about 1792’’ that the parallel axiom is indemon- 
strable; and that Gauss ‘‘influenced’’ John Bolyai and Lobachevski, the real 
founders of non-Euclidean Geometry. 

One of the very greatest creations in mathematics since ever the world be- 
gan is, beyond peradventure, the non-Kuclidean geometry. 

By whom was this given to the world in print? 

By a Magyar, Bolyai Janos, who created it in 1823, and by a Russian, 
Lobachevski, who had made the discovery by 1826. 

Were either of these men influenced, prompted, helped, or incited by 
Gauss, or by any suggestion emanating from Gauss? 

No; quite the contrary. Our warrant for saying this with final and over- 
whelming authority is the eighth volume of Gauss’s own works, first published 
in 1900, where with great minuteness every scrap is published which could, by 
any interpretation, connect Gauss with the great Bolyai-Lobachevski creation. 

The geometric part opens, p. 159, with Gauss’s letter of 1799 to Bolyai 
Farkas the father of John (Bolyai Janos), which I gave in 1896 in my Bolyai 
(Vol. 3 of the Neomonic, Series) as demonstrative evidence that in 1799 Gauss 
was still trying to prove Euclid’s the only non-contradictory system of geometry, 
and also the system of objective space. 

The first is false; the second can never be proven. 

So far was Gauss even then from recognizing that the parallel axiom is not 
a logical necessity, that both he and his friend kept right on working away to 
prove it a logical necessity, and the more hot-headed of the two, Farkas, finally 
thought he had succeeded, and in 1804 sent his proof to Gauss, in his ‘‘Gottingen 
Theory of Parallels.’’ 

Gauss’s judgment on this is the next thing given (pp. 160-162). He 
shows the weak spot, saying: ‘‘Could you prove, that dkc==ckf=fkg, ete., then 
were the thing perfect. However, this theorem is indeed true, only difficult, with- 
out already presupposing the theory of parallels, to prove rigorously.”’ 

These words knock out forever the claim made by Simon for Gauss. 

Thus in 1804, instead of having or giving any light, Gauss writes that the 
only link missing in his friend’s attempt to prove the parallel axiom a logical 
necessity is true, though difficult to establish without petitio principil. 

Of course since Bolyai Jaénos and Lobachevski all the world now knows it 
is impossible to prove, knows that Gauss was mistaken. Yet both the friends 
continue their strivings after this impossibility. 

In this very letter Gauss says: ‘‘I have indeed yet ever the hope that those 
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rocks sometime, and indeed before my end, will allow a thorough passage.’’ 

Farkas on December 27, 1808, writes to Gauss: ‘‘Oft thought I, gladly 
would I, as Jacob for Rachel serve, in order to know the parallels founded even 
if by another.’’ ‘‘Now just as I thought it out on Christmas night, while the 
Catholics were celebrating the birth of the Saviour in the neighboring church, 
yesterday wrote it down, I send it to you enclosed herewith.’’ ‘“Tomorrow must 
I journey out to my land, have no time to revise; neglect I it now, may be a year 
is lost, or indeed find I the fault, and send it not, as has already happened with 
hundreds, which I as I found them took for genuine. Yet it did not come to 
writing those down, probably because they were too long, too difficult, too arti- 
ficial; but the present I wrote off at once. As soon as you can, write me your 
real judgment.’’ 

This letter Gauss never answered, and never wrote again until 18382, 
a quarter of a century later, when the non-Euclidean geometry had been publish- 
ed by both Lobachevski and Bolyai Janos. 

This settles now forever all question of Gauss having been of the slightest 
or remotest help or aid to young Jénos, who in 18238 announced to his father 
Farkas in a letter still extant, which I saw in Maros-Vasarhely, his creation of 
the non-Euclidean geometry as something undreamed of in the world before. 

This immortal letter, a charming and glorious outpouring of pure young 
genius, I gave in the Introduction to my Bolyai, 1896. It was reproduced in 
fac simile as frontispiece to the Bolyai Memorial Volume in 1902. 

The equally complete freedom of Lobachevski from the slighest idea that 
Gauss had ever meditated anything different from the rest of the world on the 
matter of the parallel axiom I showed in Science, Vol. IX, No. 282, pp. 813-817. 

Of two utterly worthless theories of parallels Gauss gave extended notices 
in the Gottingische gelehrte Anzeigen. 

To Lobachevski’s Theory of Parallels, to John Bolyai’s marvelous Science 
Absolute of Space, Gauss vouchsafed never one printed word. 

As Staeckel gently remarks, this certainly contributed thereto, that the 
worth of this mathematical gem was first recognized when Janos had long since 
finished his earthly career. 


A PROOF THAT FOUR LINES IN SPACE ARE IN GENERAL 
MET BY TWO OTHER LINES. 


By DR. T. M. PUTNAM, University of California. 


Using the ordinary method of descriptive geometry a point in space is rep- 
resented by two points in a plane, viz., by its horizontal and vertical projections, 
the vertical plane being thought of as rotated into coincidence with the horizon- 
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tal plane. Similarly a line in space will be represented in general by two lines 
in the plane. If two lines intersect in space their projections meet in points ly- 
ing on a line perpendicular to the ground line. Let 


y=met+e, and y=hetk, (i==1, 2, 3, 4) 


be the projections of four arbitrary lines in space, the ground line being taken as 
the X-axis. Cut them respectively by the lines y=Mz+0O and y=Hz+K. If 
the abscissas of the corresponding points of intersection are equal, the space 
line whose projections are y=Mz-+ 0 and y=Hz+K willecut the four given lines. 
These conditions are 

G—-C kK 


“Mom, Han, (ON 2 3 #) 


or Mk—-HC—m,K+hA,C+¢,H—k,M—he;+m,k—0. 
These four equations have in general two independent sets of solutions for 
for M, K, C, H, showing, therefore, that two lines meet the four space lines. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 
99. Proposed by C. H. JUDSON,* Professor of Mathematics, Furman University, Greenville, S. C. 


Seven persons met at a summer resort and agreed to remain as many days as there 
are ways of sitting at a round table, so that no one shall sit twice between the same two 
companions. They remained fifteen days. It is required to show in what way they may 
have been seated. 


Solution by F. H. SAFFORD, Ph. D., The University of Pennsylvania. 


ABCDEFG, AGDBCEF, ABDEGFC, 
ADFEBGC, ADBFCEG, ADEBCGF, 
AEGBDCF, AEDGFBC, ADCGEFB, 
ACEDFBG, ABECGEF, AEFCBGD, 
AFBEGDC, AEBDFCG, ABGEDCE. 


I believe that all solutions for seven persons may be obtained from that 
above by permutations of letters. 


*March, 1899; March 1900. The general problem is treated by group theory by L. E. Dickson in an 
article offered February, 1904, to the Annals of Mathematics. A third solution for six persons is there 


given, 
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For six persons there appear to be two independent solutions, the one 
previously given by Dr. Judson, and the following: 


ABCDEF, ACEBDF, 
ABDCFE, ACBEFD, 
ABEDFC, ADECBF, 
ABFECD, ADBFCE, 
AGDFBE, AEDBCF. 


192. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College 
Defiance, O. 


What is the difference between the squares of the two infinite continued 
; 1 ( 1 
oe ; _ = dg 
fractions (3 + 6 veto. ) and (2 + Tvete, ): 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va., and L. E. NEWCOMB, Los Gatos, Cal. 
Denote the value of the continued fractions by x and y. 


1 1 
—_ ne se 2 — 2—— a= / e 
Then x 3=— 3a pa? x? —9—1, x?=10, r=)1/10; 
y—-2—=-—1 1. y2?—4—1, y2=5. y=/p/d9 
y “gy 5 ype —=1, Y* 0. Y=) 9- 


2? —y?=0—required result.* 


194, Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 


In the determination of the canonical forms of Abelian transformations 
modulo p, one is led to the type [0,, 0,, b, ]: 


5 7'==F45 1, '=6,§,+7,+0,8, +7, +035;3 +13, F,==F,—F,, 
Qe'==N_ +b, 84, &,'= 8, — F153 ==23 +06. 
Find its period and determine the conditions under which it is conjugate with 
[ C1, Cy, Cz, |] under Abelian transformation. 


Solution by PROPOSER. 
By mathematical induction, we verify that the kth power of [b,, 0,, 6; ] 1s 


F ==, 7, = [4b, —gk(k? —1)(6,+-5,) 15, 
+79, +$k(b+-1) (62%, +0523) +h, + hig: 
Fo'=F, —kF,, 7,'==n, +hb,&, —Sk(k—1)),¢,, 
E,’==&, —kh?,, 74'==03 + hb,F, —sk(k—1)0,5,. 


*Solutions based on the following interpretations are desirable. Ep. 


34-—— oe 34+ 24+ 
ot 4 ns rs rs i 


la+ 24-+ete. S197 ete, Y T {2 tete. Ot pete. 
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Hence if p>3, [0,, 0,, 6, ] is of period p. For p==2 or 3, the period is p?. 

The question of conjugacy will be reduced to a discussion of simultaneous 
congrnences. We assume that 0, and b, are not both zero. We seek the linear 
substitutions S, 


yp 


3 3 
(= 3 (45S trig), M4 == % (Bye +%yF)) C=1, 2, 3), 
j= 


j=l 
for which [0,, 0,, 0, |S=S[c,, ¢,, ¢,]. The conditions are 


C1) fas fie 718721731 =9, A159 +4, 302, +463 ,=0, 
Cog tOgi=04 1? CoV ai =o 1? 
(2) Digi = Oi y= — 4 iy Oi(Og FO = Cy 42% OCF 31 +931) Cae gin Cg7 gia 1) 


(3) 649.4 — Biz — Bg = C4: ’ Ciayit CotyitCgegi thos tgi=Oi, it %ya)s 


(4) Hy 94+, g==Og 9 +g = 414) 64544 CQ 401 +Cy%s1 

+B ig +8yg+ho1$h31=)1%11; 
where i==2, 8. Nowc, and c, cannot both be zero, since this would require that 
all coefficients of 7, in S should vanish, whereas its determinant ~0. Transform- 
ing by (&,&5)(7273), if necessary, we may takec,~0, 0,0. For brevity we 
may exclude the special case b,=0. Hence, by (1) and (2), 


—_— —l — —1 — —1 -— —1 
D9 6b. 1, p= 020,14, py = 030,14, gp = — 630, 1049. 
If «,, 0, then b,=—b,,c,==—Cc,, a case here excluded. Hence a,,—0, 5,;=0. 


Then a,,-=6,,—0, and every 7;=0. By (2), 03;=0;-'¢,¢9;, 6;;=0;-'¢,43;. The 
substitutions S transforming [b,, 6,, 6,] into [¢1, Cy, C3 | have therefore the matrix 


d4, O 0 0 0 0 
Br, O11 Bye 849 Bis %18 
(5) ora 0 Fx 0 G23 O ; 
P,, O Bey Og~"Cy4g9 Bagg 03 ~'a48 (; 
ts, 0 X39 23% 
fg, 0 3g 0, 15435 B35 Og 'g45 


subject only to conditions (8), (4), and 6,;+6,;=0,,, the latter becoming now 
(6) C4403 4g¢= 09, |. 


We next require that matrix (5) shall be Abelian (Jordan, Traité, p. 172 ; 
Dickson, Linear Groups, p. 89). The Abelian conditions all reduce to the 
following: 


CT) 4449p ad, 07M ag Bg 9g — Dg M05 4g 98 9g +0, Mz Ma 3/23 3 — Og C543 3723 9; 


(8) ¢;b,—14;2 + C0. V2 =1, By 455459 + O,714,50,,—0, 
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CD) 8) ey Oy 9 Fig FO 4 3% 3 =0, 9, Big +O Pig +91 3a 

— 5,710 ;44,8 4g —037 "C4438; ,=0, 
where i=2, 3. Adding the two equations (6) and applying (4),, we get 
(6, +03 )4,1;=(0,+6,)9,,. Then by (7),, 0,,2=(¢, +63 )/(Og +63). This frac- 
tion must therefore be a quadratic residue modulo p. Suppose this condition sat- 
isfied, so that 6, ,; and a,, are determined except insign. Then (6) and (4), give 


(10) hy 3 =F, 4— Fy 9, C3%35= 009; 1 — Ca F904 Cy %y 303971 CQ %1 1 $CySqQ- 
Hach of the conditions (8) then reduces to either of the forms 
(11) (6, -1+0,-1)a, ,? —20, 1a, 5a,, +0,—14;, P=c,71!, [C02 +03) 45. —054,, |? 
_. 9,65 | 5,046, | 

Cy +Cy Cy 


We have the further necessary condition that 6,0,¢,¢c, shall be a quadratic resi- 
due modulo p. With this condition satisfied, a,, is determined by (11), and a,.,, 
G35, 4%,, by (10). There remains ten conditions (8), (4)., (7),, and (9) on the 
thirteen quantities 0,2, O:3) 451) 431, Sy (i, j=l, 2, 8). By (6), we may write 
(3), thus 


(12) Boe th i= 09 4: 
Applying (6), (9) and (12), condition (4), becomes 
(13) 059, PF +058) O59 +059, 2? +039, 19, 3-20; Fie FP 13) —61 +918, P=. 


Since 6,, 40, we may employ (9) to determine a,,, 2,;, 821, %,, in terms of the 
remaining quantities. Conditions (3), then become 


(14) i; +2i,=4, cio, 2 Fi» +6, 343) (i=2, 3). 


One of these may be dropped since their sum is, by (6), the same as the sum of 
the pair (12). Then (6), and (14) for 7=2, give 


(Jd) B x9 = 0281 5—io 9, 5. gy 162 (91949949, 3293) —Foe, 
B33=b39,5+Bo2—4 162(9, 2499 +84 54%93)- 


Substituting these in (7),, we find that the coefficient of %,, 1s zero by 
(6), and that the remaining terms cancel. Hence the system of ten conditions is 
equivalent to the system (13), (15), (9). The latter may be solved in the order 
named. In particular, if p42, we may take 6,;, 4:,, Boi, 23: (¢=2, 3) all zero 
and determine £,,+/,, by (18), and #;; by (9). Hence [0,, 0,, 6,] and 
[¢1, C,, C3 | are conjugate under Abelian transformation if and only if (¢,+¢;) 
+(b,+06,) and b,b,c,¢, are both quadratic residues modulo p. 
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GEOMETRY. 


215. Proposed by M. J. NEWELL, A. M., Evanston High School, Evanston, Ill. 
Construct geometrically a right triangle, given the bisectors of the acute angles, 


Solution by L. E. DICKSON, Ph. D., The University of Chicago. 
In the absence of a purely geometrical construction, I show that the tri- 
angle is uniquely determined, a leg a being given by a quartic equation having a 
Single positive root. Denote the acute angles of the right triangle by 2a and 2, 
their bisectors by Q and P, the opposite sides by a and b, the hypotenuse by h. 
Then «+8=45°. By a familiar theorem on bisectors, 


PD? 2A (GAD vrecerencsssssniesssssecensse sssseessmunies ueseeceeecce (1). 
PO? (202 — PPY eceeceeccstessseccsssesseceeseessessenseessee wae (2), 


Now b= Qcosa= Qcos(45°— 2) = Q(coss+-sing) +1/2. Hence 


by 2=0( 4+ Bash) or (% /2— —,)=a sevtntn ntntsee (3). 


Substituting in (8) the value of h from (2), we get 


P 2a? — P? 
( /2— a) =a ences ntntes viens vests nes (4). 
Sinilarly, 
Q 207—-Q?\ 
a( 2 — en (5). 


Eliminating } between (4) and (5), we get 
P P2 — Q? (+ P? )"]= 


Multiplying by 16a8PQ and expanding, we obtain 


— 16/2 (P?+Q°—7/2 PQ)a8+ (16/2 Pt —48P3Q432)/2 P?Q2—1693 Pya° 
+3(2)/2 P—2Q)?P3 Qa4 + 3a? (21/2 P—2Q)P°Q? + P7Q3=0............ (6). 


[As a cheek we note that for a=, P? =? =2(2—)/2)a? and (6) is satisfed]. 
The coefficient of a° equals 16P(,/2 P—Q)(P?+q? —/2 PQ). Set «=16(P? 
+Q?— 2 PQ) and 4=({/2 P—Q)P. Then (6) becomes 


as —$hj/2 a® —6,/2 kA? PQat —3)/2n-UPtQ? a? $2 K1PTO3=—0 ee (7). 


Let PS Q, so that 4 and « are positive. There being a single change of 
sign in (7), there is one and but one positive root by Descartes’ Rule of Signs. 
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A more elementary but less fortunate method consists in using (1) and the 
corresponding relation Q?==2hD? (OFM)  rereeerescccscseccnecsseeseeccnectieneeeneeenesnmies cneesanennaees (8). 
Now from (1), h(2a®—P?)=P?a. But h?=a?+-b?. Hence 


5? ==4.04 CP? — a? ) (20? — BP)? eeccecsseses coeeeneeesneeseeeneenenanes (9). 
Eliminating h between (2) and (8), we get 
Pa? (20? — Q?)? = 4b? (2a2 —P?)?. 


In this we substitute the value of 62 from (9) and obtain an equation of the sixth 
degree for a?. Set a--2a2—P?. Then 


(P+ + Q+)a° +2P4(P? + Q?)a5 + Po (2Q? — P? at —2P8(2P2 +. Q?)a8 
— P19(2Q? + P2)a® 4:2 Pl 4a? 4 Plo Oe, cesses sseeeseeeeseseneeees nese (10). 


We may take P= Q. Then by Descartes’ Rule of Signs, there are two or no pos- 
itive roots. There are two positive roots, so that (10) does not uniquely deter- 
mine the leg a. 


218. Proposed by 0. W. ANTHONY, DeWitt Clinton High School, New York City. 


From a given triangle cut off an area equivalent to a given square by a line passing 
through a given point without the triangle. 


IV. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

Let ABC be the given triangle, MN a side of the given square, P the given 
point. Through P draw PE parallel to AC 
meeting AB in H. Perpendicular to AB 
draw AD—=MN, lay off AF=MN. Join 
DE and draw FO parallel to DE, cutting 
AC in @. Draw OGH parallel to AB. 
At G erect GJ—=PE perpendicular to AC 
and draw JA—PH. Draw PLIK. 

From similar triangles AHD and 
AFO, we have AF: AD=AF(=AD):AO. 
- AD? =AE x AO—area AHFHHG;, JK? — 
JG2—GK? or PHJ—PEL=GIK=LEHI. 
°, ALM=-MN?. 


V. Solution by J. SCHEFFER, A. M.. Hagerstown, Md. 
Let ABC be the triangle and P the given point without. Draw PE paral- 
lel to AB, cutting AC in D. Make parallelogram DEFA=given square. On F 
erect the perpendicular FG=PD, and make GQ=PE. Connect P with @, then 
will PQ be the required line. 


For 2LH@ AFHQ FQ? PE — —PD*? _, PD? 
APHE PH? PE PE? 
ee APDI | 
a A PEH ’ 


“ A FAQ=A PEH— A PDI=DIHE;.. A FHQ 
+ [THFA=—DIHE+IHFA=DEFA, or AIQ=DEFA. 


Also solved by L. E. Newcomb, Los Gatos, California. 


219. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 


Devise a simple geometric solution of the general 
quadratic equation. 


I. Remark by W. W. LANDIS. 
A solution may be found in Klein’s Vortrige 
| ae iiber ausgewahlte Fragen der Elementargeometrie, pp. 28- 
$1; 1n Beman and Smith’ s translation, p. 34. 


II. Solution reported by the PROPOSER. 
The elegant solution by Lill (reported without proof by d’Ocagne at the 


Second International Congress of Mathematicians, Paris, 1900) is so simple that 
the Proposer has used it in his courses in 
elementary algebra. For the graphic solu- 
tion of x?-+-px-+-q=0, choose two perpendic- 
ular lines Ox and Oy, lay off unit length 
OA on Oy, length OH on Ox containing 
—punits (to right or left of O, according 
as —pis + or —), length HB on parallel 
to Oy containing g units. If the cirele on 
AB as diameter cuts Ox at M and N, then 
OM and ON, on the same scale, are the re- 
quired roots. In proof, let Q be the second 
point of intersection of the circle Oy, then 
OQ=HB, since OHBQ is a rectangle; OM 
-==-NH by eqnality of triangles OQM and HBN. Hence OM.ON—OA.0Q=4, 
OM+ ON--OH=—p. 
III, Solution by B. F. FINKEL, A.M., M. Se., 204 St. 
Marks Square, Philadelphia, Pa. 

Let ax? +-ba-+c=-0, be the general quad- 
ratic. On the line AD, lay off A B==2 units, 
and BD=c/2a. On ADasadiameter describe 
the circle AHD. At B erect the perpendicular 
BE. With F# as a center and a radius equal 
to b/2a, describe an are intersecting AD, or 
AD produced, in C. Then with Cas a center 
and a radius equal to CB describe the circle 
FBG intersecting HC in G and F in the order 
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E, G, C, F. Then EG is equal to the value of one root of the quadratic and HF 
is equal to the other. For 


C 


ee at 2 —_— 
BO=// OB? — BE? =|/ CE? —AB.BD= Jor — a / b? —4ac=0G=CF. 


a 
—b+yV (0? —4ac) and pp wo —4ac) . 
2a 2a 
This construction only gives the absolute values of the real roots. The corres- 
responding algebraic values must be assigned. 
If 62 /4a?—=c/a, then CH=BE, which equals «. 
If 62 /4a* <c/a, the construction is impossible. 


Then HG= 


IV. Solution by A. H. HOLMES, Brunswick, Maine. 

Describe a circle of radius a, and from a point on the cireumference A 
draw tangent AB,/b. Then from B draw through the center of the circle O the 
line BD cutting the circumference in Cand D. By the principles of plane ge- 
ometry the lines CB and BD will represent the unknown quantity in the quad- 
ratic equation x? +2ar=—b.* 

V. Solution by L. LELAND LOCKE, Brooklyn, N. Y. 
We have four cases to consider. These may be reduced to two. 


I {te a a a | (1), 
adn 1) eo a | (2); 
II {i + px —q= be cnwenncernces aanacene (3), 
2 DU — HRY) weeneneceeeeee conten (4). 


Let gq=r.s, r and s being any suitable factors of q. 
Case I. Equations 1, 2. Draw a cir- 
cumference 1, and in it a chord AB=p, using 
any convenient unit of measure. Tangent to 
this chord and concentric with circle 1 draw cir- 
ele 2. In circle 1 place a chord MNP such that 
MP=r and NP=s. Through P draw chord CD 
tangent to circle 2. PC and PD are the roots of 
the quadratics. Their values may be found, us- 
ing the same unit of measure as before. 
Proof. AB=CD=p, CP=«,, PD=x,=p—7,; COP.PD=NP.PM=s.r, 


t,(p—@,)=rs, «P —px,+rs=0 
1 Similarly, x? _ pe, +rs—0 equation Ll. 


*There are four cases, since a and b may each be positive or negative. The above solution sug- 
gests at once the following: Construct a circle of radius a; at the distance yb from the diameter AB draw 
a parallel chord which intersects the circle (if at all) in A’B’. Draw B'H perpendicular to AB; it is now 
evident that AH, HB are roots of the quadratic (2a—x)x=b; 7. e. of ~?—2ax+b=0. 

In order to solve 2?—2aua=b we observe that by changing the signs of both roots the equation x? +2aq, 
=b is obtained, and Mr. Holmes’ solution applies. 

Similarly, in order to solve x2+2ax+b=0 we observe that its roots are the negatives of the roots of 
2?—2ax+b=0, and the construction at the beginning of this foot-note applies. Ep. 
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Equation 2, 7,2 —px,-+q=0, may be solved in a similar manner by chang- 
ing the sign of px and proceeding as above. The roots being the same in numer- 
ical value but opposite in sign. 

Case II. Equations 3, 4. The figure for Case II differs from that of Case 
I only in that P is outside of the circle 1; the points CPD being now in the order 
PCD, PC=«,, PD=—«,=1,+ p, PN. PM=PO.PD; r.s=a, (4, +p), ©2-+pr,—-rs 
=Q. Similarly, v,2+ pr, —rs=0. 

Equation 4 is solved by changing sign of px and proceeding as with equa- 
tion 3, since the roots are the opposite of the roots of equation (3). 

In Case [if the roots are imaginary, the point P falls within circumfer- 
ence 2, and the graphic method fails. 


VI. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Upon AB describe a semi-circle. Let C be the mid-point of the semi-eir- 
eular are. Draw AC, BC. Let G@ be a point on the line AC; on GC describe a 
circle center D. Through D draw BFDE. Then taking BH, BF positive; HB, 
FB negative, these lines are the roots of 
a quadratic having 2CD for the coeffic- 
ient of the first power of the unknown 
quantity, and ,/(2AB) for the absolute 
term, the coefficient of the second power 
of the unknown quantity being taken 
unity. 


Let AB=1/2e, GC=2DC=b. a B 
BE=BD+ DE=BD+DC=// (BC? + D0? )+ DO=$[ b+7/ (62 +-4¢) ]. 
BF=BD— PF=BD~ DC=—3[b— (02 +4c)]. Taking x? + br =c. 
then for 2? +ba—c, HB=—4$[b+ )/(b? +4c)], BF=~—4[b— // (b? +4c)]. 
For «? —br=c, BE=4[b+ 7/(b?+4c)], FB=3[b— 1/(b? +4¢)]. 

If ¢ be negative, the results still hold. 


Also solved by G. W. Greenwood, B. A. (Oxon), Professor of Mathematics and Astronomy in 
McKendree College, Lebanon, Ill., by use of circle and hyperbola. 


219A. Proposed by H. F. MacNHISH, A.B., Assistant in Mathematics. University High School, Chicago, Ill. 


Draw a line through a given point which shall divide a given quadrilateral into two 
equivaient parts; (1) when the point lies in a side of the quadrilateral, (2) when the point 
is without, (8) within the quadrilateral. 


Solution by G. B. M. ZERR. A. M., Fh. D., Parsons. W. Va. 

Let ABCD be the given quadrilateral. Produce DA, CB till they meet in 
F. Join.AC and draw BS parallel to AC, join CS; then triangle SCD=quadri- 
ABCD. Disect SD in H, HF in G, and join CH, CG. 

(1). Let P be the point in the side BC. Join PH and draw CL parallel 
to PH, join PL. Triangle PCL=triangle HCL. 

2» PCL+LCD=PCDL=HCL+L0D=HCD =$A BCD. 

(2). Let & be the point without the quadrilateral. Draw KK parallel to 
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FD meeting FC in K. Join KG and draw CI parallel to KG, join KI. Then 
[0G=ICK and FOI=FCI. 

. FCG—FKI. Draw IJ parallel to FC, then parallelogram FKJI—FCH. 

At the point I draw IZ perpendicular to FD and equal to RK, draw ZL=RdJ. 
7 ? : Then RPUL is the line 
required ; for DZ? —IZ? 
IT? or VRJI—~PRK= 
IVL-=PVJIK. - 
 LPL=FKIT = 
FOH. Now SBA=SBC. 
. LFBA=FCS or FPL— 
FBA=FCH—FCS. 

' ABPL=SCH== 
4A BCD. 

(3). Let Q be the 
point within the quadri- 
lateral. Draw QE par- 
allelto FD meeting FC 
in H. Join HG and draw 
CM parallel to HG, join 
HM. Then EGM=EGC 
and FEM=FCG. Draw 
MN parallel to FC; then 
FENM=FCH. At the 

ee eo 7 point M draw MY per- 
pendicular to FD and equal to HQ, draw YL—QN. Then PQOL is tne required 
line, for LY =MY?+ ML? or QON=PEQ+ MOL. 

> FPL=FENM=FCH. — ;. &PL-—FBA=FCH— FCS=SCH. 

* ABPL=SCH=3A BCD. 


Also solved by G. W. Greenwood, B. A. (Oxon). 


220. Proposed by G. B.M. ZERR, A. M., Ph. D., Parsons, West Va, 


Two triangles are circumscribed to a given triangle ABC, having their sides perpen- 
dicular to the sides of the given triangle. Prove that the two triangles are equal, and find 
the area of these triangles. 


I. Solution by G. W. GREENWOOD, B. A. (Oxon), Professor of Mathematics and Astronomy, McKendree 
College, Lebanon, Ill. 


The perpendiculars to a side of the given triangle at its extremities, which 
are corresponding sides of the cireumscribed triangles, are symmetrical with re- 
spect to any point on the perpendicular bisector of that side. Hence the two 
triangles are symmetric with respect to the circumcenter of the given triangle and 
are therefore equal. The area of either is equal to 


$(c? cot B+a? cotC + b?cotA)+S8, 


where S is the area of the given triangle. 
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II. Solution by PROPOSER. 

Let ABC be the given triangle area A ; DEF, GHK the circumscribed tri- 
angles; FH, GK intersecting in M; DC, HK intersecting 
in NV. Join BM, AN, MN. The triangles DEF, GHK 
are equiangular. / BAM=/ BOM=/ACN=/ABN= 
aright angle. 

..A circle passes through A, M, 0, Band A, CO, 
N, B, respectively. 

“ LAMB= / ACB= / ANB. 

.. AM=BN and is parallel to it, MN=AB and is 
parallel to it. 

AF=NK, ME=HB, ;, FE=HK and DEF= 
GHK. Let A=areaof DEF, then 24—HC.AC+FA.AB 
+ DB. BC+ A =b*? cotA + c?cotB+a*eotO+ Ac? cot A+ 
a? cot B+ b?eotC+ta. 

“ 4A= [at+ 04+ 64 —be(b? + 62) —ae(e?+ a?) — 
ab(a? 4+-b?)+4A?]/2aA. 


Also solved by F. D. Posey, San Mateo, California; L. E. Newcomb, Los Gatos, California; and J. 
Scheffer, Hagerstown, Md. 


MECHANICS. 
165. Proposed by 0. W. ANTHONY, DeWitt Clinton High School, New York City, 


Find the approximate form of a tower of circular cross section 1000 feet high and 
having a radius of lower base 20 feet, and so constructed that all the parts of the structure 
shall be subject to the same stress, due to the weight of the part of the tower above. 

III. Solution by CHRISTIAN HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, 0. 

Let w=the weight per unit of volume; s==-the stress (pressure per square 
inch) ; y==the radius of cross section at distance x from top. 

Then zy?—the area of cross section at distance a from top, and, by the con- 
ditions of the problem, the increment of the area for any increment of 2 multi- 
plied by s, must equal the increment of the weight, we get, in the limit, 
dy w 


dg Og Y" Integrating, we find y==ce\“/s)*, Now since y=20 when y=1000, 


6-=2,0e— (1000/28). 

1 Y= 20e (28) (@~-1000) | which, by assigning proper values to w and s, will give 
the form of an element of the lateral surface of the tower. If we call w=,/,and 
s=20, the radii of the tower at different elevations would be as follows: At 100 
feet, 12.13 feet; at 200, 7.36; at 300, 4.46; at 400, 2.70; at 500, 1.64; at 600, 
.996; at 700, .604; ot 900, .222; at 990, .1417; and at top, .1348 feet or 1.6 inch. 

This result will fulfill the required condition as to stress everywhere except 
near the top. 

166. Proposed by G. B. M. ZERR, A. M., Ph D., Parsons. W. Va. 
If a gravitating particle of mass m be placed at the point (a, b, ¢) prove 
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that the work required to move a particle of unit mass from the point (a, y, 2) to 
an infinite distance is m[ (a—a)? + (y—)?+(e-—¢)? ]-2. Prove also that 


a? a? a? 
(age t Gye ger) (mL @—ay?+(y—b)? +@—0)? PH} =0, 


except when za, y=), z=c. 


Solution by S. A. COREY, Hiteman, Iowa. 

Let r=[(e#—a)?+(y—b)? +(¢—c)? ]-2=distanece from point (a, b,c) to 
point (4, y, 2). The gravitating force exerted between the two particles will then 
be m/r?. As the gravitating force is always directed along 7, the work required 
to move the unit mass from the point (4, y, 2) to an adjacent point (v7+dz, y+dy, 2 
+dz) by any path would be (m/*)dr. Thetotal work done as, is increased from 


y to infinity would be mf sa or m/r, as requirod. 
“ 7 


2 — 2 2 2 — 2 pe 
AS m ca —_ mm 3 (v—a)i =r ” r , m “ — VTL, 3 (y—b)? - ’) —_ 
y? 9 r 
da 1 38 (C-e)?-r (= da? a? ) le 
ie pe ae dy? ie) 


for all values of r except r=0, 2. e., except when xy. y=), z=c. 
Also solved by G. W. Greenwood, B.A. (Oxon); M. E. Graber, A.B.; W. W. Landis; and Proposer. 


GROUP THEORY.* 


1. |Miscellaneous No. 144, in January, 1904, p.21.] Proposed by L. E, DICKSON, Ph. B., The University 
of Chicago. 


Burnside, in his systematic search for all simple groups of orders from 661 
to 1092 (Proc. Lond. Math. Soc., 1895, pp. 333-838) overlooked the orders 23.3?. 
11 and 1008—2.32.7. The former is immediately excluded. Discuss the latter. 


Solution by W. BURNSIDE, The Croft, Bromley Road, Catford, England. 


With regard to the second [order 1008], it is clear that the supposition 
that the group is simple, with 8 subgroups of order 7, leads to the contradiction 
of a group of degree 8 with operations of order 21. In the only other ease, viz., 
36 subgroups of order 7, each self-conjugate in a subgroup of order 28, the group 
must be expressible as a primitive group of degree 36, in which the subgroup of 
order 28, which leaves one symbol unchanged, has a self-conjugate operation of 
order 2, which leads to an obvious contradiction. 

*See page 100. 
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MISCELLANEOUS. 


144. [Transferred to Group Theory, Problem 1, p. 98.] 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


198. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 0. 


Solve 2°+y==67; 3%=3.29t!. 
199. Proposed by SAUL EPSTEEN, Ph. D., Chicago, Il. 
Solve (w—a,) (w—ay) (w—a5) (@—4,) (@—4,)=(#4-0,) (@+4,) (wa) 
(w+-0,)(@+45)(a-+4,). 


GEOMETRY. 


224. Proposed by WILLIAM HOOVER, Ph. D., Professor of Mathematics, Ohio State University, Athens, 0. 
The equations to two circles are (c—a)?-+(y—b)*? =c?, (a—b)? +(y—a)? 
=-¢? ; give the length of their common tangent and thence the condition that the 
two circles may touch. 
225. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 
Determine the sides of a triangle, given the lengths of (1) the three alti- 
tudes, (2) the three medians, (3) the radii of the escribed circles, (4) the radius 
R of the circumscribed circle and any two of the three quantities r—radius of in- 
scribed circle, s—semi-perimeter, A =area. 


CALCULUS. 


178. Proposed by SAUL EPSTEEN, Ph. D.. The University of Chicago. 


am dd 
Evaluate s. {isin ¢ 


MECHANICS. 


168. Proposed by M. E. GRABER, A. B., Instructor in Mathematics and Physics in Heidelberg University, 
Tiffin, Ohio. 

In Bifilar Suspension W is the weight of the suspended mass, a and 0 
the distances between the threads above and below, h the vertical height of the 
threads. If the difference in vertical components of tension is » times W and 0 
is the angle turned through in azimuth, momental resistance is 4(1—n?) W(ab/h) 
sin?. [Perry’s Engineering. | 
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GROUP THEORY. 

In view of the interest that is being taken in America in the Theories of 
Finite and Continuous Groups as well as in their various applications it 1s thought 
desirable to have a special department in THE AMERICAN MATHEMATICAL MONTHLY 
devoted to probyems in this field. The receipt of letters from a number of our 
contributors suggesting this innovation leads us to hope it will be a successful 
one. THE EDITORS. 


1. Proposed on p. 21 as Miscellaneous and solved on p. 98, as Group Theory No. 1. 


2. Proposed by W. BURNSIDE, The Croft, Bromley Road, Catford, England. 
Show that the group of the biquadratic equation x*+-2ax? +b—0, in which 
a and 0 are rational numbers, while a2 —0 is not the square of arational number, 
is in general a dihedron group of order 8; but that (7) if 6 is the square of a ra- 
tional number the group is a non-cyclical Abelian group of order 4; and (i) if 
b=-a®+(1+n?), where n is a rational number, the group is a cyclical group of 
order 4. 


3. Proposed by L. E. DICKSON, Ph. D., The University of Chicago 
Show that the equation #4 —axz* + ba? —ax+1=0, in which a and 6 are ra- 
tional numbers, while neither 2—0+(4a)? nor (1-+40)2—a? is the square of a 
rational number, is irreducible in the domain R of rational numbers; determine 
its group for this domain. 


NOTES. 


Editor Dickson has been granted leave of absence for six months from the 
University of Chicago to accept the appointment of Research Assistant to the 
Carnegie Institution. Dr. Dickson’s investigation will relate to the application 
of Group Theory to certain problems in Geometry and Function Theory. F, 


School Mathematics announces the following list of associate editors: 
Robert J. Aley, University of Indiana; Joseph V. Collins, State Normal School 
at Stevens Point, Wis.; Clarence E. Comstock, Bradley Polytechnic Institute ; 
Ellery W. Davis, University of Nebraska; David Felmley, State Normal School, 
Normal, Ill.; J. E. Gould, University of Washington; Franklin Turner Jones, 
University School, Cleveland, O.; G. A. Miller, Stanford University; W. F. 
Moncrief, Winthrop College; E. H. Moore, University of Chicago; Frank Mor- 
ley, Johns Hopkins University ; Charles W. Newhall, Shattuck School, Faribault, 
Minn.; H. B. Newson, University of Kansas; John C. Packard, High School, 
Brookline, Mass.; Arthur Schultze, New York High School of Commerce; Mon- 
roe B. Snyder, Central High School, Philadelphia; David Eugene Smith, 
Teachers College, Columbia University. 
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SPHERICAL GEOMETRY. 


By EDWIN BIDWELL WILSON. 


LECTURE V. RicgHT ANGLES AND ALLIED TOPICS. 


Theorem 29. The two portions of the surface into which the surface is divided 
by a line are superposable, that is, congruent: and may be called hemispheres. 

Theorem 30. All hemispheres are congruent. 

Theorem 31. The order of three directions a, b, c, issuing from a point O is 
the same as the order of the three correspending opposite directions a’, b', c’, issuing 
from that point. 

To show that two portions of surface coincide it is necessary to demon- 
strate that every point in one of them lies in the other, and conversely. Or, 
since this has presumably been done once in Theorem 27, it will merely be nee- 
essary to show that the boundaries of the portions of surface coincide, provided 
those boundaries are convex polygons or the other figures specified in the state- 
ment of Theorem 27. To demonstrate Theorem 29 let / be the given line, O any 
point of it, a and a’ the two opposite directions which issue from 0. Cause a 
and a’ to rotate about the point O with the whole surface until a and a’ fall re- 
spectively on the opposite directions a’ and a. The line / has been moved into 
itself in such a way that what was originally on one side of the line has been 
moved to the other side. Theorem 27 will now apply. Theorem 380 is proved in 
a similar manner. The last of the above three theorems may also be stated by 
saying that if the direction 0 issues into the angle formed by a and ¢, the oppo- 
site direction issues into the vertical angle. Were the theorem untrue, the whole 
line formed of 6 and 0’ would lie in one hemisphere. This is impossible. 
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In the Second Lecture it was pointed out that a transformation which un- 
did the change of position already brought about by some transformation, was 
called the inverse of that transformation. If the transformation undoes itself, 
that is to say, if the repetition of a transformation causes all points to take on 
their original positions the transformation is said to be involutory. 

Theorem 82. If un involutory transformation carries the geometric configura- 
tion a into the configuration 3, it must conversely carry (3 into a. 

Theorem 33. The transformation of rotating the surface about the point O 
until a gwen direction a comes to fall on its opposite direction a’ is involutory. 

Theorem 34. Vertical angles are congruent. 

The first of these theorems is easily seen to be merely another way of stat- 
ing the definition of involutory transformation, the second is also obvious inas- 
much as the repetition of the rotation brings the direction a into its original pos- 
ition so that Theorem 1 may be applied. To demonstrate the last theorem, let 
(a, b) be an angle and (a’, 0’) the vertical angle. Rotate the direction a about 
the vertex of the angle until it comes to fall on the opposite direction a’. It 
must be proved that } falls on b’. Suppose that b falls onc. As the transform- 
ation is involutory c must be earried into Bb. The direction b’ which is the con- 
tinuation of b must fall on the direction c’ which is the continuation of ¢ (by Ax- 
iom V,, as interpreted under Theorem 2). Hence the directions a, b, c’ go over 
respectively into the directions a’, c, b'. Theorem 31 shows that the order of a, 
b, c’ is the same as that a’, b’, c and consequently opposite to the order of a’, c, 0’, 
except in case ¢ and Db’ coincide. As the motion of carrying a into a’ cannot 
change the order of corresponding directions (Theorem 28) we are forced to con- 
clude that ¢ and 0’ coincide and the theorem is proved. 

A careful comparison of the ideas underlying this demonstration and those 
on which the familiar proofs of this theorem depend is very instructive. 
It throws a great deal of light on how tempting it is to introduce a host of ideas 
which are in themselves really nothing short of new axioms. One very common 
proof is as follows: The angle (a, a’) is a straight angle; (0b, b’) is likewise a 
straight angle; these angles contain the common angle (0b, a’); subtracting this 
common angle we have the desired relation, namely that the angle (a, b) is equal 
to (a’, b’). This ‘‘proof’’ assumes that angles are possessed of magnitude which 
is a measurable quantity and that equal angles have the same measure and that 
these measures may be added and subtracted as ordinary numbers are added and 
subtracted. To prove these assumptions is no easy task. Itis no simple matter 
to state how angles are to be measured. Exactly in what the idea of measurabil- 
ity consists is difficult to say. Itis well to preserve as far as possible the dis- 
tinction between pure demonstrational geometry and mensuration. Half a cen- 
tury ago there used to be placed in th back of books on arithmetic a long and im- 
portant chapter on the mensuration of plane and solid figures. Here the student 
with very little worry over geometry learned to use those properties of figures 
with which every carpenter, plumber, grocer, or wide awake boy is of necessity 
more or less familiar. To do such problems the crude intuition and a few rules 
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sufficed. More recently there has seemed to be a tendency to make mensuration 
depend upon a previous training in demonstration and thus to put it off until the 
student shall have made the acquaintance with the fourth, fifth, and ninth books 
of geometry. This is logical and might be reasonable were it not for the fact 
that very frequently a training in mensuration does more for one in the way of 
pure geometry than the training in demonstration does for mensuration. The 
too great insistence on logical precision has an unfortunate effect of benumbing 
and repelling the young mind. For this reason the very recent movement on the 
part of teachers from the kindergartens up to the colleges toward a separation of 
the constructional parts of geometry and of mensuration from the demonstration- 
al part of the subject, allowing the latter to come later, cannot but be welcomed. 
From our point of view, which is that of strict logic, the possibility of construct- 
ing or measuring a figure is of secondary importance. 

Another proof of the theorem that vertical angles are equal depends on the 
possibility of folding the angle over onto its vertical. Thus if 6 be folded over 
so as to coincide with a’, a which is the continuation of a’ will fall along b’ which 
is the continuation of b, and the angles will coincide throughout. Such a meth- 
od of demonstration is entirely out of the question in spherical geometry where 
it is necessary carefully to distinguish between congruent and symmetrical angles 
and triangles. The fact that an angle (a, 0) is not congruent to the angle (J, a) 
introduces a radical difference between the presentation of spherical geometry 
and the usual presentations of plane geometry. Strictly speaking the distinction 
between (a, 0) and (0, a) should be preserved in plane geometry: for it is only 
by going out of the plane and assuming at least some of the geometry of space 
that an angle can be carried into itself in such a manner as to interchange the 
sides. No one who has not attempted to think through the first books of plane 
geometry with the distinction between symmetry and congruence in mind can 
have any realizing appreciation of how closely the ideas are interwoven and how 
important the relations of symmetry really are. Even in so careful a work as 
Hilbert’s Grundlagen der Geometrie the ideas are nowhere well distinguished and 
the statement of one of the axioms (IV,, page 11), where the possibility of in- 
terchanging the sides of an angle is placed in a parenthesis as if it were an un- 
important alternative, is a good illustration of the lack of attention which the 
subject receives. It is to be noted that in the usual definition of a right angleas 
an angle which is equal to its supplement the word ‘‘equal’’ undoubtedly stands 
for ‘‘symmetric.’’ This will be far clearer after the definition of right angle de- 
pendent solely on congruence and capable of use on the surface of the sphere has 
been given. 

Theorem 35. Given an angle (a, c) there exists one and only one direction b 
within the angle and such that the angle (a, b) is congruent to the angle (0, c). 

This theorem shows that any angle may be bisected although no construc- 
tion for the bisector is given. The proof of the theorem is not much different 
from that given for Theorems 3 and 4 in Lecture II. It depends on the property 
of continuity possessed by the directions issuing from a point. Let be an arbi- 
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trary direction issuing from the vertex of the given angle. Let the angle (2, y) 
be taken congruent to the angle (4,7). The angle (a, y) includes the angle 
(a, c) or 1s included by it or is congruent to it so that y falls onc. Separate all 
the directions which issue from the vertex of the : : 

angle (a,c) and lie within the angle into two 
classes of which the first contains all directions 
such that the double angle (a, y) is included by 
the given angle (a, c) and the second class con- 
tains all the other directions, namely those 
which are such that the angle (a, y) includes the 
angle (a, c) or is congruent to it. It remains to 
show that any direction of the first class precedes 
any direction of the second class. Let x and 2’ be 
two directions such that the angle (a, x) includes the angle (a, 2’). Let (a, y) 
and (x, y’) be respectively congruent to (a, x) and (a, wz’). Let the angle (y, 2) 
be congruent to (a, 7). Now the angle (a, z) includes the angle (a, y): for oth- 
erwise (x, y) would inelude (a’, 2) which is impossible by our hypothesis. Also 
(x’, y’) ineludes (2, 2). Hence y’ follows z and a fortiori follows y. Therefore 
if the direction x precedes the direction 2’, the direction y must precede y’ and 
conversely. Applying this to the case above, it is seen that every direction in 
the first class must precede every direction in the second class. Hence there 
exists some direction, say 0, such that no direction in the first class follows it and 
none in the second class precedes it (by the definition of continuity given in Lec- 
ture I). The direction y which corresponds to this direction 6 cannot either fol- 
low c or precede it. Consequently in this case c and y coincide. Hence the angles 
(a, 6) and (0, c) are congruent and the theorem is proved. 

Definition. Anangle (a, b) ts said to be symmetrical to the angle (c,d) when 
it 1s congruent to the angle (d, c). 

Theorem 36. If the angle (a, b) ts symmetrical to (c, d), then conversely the 
angle (c, d) 1s symmetrical to (a, b). 

Theorem 37. Twoangles symmetrical tothe same angle or to congruent angles 
are congruent to one another. 

These theorems follow so easily from the definition that no demonstrations 
will be given. It is important to notice that if two angles are symmetrical we 
have only to alter the order in which we name the sides of one of thém and they 
become congruent. 

Definition of right angle: The congruent angles formed by bisecting a straight 
angle are called right angles. Or, if two symmetrical adjacent angles are such that 
the two corresponding sides which are not coincident form the two opposite directions of a 
line, the angles are said to be right angles. 

Theorem 38. From a given point of a given line and on a gwen side of the 
line there issues one and only one direction which makes right angles with the given line. 

Theorem 39. Any two right angles are either congruent or symmetrical. 

Theorem 40. If twolines meet so as to form right angles on either side of either 
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line, all of the four angles formed are right angles and the lines may be said to be 
perpendicular. 

These are the familiar theorems concerning the erection of perpendiculars. 
The proofs will be left to the reader. 


REPRESENTATION OF REAL AND IMAGINARY LOCI IN THE 
SAME PLANE. 


By FROFESSOR G. W. GREENWOOD. McKendree College. 


In elementary analytical geometry, where only the real parts of the locii 
are represented, it is difficult at times to give satisfactory definitions. Take for 
example the polar of a point with respect to a conic. If we define it as the locus 
of the intersection of tangents at points where the conic is cut by any secant 
through the point, we get when the point is without the conic a portion of the 
polar upon which no tangents meet; if we define it as a chord of contact, our 
definition appears strained when the point is within the conie. 

I have been using, with some success, a method which I have not seen in 
any text book, and which is in brief as follows: 

Consider the cirelex?+y?==a?. Taking value of x greater than a, numer- 
ically, we get y= +1), say, where 0 is real. Plot the points obtained by taking 
the real factors in the values of y and we get the hyperbola 


2 _ 
o* —Yy*—=4, 


which we may draw in red ink. This will contain all imaginary points of the 
circle of the form (c, 20). 

Now either definition of the polar of a point on y=0 will apply; if the 
point is outside the circle, it is within the hyperbola and its polar is the locus of 
the intersection of real tangents to the cirele or imaginary tangents (1. e. those 
to the hyperbola) at points where the locus is cut by secants through the point. 
When the point is within the circle, the chord of contact joins the points of tan- 
gency of the imaginary tangents. 

The radical axis of two circles appears in all cases as the line through two 
common points, real or imaginary. 

Two circles are seen to intersect in two infinite imaginary points, and two 
concentric circles are said to have double contact at infinity, the tangent there 
being the e¢ircular lines. 

The limiting forms of the circle and its hyperbola illustrate graphically 
the dual interpretation of the equation 


x+y? =0, 
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as a point circle and a pair of lines. 
If we treat the ellipse 


aw? /a® +-y? /b? ==1 


in like mauner we see, among other things, that the tangents from a focus are 
perpendicular and that their chord of contact is the corresponding directrix. 

Reciprocally, the ellipse supplements the hyperbola in picturing the im- 
aginary part. 


TRIANGULAR RESIDUES. 


By ORLANDO S. STETSON, Syracuse University. 

The summation of arithmetical progressions which commence with unity 
and whose differences are 1, 2, 3, etc., leads to the theory of polygonal numbers. 

Employing the difference 1, we obtain the triangular numbers. The zth 
one is $z(z-+1). If p be any prime number and the series of the first p—2 tri- 
angular numbers be formed, the least positive remainders (modp) of the first 
$(e—1) of these numbers will beall different. Indeed, if two of the remainders 
were equal for values z, and z, of z, we should have 


(7;—7,)(7,+7,+1)=0 (mode), 


which is impossible. The remainder of the middle [$(»—1)th] term $(p2—1) 
occurs once only, while the remainders of the remaining terms repeat themselves 
in reverse order. 
The $(¢—1) different remainders are called triangular residues and the re- 
maining numbers of the series 1, 2, ...., op—1, are called triangular non-residues. 
Let 4 be the least positive remainder of the middle term 4(9?—1). Then 


(1) Bit1=0 (miodp). 


Theorem I.* If p be any prime number excepting 3, the sum of the triangular 
residues =p»(modp), where 2p =A(modp). 


If f(~) denote the sum of 143+ 64.2)? then S,= 125") where S; 


denotes the sum of all the triangular residues. Now, 
2f(x)=2 % AhCh-+1)= 3 (h?+h). 
=] =1 


Summing the series and multiplying both sides of the congruence by 8, we have 


*Proved first by M. Stern, Journal fur Mathematik, Bd. 69. 
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n(n+1)(e +2) =6(t, +t +..tte ) (modp), 


t; denoting a triangular residue. 
Putting z=4(e—1), and multiplying both sides by 8, we have 


3(—1)=48¢¢, +t, +-.-+typ_-1) ) (mode). 
Hence in all cases, excepting p=3, we have 
(2) —1=16(¢, +t, +--+ lpr) ) (modp). 
Applying (1), it follows that 
t,t, +..+typ—1) =» (modp). 


In view of (2), we have 

Theorem II. The sum of the triangular residues is a quadratic residue or non- 
residue according as p is of the form 4m +1 or 4m+ 3. 

Theorem III. The sum of the triangular non-residues is always a quadratic 
residue. 

If 8S, denotes the sum of the triangular residues and N, the sum of the tri- 
angular non-residues, it follows that 


(3) 8,+ N,=1+42+ ones t+e-1, S=—N, (modp) 


and the truth of the theorem follows from (2). 
A bi-triangular non-residue being defined as the double of a triangular 
non-residue modulo p, we have 
Theorem IV. The sum of all the integers between the limits p/2 and p is con- 
gruent modulo p (a prime number) to the sum of the bi-triangular non residaes of p. 
We have 
p> _p(ep—l)_ pl 
a 


and as a result of the definition of a bi-triangular non-residue and of Theorem I, 
and (3), 
N,=—A (modp), 


N, denoting the sum of the bi-triangular non-residue of ». From the two 
results we obtain 
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A METHOD OF TRANSVECTION IN THE ACTUAL COEFFI- 
CIENTS, AND AN APPLICATION TO EVECTANTS. 


By 0. KE. GLENN, University of Pennsylvania. 


[Concluded from the April Number. ] 


THE EVECTANT OPERATORS HI AND EH? 7. 


Consider a form f and a mixed concomitant ¢, 
fHayt,”+na, 2," a,+..., pera, r+né lye a, +... 


Any invariant of f will still maintain its invariant properties if for f there be 
substituted f+ky. Let I(a,, a,, ....) be the invariant of f. Then 


LT, (y+ ke", a, hen —hy, .....) 


is also an invariant function (contravariant). Expanding, we obtain 


m 


=" (= y En—1 , 0 } 
mi\” da. ° Vea, to) 


0 


I,=I+3 


Hence we have the invariant operator 


It has been shown that the most general form of invariant is 


N 


n ( 7 
I ==( jt] \ , (2-1) Jom (FY ent nLentntin—e _ kU At tte, 1, Ay (Ay (A-D)  (h—-1) 


\ 


- by ty Aptpy—y + 


Hence the general form of contravariant is 


to h h 
EE ==8y Cd (ht) 4. y(h-1) @ (h-2 4 \(h—2).... Ups y per )y a ye HAA) Oy +r 
KK EN +A—1—v yrty’), 


Then, since 0/dz, and 0/dx, are contragredient to x,, x,, these may replace £ and 
,in EI. Therefore, 


EH? T=S8) (4 y(h-1) 4 \(h-V). y n Op py—a 


Bee 2M) dx.* (A) 
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on 
w+ Bema ad Apron 


HA Ch) A y(h—-1) 4 y(h—1).... 
is an invariant operator 
Let f=a,4=(4 )a, a4 2, . 
j=4 


j= 
ARCA AHO) % i Tinga, Tt, Gu tn Mapp att a9), 
j=0 


"=6 
POD) GG) ® edese, Wyatys at, Tee, Taye 
i 
Ker Anta depp FS aI, 
i=(f, P)a=G a Ga, 
Tah DIVA COG It Liege Tina, WN Mss agen 
Bi==(4)(da_aS4™d 4 ay yt) =2[ (a g24 40574) —4(0299 Hay Ey”) 


+830 ,&74*], 


BI =S8y (Oyun Arty—n GE™® y® hay: da pyn EAHA GAL ay, Uy pn E2tAm¥ y2tv-d) 


=6|(a,a,—a? )F4-+-2(a,4,—4,0,)239-+(a,a,+2a,a, —8a,2 E24? 
F2(4,4,—A,d, 595+ (a a,—a? )u*], 
4 04 o4 
Ke i=(; )(« _)3o ) 
A 4 Ox ,t-* Oe, +) de> det ; 


4 4 


EE? J=8) (y+ Ae4 vn Se Hy ly 
Cn ta Mapua Oa ,4-*’ dx, TAN Capua Ox 4-H AGy HtA 


o+ 
TON nergy Siw Gy, Bree 


Operating upon f, 7, and H, we have, 
. . f4\(4 ; 
(BY i) f=(4—-2) (7 )(F) ats-n ay 48%, 


(EY J) f=(4—2)! a18y (4) (Bay yen doyy a, )=T2, 


(EH 1) H==— 2(4) 8) Autrn Agtu—a Ag j;=-480, 
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(HE? J) H=38) Sy Oyen Cotusa Gu—adesy—a =86[ (4) ay daa]? = 8672, 
CEP 1) T=2(4)8) duitn Guta Aopu—a dan & 2S + oF = 0, 
(H° J) T=38) Sy uta’ Op+r Aotu—a Appa depv-rv0,20* SF #7 =0. 


In general, we have the theorem: 


If Tis an invariant of degree (h+2) of an nic, f=0, then the following rela- 
tions exist: 


(EY Df=(h+2) n! I, 
[ CFs Fn CF CFs Fr) s= FC f; CS, CHF edn (n even), 
[ CS, CA, fF dan—t ICP CA A) s=ALCS, Dts Cf, CH, Fr sdn] (n even). 


We next prove the following theorem: 

The nth transvectant of a form over an evectant of an invariant of the form is 
a numerical multiple of the invariant.* 

In proof, consider an invariant 


T=) (Ay (2) Ay (1) 4 (AD)... 4 ndrtu—r )+ 


Then EI= 8) (dy (h-1) 4.,R=-1)..-Oy padp pun @ 2A yh ™ Lat (ayy (A—-2) 4. (h—-D 


Menea 


(h--1)(R—-1)  (h—1)(h—1) 
a Appy—p ©, 27K” Ge TAL), 


This is the sum of (2+2) covariants, each of order » and degree (h-+1). 
The effect of taking the nth transvectant of f over HT is to introduce the mul- 
tiplier (”) and the factor a,, [see (3)]. It is evident moreover that in the first 
covariant ¢ may be replaced by 4“), in the second by (v(@-) +A%—D ), ete. Hence 
the result is a sum of (h+2) invariants, each equal to J. Therefore 


(f, ED), =(h+ 2)1, or (EY Df=n!(f, ED. 


THE SYSTEM FOR THE BINARY 7—i(c. 


The complete system of concomitants of the binary septic has been exhib- 
ited by Von Gall in Math. Annalen, Bd. 31, in symbolic form. Following is the 
derivation of the base covariants, in actual coefficients, of degree one to eight, 
and the invariants of degrees four and twelve. The set contains covariants of all 
orders from one to eleven inclusive, and is derived as an application of the pre- 
vious theory. 


Degree 1. 
fHa,? =4,¢4+7a," Su, -+....+a,2,'; the form itself. 


*Gordan, Invariantentheorie. 
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Degree 2. 


H,,*°, the Hessian of f. Itsseminvariant leading coefficient is 2(a,a,—a,?). 

K,°, the fourth transvectant of f over itself. Its seminvariant leader is 
2( a, —40,0,+38a,2). 

L.°, the sixth transvectant of f over itself. Its seminvariant leader is 
2(a,a,—6a,a,+15a,a,—10a,2). 


Degree 8. 


yx'', the Jacobian of f and K, with seminvariant leader 2a 2a, —12a,4,4; 
+6a/a,—12a,a,a,+2a,a7 +643. 

r,*, the fifth transvectant of fand K. Seminvariant leading coefficient : 
20 AA, — TA dt, + 5d )d,0, —2a 2a,+ Ta,ad,a,+ 22a,a,0, — 25a,a2— 27424, 
+45a,a,a,—20a,3. 

T,1°, the Jacobian of fand H. Seminvariant leader: a 2a, —8a,a,d,+2a;. 


Degree 4. 


A», the Hessian of AK. Seminvariant leader: 8a?%a,a,—8a,a,a2+ 
2 3? 824 2 —_._ 2% 3 24 2 _. 24 2 _ 3 — 
8h AP A, — FA, Ad, +320 d,4, —820,0a2 + *Aaaea,— Aa afd, — 240,30, 
¢ 2 ‘ g e 
2a, a2 —18a?a2—8a,a,0,4, +56a,d,0,0,+52a,a,4,d,+]16a2a,2. 
p,*, the fourth transvectant of K over itself. Seminvariant leading term: 
¥ — 84 _ 3 _. 48, 2 _ 12 
2(2050, 44a, — 34a ,a,4,a, — 10a,u,a,a, + 4a,a8 — $8aPa,a, — 12a,4,4,0d, + 
168 2 36 2 —26y 3 2 2 6 2 — 14 126 2 
“P51 gs PEM APA, — FRA A, F12a ee ag — Bod Ady FZ Gh Ag dg +7 Sd Mads 
2 2 7? 2 —__1° — 26 2 108g 24 2 
TOA PAM, F2A dd gy + TEd PAs — THU yh 4,4, — 36a, 02d, + 238a eae + 
1087 2 2 72 2 —. 306 4, 
22507] As FTE obs Ag — Ad, A, 04a, + 12a"). 
S,'*, the Jacobian of H and K. Seminvariant leading coefficient: 
2 § 2 _ 2 _ 2 ! 2 2 
2(4 9 A,A, — 20 )A, Ad, — Ayafa, —bafa,a, — af~asd,+ 4a,4,4,f —a.ad2a,+ 
3 3 
da ,a,2+ 3a %a,). 


Degree 5. 


q,', the Jacobian of r and HK, with seminvariant leader: 2a2a,a,a, — 
1 203054, —90 f° A4a2 — 2a a Pad, + T4,4,4,0,a,+62a,0,0,4° —Ta,a,a2a,— 
O14 PAS +OTA Ao, A, —200 05) As —40 Ah 4A, —470 01 U ggg — 
l5a,a,afa,+6a3a,a, —21a?%a,a,a,—1884a2da,a,a,+ Toa fag+135a,a2%a,a,— 
105a,a,a,a7 + 60a,a3a,—2a,a,7%a,a, —l4a,a,a,a,—12a,°a,d,4, —T8a,a20,0, 
+364, d,4,%a, —d4a2a,a, +120aZafa, —40a,a,*+44a,4,%a,a,—20a,a,a3+ 
10a ,afagf—2afa,d,d,+1leaPafa, + 80a/°a2a,—400,a%0,+84)4,4,24, + 
6a,a,°a, +24a,4a, + 6a,%a,a, —60a,%a,a;. 

g,°, second transvectant of A over 7. Seminvariant leading coefficient: 
(a,a,—4a,a,+8a, )(12a,a,a, —20a,a,4,+8a,a, +18a,0,4a,—10a2a,+ 
2a,4,a, —20aP%a,+10a,0,° —2a,a,0, + 2a,a,d,)—3(A,a, —34,a, + 24,4, ) 
(300 ,d3;4,—80, 0,4, —270, 0,4, —12a2a,—8a,a,a,+380a,a7 —lbafa,+3a,a,4, 
—184,0,4,+100,4,;° )+3(t a, —4,d; —90, 4, +902 )(2a,4,0, —1A,a,d, + 
DM hd ,— 20 PA, + 10, a,4, + 22a,0,a, —20a,af —27a7a,+45a,d,a, —20a;}). 
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Degree 6. 
2, the Hessian of r, with seminvariant leader: 2[ (2d )@,d7— 7 g434¢ 
arate att dia? toads bata ag—27afa,+ 40a, a sy — 2008 ) 
(6a ,d,4, —10a,d44,-+- 40,4, +94,0,4,—94,°4 ha, as — 10«, 3 ts 45d, ae 


A ,a, +d, asc )— (10a, dg, — yb, —90,0 (Us — da, a, —A, dss "+100, a, 
5a; a, +d, a. “4, — 60,440, +94,a 2)? |. 
58, the Jacobian of K and p. Seminvariant leader: 2(a4,4,—44,4, 


+384 a2 34 d,A,a, —+8a pba ya — 2a) 4 ls Pay A, Agh, +260, a2d, 
23 44 x 96 

sd, Ag f i, a a, 2 SY ae 6a 2A ,a, — THU 1 Calg — SEA 4, AU, 
+6a,ajae $4 8a Pad "bade Bd, ay a i, + o4a, Sata, POA Ash, 

12 2 — 6. 6 2 6 2 
Trs80%9 toda Py oe, dy + oll gM Ofelia 8a As hg tibke, Lott 3 
+6a3a,)—2(4,4, —8,a PEt Clg Cala tay te a,4,—10a,a gla My. ; 
-+4a a3 —78a Pa,d,— re ly Ashe aa 1 38a ag i — isa Bd, eda 2a2 
— A 5 Aghy — Ta yy gg Are yd; +64 Pd, + 2a dad, wan a And; 
— 450) 4,050, —BO00, 0S 1, +5384 6 Ze 2-198 Sq Pare 4Tlad, Laica, tl dds 
+l2a4 


Degree 7. 
S,> is the Jacobian of p andr. Seminvariant leader: 2(20, yA 

— 2840 4,0,4,—10a,a,4,a,+4a,4, ASAP gy — $4,4,4 so +%5 bq is a; 
42a aed, — JZ, 3a rea Ja, 2 — 20 Ad, — $F ae a slo +4 2A, 4,0. + 6a; a ill 
+24 ,A,0£ 1 eda? as a,—4 £0 5 eM. a, — — 36a, ahs 2, dd, 2a e +3534 Pag +2 AU As aL. 
+194, dytiys + 12a,8 (10a, dd, dy, — —9a,04,0,—40,? A, —A, 030; ; +100, 4; 
— dt a lo A,A, — aot 4g FU A.) — (8A) d, 44h, — 240, dy a. ig — 3a" aed; 
52 sy +264, de de —+$5a,d,0 4; + 64384, 184.2 1445419 g2 22, il, 
ade 55a ,a, 2g +64, a,a;* +4384 Pa iy +184, apg—*#3a,a, ie Ag 
tl dy — 180,043 +H” Uy — 2A, a, a gd + AAPA, + EA yA, a ~ 2a Laat, 
a,t, +6a,' @4) (24 yA, —TA,A,0 +a, al a, — Qae a,+7a, a, 
a,a,—200,a, £~ 27a. ba, +459, — 20a 3). 

, the third transvectant of p over r Seminvariant leading coefficient : 
Pols — py? »+8Po7,—Pzro- The quartic invariant of the 7—ic is the discrimin- 
ant of l,?, viz: 

C=2(14a, A, Ugt, —24a,a,a2 + 60a,4,a;a, —40a.a,07 —240,°a 54, 
+2840 ,0,4;A,— "3604, aa; 24540, apd. + 60a, ce aa 7 —8604,," Lyd. 
+990a,a galls — 600a, a, 3” 40a gd, +240a, a2, ~ 60a, Os £3750? ag—aga? 
—25a 2 de —8la.?a? —18a,a,4,4, +100, Gal An —50a a. wd ade). 

‘Index =weight—14. 


The invariant of degree 12 is the discriminant of T,?, viz: 
R=4[(2a,a,a,—Ta pga +00 Ag a. i A, +714, A,M, + 22a, sd, — 200,40, 
—27a,?a;+45a,a,a, —20a,>)(6a,a, —10a age 4a, a.” 9a. ,A,0,— OU A, 
Haste, — 100,45 +5002 “ayaa 4 yas i, )- (10a, d,_ — la, (hgh, —9A, Ad 
—4a,2a,—a,a,a,+100,af —5a,7a + dot, a, —6a,4,0 +d, az)? 1x [(10a, tse 
— yy — Jai. —4a2a,— —a,d,d, +10a,a2 5a £0, +AQgd 7— 6a 44M, 
+5a 02 (14,44, Ta, Ughe —OgA,A, —22d gg F2UAy a 24 Oba, 2a,—450 ,0 405 
2a, dd, + 2agd }+2002)— (6a, a vn —10a ,4,a,+40,a; +90, yA, —DA2U, 
+,4,4,—10afa,+-90,0 7 —A M4 a, +a Une )? }— [ (24,94, Tit, Ante 
1 Bilagdg 2024, +7, agy +224, 05, — 20, oF 2 _ 274°C, 4-45a,4,0, —200 2) 
(7a,4,0,—Ta, apd, OA 6,4 4 — 22,4 a, +2745 a 24250, 2 5 — 40454, a,—2d, 
+2a,a 6 +20a g)— (10a,¢, le —A,Agtt 9a, 4,4, —402 a.—, 0,4, -- 10u,a,/ 
—da’ a, basa gt, —O4) 444 "$5 ,42)(60,4,4, —10¢,4,4, +4002 + Ja,0,4, 
—ha2Za,ta,a,a, 10a2a, + 50,07 —a a,a, +a asa, ) |? 

Index= weight =42. 


poles 
CO enjro 
R 


+++ | 
DEM 
hoon 

— = R 
i 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


192. Also solved by J. Scheffer, Hagerstown, Md. 
193. Proposed by SAUL EPSTEEN, Ph. D., Chicago, III. 
Professor Goursat states (Transactions of the American Mathematical 
Society, January, 1904, p. 111) that if a,, a, , dm; h,, hy, --) Nn are two se- 
’ ; os a,” (34;)° i 
quences, the h’s being all positive, then an 2 Sh Prove this. 
Solution by F. L. GRIFFIN, 8. B., and L. E. DICKSON, Ph. D., Chicago, Ill. 
For n—2, the inequality becomes, upon multiplication by the positive num- 
ber h,h,(h,+h,) and transposition of terms, (a,h,—a,h,)* =0. These steps 


may be reversed, giving a proof for n=. For the general case, we proceed by 
induction, assuming the formula true for n=1, 2, ....., m. Then 


1 

a hin 41 ° m 

> h, > hit hint > h; 
=1 


t1=1 t= t=1 


Also solved by G. B. M. Zerr, Parsons, W. Va., for sequences where 


ag==ag_y tm; hy=hy_ y+. 


195. Proposed by W. J. GREENSTREET, A. M., Editor of the Mathematical Gazette, Stroud, England. 
Prove that when n is a positive integer, 
r=n 


= (—1)” ,,C, 2"-7 r? =n? —2n. 


r=1 


Solution by G. W. GREENWOOD, B. A. (Oxon), Professor of Mathematics and Astronomy, McKendree Col- 
lege, Lebanon, Iil. 


(l+r)(1—a7)-=1+2?@ + 3?¢7+3? 4? +4? 784... (2e—1)” 
= 2"7" —¢, Yn—lyn—1 +6, 20 —2yn—2 . 


Required sum coefficient of a’—1 in (1+2)(1 —%)-(224—1)”, 
1. é., in (14+4”)(l—a)—3[ a” —¢,a"—-1(1—2) +.....], 
1. €., In (1+a)[ar(1—2x)- —c, a1 (1—2)-?-+-.....], 


which is 2¢, —c, or n? —2n. 
Also solved by G. B. M. Zerr, A. M., Ph. D., Parsons, W. Va. 
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196. Proposed by L. E. NEWCOMB, Los Gatos, California. 


nr 
Find the rth term of (« = =e" in terms of gz. 


I. 
College, Lebanon Iil. 


Solution by G. W. GREENWOOD, B. A. (Oxon), Professor of Mathemrtics and Astronomy, McKendree 


Let z—cosé-+isin#é, then z—2isiné, and x»=-cosp+isinpé@. This enables us 
to express any term of (x—1/r)” in terms of @, 7. e., in terms of z. 

II. Solution by F. D. POSEY, A. B., San Mateo, Cal.; G.B. M. ZERR, A. M., Ph. D., Parsons, W. Va., and 
GRACE M. BAREIS, Bala, Pa. 


2—1/a=e, watt V et) 


The rth term of («—1/r)” is 


1 \7-1 
(r—1)! () 
— (1) I n(m—1) 
(p11)! 


(: + yy (224+ ye 
(r—1)! 2 


Defiance, 0. 


197. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Solve (18)#2-*) = (54)/2)85-2, 


Solution by W. W. LANDIS, Dickinson College, Carlisle, Pa. 


Writing the equation in the form (1).....184C-#)=18:62—2 we find #=737.t 


Also solved by G. W. Greenwood, J. E. Sanders, A. H. Holmes, F. D. Posey, R. A. Wells, G. I. 
Hopkins, H. R. Higley, G. B. M. Zerr, E. L. Sherwood, Grace M. Bareis, J. Scheffer, L. E. Newcomb. 


GEOMETRY. 


219A. Proposed by H. F. MacNEISH, A.B., Assistant in Mathematics. University High School, Chicago, Ill. 
ys 


Draw through a given point a line which shall divide a given quadrilateral into two 
equivalent parts: (1) when the point lies in a side of the quadrilateral ; (2) when the point 
is without; (8) within the quadrilateral. 


*Dr. Zerr also gives the values 


(—1)"—1,¢,-1(@ + 1/2—1/2? + 1/26 — 
(1) nCr—1 (1/2 — 1/28 +1/2° — 


_. yr ere, 


__ \n--2r +2, 
tOwing to the periodicity of the exponential function a” may be written 
eyloga+2nmt (integer). 


It now follows from (1) that ¢[8@2—17x)] logi8+2nni__] 
whence 4$(22—17xr)log18 + 2nz1=0, and therefore v=—$2-+(4n72/17log18). When 
n=0, v= 22. ED. 


II. Solution by L. E,. NEWCOMB,; Los Gatos, California. 


(1) Let ABCD be the quadrilateral of area S?, HL the given point in the 
side AD; complete the triangle ABFand let 8,?=4$S8?-+ area DCF, Sf —areaA BF 
=§*?-+ DCF; GH=S8,, GH'=S8,. Draw HR and AR’ perpendicular to BF, of 
lengths d and a’, respectively. On FA lay off FL=S8,, LN=S,, FB'=FB, FA’ 
=d', FD'-=d; on FB lay off FM==S8,. Join LM and parallel to UM draw NO; 
join LO and parallel to LO draw B’'P; join PD’ and parallel to PD’ draw A'T; 
Ea - renee §=6j0in HT. The line HT di- 
vides ABCD equally. 

In proof, FL: FN== 
FM: FO == 8,:8,=8,: FO, 
hence S,.FO=S, and 
therefore S,?.FO=S8/S8,, 
which may be expressed as 
the proportion, S8,:S?— 
S,:FO. Now LF(=S,): 
FO=B'F: FP; therefore 8? 
Peres) |S BF: FP from which 
follows easily, S,?:$d'.B’'F=S8?:4d'.FP. But B’F(=BF).4d'=S,?, hence 3d’. LP 
==? aud FD'(=d):FA'(=—d')=—FP:FT and thus 4d.FT=—sd'.FP. Since $d’. FP 
=, it follows that 4d.4T —~S?—3S8’ + area DCF, and conseqently $d. 4T—area 
DCF=area ETCD=38°". | 

(2) Let H’ be the given points without the quadrilateral. For the con- 
struction of a line through X’ cutting off a given area S,? from the triangle A BF, 
see Geometry, Problem No. 218. 

(3) Let EH” be the given point within the quadrilateral; draw HA” par- 
allel to BF, HK perpendicular to AF and let HX—a. Extend AF, the distance 
2a, to #”. On the diameter A’’F” deseribe the semi-circle A” A’ EF’; draw Fi’ at 
right angles to AF’; from the center A’ with radius 8, describe an are cutting AP 
at L' and join Z’K’. On FB lay off FM =a, FP’=S8,—L'F; join NM’, and par- 
allel to to NM’, draw PR”. Through R” and #” draw kT" and let the altitude 
of the triangle R” T’F to the base R”F=b. kT’ is the required line. 

In proof, E’K(=—a):0=R'"A": RF, hence 0.R"A"=a.R"F; also MF 
(=a): NF(-=8,)=FP'(=S8,—L'F):R’F, hence a. Rk" F=S8,.FP'=S8,.(8, —L’F). 
Now L’F=,/[(S?—(¢FR’')?] and (F.K’)?=2a.A"E=2a.(k"F— RA"), therefore 


aA 2 
a. R"E=S,(8,—- 1 (SP —2a(k'F—k’A")], consequently (“se B —8, )= S?— 
1 
9 " 9 ad t 9 
9a.R’R+2a.R"A”, hence ar eB)" 20. RA", and a.R” R= eR AY SY But 
S; R’F 
_2RVA". S? 


a.R'E=0.R'F, hence 0. RA" = and 0.R°'F=282. +. 40.R’F=S8?= 


re 
4S? +area DCF. Consequentlp 30.8" F—area DCOF—3$8* —¢ of area of the quad- 
rilateral ABCD. 


116 


221. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 


Construct a right triangle with given hypotenuse h, and having an inscribed square 
of side 12 with a side lying along the hypotenuse. Show further that the minimum value 
of h is 36, the triangle being then isosceles. 


Solution by G. W. GREENWOOD, B. A. (Oxon), Professor of Mathematics and Astronomy in MvuKendree Col- 
lege, Lebanon, IIl. 


Call an acute angle of the triangle a. Then A—12cota+12-4 12tano— 
12[1+2/sin2e]. 

fh is a minimum when sin2a=1, 7. e., when «=-45°, the triangle then being 
isosceles, and the value of h being 36. 


Also solved by S. A. Corey, A. H. Holmes, R. A. Wells, G. I. Hopkins, G. B. M. Zerr, &. L. Sher- 
wood, J. Scheffer, L. E. Newcomb, and Grace M. Bareis. 


222. Proposed by G. B.M. ZERR, A. M., Ph. D., Parsons, West Va. 


At the ends of a focal chord CC’ of a parabola are drawn the normal chords CD, 
C'D'. Prove that DD' is parallel to CC’ and equal to three times its length. 


I. Solution by F. D. POSEY, A. B., San Mateo, California. 

Let the equation of the parabola referred to its axis and the tangent at the 
vertex be y?==4az, let (h, k), (h’, k’) be the codrdinates of the points Cand C’, 
respectively, and y=m(x—«a) the equation of CC’. 

The tangent at C is k'y=2a(¢+h') whose slope is 2a/k’. Since CD is 
perpendicular to the tangent at C and since the tangents at C and C’ are perpen- 
dicular to each other, CD is parallel to the tangent at C’. The equation of the 
normal at C has therefore the slope 2a/k’, and since it passes through the point 
(h, k) its equation 1s y—k=(2a/k')(a—h). 

By solving this last equation simultaneously with y?—4az the codrdinates 
of the point D are found to be, after reducing, 


(eo 2k’ —I) =(p, 4). 


The same method gives the values of the codrdinates (p’, q') of D. The 


slope of the line through D and D' is , which after substituting the above 


/ 


results reduces to a tae since (h, kn, k') both satisfy y=m(e#—«a).  », DD' 


is parallel to CC". 
By substituting the values obtained for p, q,p’, q’, in 1/ [(p—p’)? + (q—q')?] 
the latter reduces to 3)/[(h—h')? +(k—#’)?];3 2. DD'=3C0C. 


II. Solution by R. A. WELLS, Bellevue College. Bellevue, Neb. 
Let the tangents at C, C’ meet in A; denote the intersection of CD with 
O'D' by G; draw BCE parallel to the axis of the parabola, meeting C'D’' in F. 
The tangents CA, C’A are perpendicular to each other; as also are the 
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chords CD, ('D'. 2 CEG= 7 BCA=/ACC= CCG, hence the triangle CC'H 
is isosceles and C'G=GH. Since CE is parallel to the axis of the parabola and 
AC is parallel to C’D’, H bisects C’D’. Hence C’'G=-4C'D’, or (G=4G4D'. In 
the same way it may be shown that CG=4GD. Therefore the triangles C'CG 
and DGD’ are similar. It follows easily now that CC’ and D’D are parallel and 
CO=s3D'D. 


Also solved by G. B. M. Zerr, and J. Scheffer. 


223. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 


Find a point C in a given line AB, so the lines joining C to the angular points of a 
triangle PQR coplanar with the given line may cut off on any line parallel tothe given line 
and lying in the same plane two equal segments. 


Solution by G. W. GREENWOOD, B. A. (Oxon). Professor of Mathematics and Astronomy in McKendree Col- 
lege, Lebanon, Ill., and W. W. LANDIS, Dickinson College, Carlisle, Pa. 


AB euts any one of the sides of the triangle produced, say PQ, in X. 
Determine the point harmonically separated from X by P and @Q and call this 
point Y. The line joining R and Y cuts AB in the required point C. For the 
sheaf OX, CP, CY, CR being harmonic it is eut by any line parallel to CX in four 
harmonic points one of which is at infinity, therefore the rematning three points 
intercept equal segments. 


Also solved by F. D. Posey, San Mateo, Cal.; R. A. Wells, Bellevue, Neb.; and G. B. M. Zerr, Par- 
sons, W. Va. 


CALCULUS. 


176. Proposed by B. F. FINKEL, A. M., M. Sc., 204 St. Marks Square, Philadelphia, Pa. 
Show by any method, Riemann’s excepted, that 


* b? 
f e~*"COS— 5 da==3 V/ (= )e—®V?c08b/ 2. 
0 


Remark by S. A. COREY, Hiteman, Iowa. 


Solved by Dr. G. B. M. Zerr in his paper entitled On the Evaluation of 
Certain Definité Integrals in the Monruuy of March, 1904, page 57, §2. 


177. Proposed by 0. W. ANTHONY, Heaa of Mathematical Department, DeWitt Clinton High School, New 
York City. 


Find the volume of the minimum cone which can be circumscribed about a hemi- 
sphere. 


Solution by A. H. HOLMES, Brunswick, Maine, and S. A. COREY, Hiteman, Iowa. 


Let v—altitude of cone, r—radius of sphere, k=radius of base of cone, 
6—angle between # and the line joining vertex and circumference of base of cone. 
Then, from similar triangles, z—=r/siné, K=r/cosé. 

Volume V of cone is, V=7R?x/3=rr? /3cos? Osind. 
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When V is a minimum, @V/dé=0, which condition is satisfied when 
sind=1/%, 1. e., V=d(77r°7/8). 


Also solved by R. A. Wells, J. E. Sanders, G. W. Greenwood, W. W. Landis, G. B. M. Zerr, H. L. 
Sherwood, J. Scheffer, and L. E. Newcomb. 


MECHANICS. 
167. Proposed by EDWIN'S. CRAWLEY, Ph.D., Professor of Mathematics in the University of Pennsylvania. 


An anchor ring or torus is produced by the revolution of a circle of radius 7, the 
center of the revolving circle describing a cirele of radius R. A quadrant of the torus is 
cut by two planes through the center of the ring perpendicular to each other and perpen- 
dicular to the plane of revolution. Determine the limiting value of the ratio R:r, so that 
when the quadrant thus formed is placed with one of its ends in coincidence with a hori- 
zontal plane it will rest in that position. 


I. Solutfon by G. W. GREENWOOD, B. A. (Oxon), Professor of Mathematics and Astronomy in MuKendree 
College, Lebanon, III. 


The center of gravity of the quadrant is at a distance d from the axis of 
revolution where d=(4R? +r?)/zR)/2 [Routh’s Statics (second edition), Vol. I, 
ex. 4, p. 280].* The limiting ratio of R to r is given by d/)/2=h—r, whence 
4h? +7r2—=27R(R—1r); and R/r=2.9+. 


II. Solution by B. F. FINKEL, Fellow in Mathematics, University of Pennsylvania, Philadelphia, Pa. 
The equation of the surface of the ring is p=FRsin¢d+)/(r? —R’ cos’ ¢$), 
when r is the radius of a cross-section of the ring and & the radius of the path of 
the center of gravity of the generating circle. Then 


—_9 Jord V 
ee fad Vv’ 
where o (=I, say) is the density dV and element of volume, and x the distance 
from the y-axis to this element of volume. 
Then dV=p?sin¢g dp dé d¢, 
rp Sing cos, and 
SadV=2rk.rr/4=47°r° BR. Hence 


_ 4 a7 Rsing+y (r?—R2cos’6) (in 
cpg S sng a4 [GE iy 
mao” Be cos—l(r/R) * Rsind—y(r?-—R?cos7o)/ 0 


= 5, [" [sin' s2Rtsin26 +7? R?)y/ (7? — R cos" $) dg. 
mr cos—l(r/R) 


Let cos¢=(r/F)cos?; then the last equation reduees to 


*See also Bowser’s Analytical Mechanics, 9th ed., p. 112. 
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4R? +r? 


8 am r? y2 
— 2 2 2 2 f —__ 19] ) = 
= =a [k*-+-r pa (ok +r )eos* ¢ - 24,,c084¢ |sin® ydd = I< PR 


S| 


To insure stability, this must be greater than R—r. Hence, the limiting ratio is 


ca z-- aus +2nr—4) 


re 2(z—3) = 2.94, 


III. Solution by the PROPOSER. 


OA=R, AB=AEH=r. Equation of 
section BEDC is 


(e—RK)? +y?=r?. 


 OH=R+/)/(r? —y?’), 
O'D=R—-1/(r? —-y?’). 

Take as element of volume the 
thread PQ whose length is 47” and cross- 
section dxdy. Then, if OY be taken asaxis 
of moments the abscissa of the center of 
gravity of PQ is 2x/z. Hence, the moment 
of the attraction of gravity upon the whole 
solid is 


7 R+Y(r?—y?) rT r 
af f eededy—4R* (" V/ (9? —y" ay +4 (7? —y")8 dy 
" R—y (r?—y?) 7 0 0 


Xs) 


TY 


4 (7? +4hk?). 


=4r° R? { cos’ 6d0 + 4r4 ( costéd6=rr*? R* +47 r4= 
“0 "0 


The volume of the solid is 4zr?.27R—d47?r°R. Hence, the arm of the center of 
gravity 1s 


mye oy too pr tt? 
ae 4+ 4h y+dz r hk =—3-p- 


If the solid is about to topple over the center of gravity is above C, and 


re+4h? ; 
orp ar, from which 
a y/ (tr? +27 — ; ; ; 
“ — TH o- SS 4) or discarding the negative result, 


Ek _ a+ 4/(a* +22 —4) 
ro Qn-2) 


Also solved by 8S. A. Corey, Hiteman, Iowa. 


==2,902, approximately. 
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DIOPHANTINE ANALYSIS. 


120. Proposed by L. E. DICKSON; Ph. D., The University of Chicago. 


Find the prime numbers p for which «? —prz—px—z2+p*--3=0 has more 
than two sets of positive integral solutions z, z, each <p. 


Remark by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


The following sets of values satisfy the required conditions: When r==1, 
e—=p—2; when 2—=1, —=-p—2. When z=a—2: x=$4+4)/(4p+5), e=$7/(4p-+5) 
—3, hence when 4p-++5 is a square there are more than two sets of values x, 2, 
each <p. 

“p=11; «=1, 4,9; 2=9,2,1. p=41; v=1, 7, 39; 2839, 5, 1. 

p19; w=1, 5,17; 2=17, 3,1. p=71; x=1, 9, 69; 2=69, 7, 1. 
p=29; w=1, 6, 27; 2=27, 4,1. p=89; x=1, 10, 87; 2=87, 8, 1. 


AVERAGE AND PROBABILITY. 


150. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 0. 


If the length of a circular arc be b and the radius vary uniformly, what is the aver- 
age area of all the segments possible? 


Remark by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Qa 1 
Evaluating a=yeoS. (1 et if a , 1n my solution on p. 41, 


we find that, 


L 

Y 

_L clan 1 y ys y> 

TY = Oo7_y y an sitar ort weeceneeee ay 
L 

Y= 


_ yb? E On y? y* y® "| 
~Yy¥=0Fn_y Hog — (sh gait gai ree ) 
i yb? 2r Lhe az 
yO 6Qn_y) lo 8 = yao” y log- 


When y=0, ylog—*=0 Xo. But ylog— =log = + a and by differen- 


— (22/y*)/(27/y) 


tiating numerator and denominator, A = =y=0, when y=0, 


—(1/y*) 


instead of 0? /8z. 
Also solved by Henry Heaton, Atlantic, Iowa, with the result A\=0. 


1538. Errata. For 1/6a read a/6. 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


D 200. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
efiance, O. 


No matter what value x be given, the numerical value of the expression 
(4 +2)/(2x? + 38x-++6) can never exceed 4. 


201. Proposed by H. B. LEONARD, B. 8., Graduate Student, The University of Chicago. 
Solve by quadratics: #+y+ay=75; x? —y?=315. 


GEOMETRY. 


226. Proposed by W. J. GREENSTREET. A. M., Editor of The Mathematical Gazette, Stroud, Engiand. 
The triangles ABC, A'B'C’ are in plane perspective, and the corresponding 
sides BO, B'C’, ...., eut in P, Q, R, respectively. AA’, ....., cut the, line PQF in 
P’'Q'R’, respectively. Show that (PP’, QQ’, RR’) is an involution range. 


227. Proposed by 0. W. ANTHONY. Heaca of Mathematical Department, DeWitt Clinton High School, New 
York City. 


Construct a parallelogram having given a side and the distances of its ver- 
tices from a given point. 


228. Proposed by 0 E. GLENN. A.M.. Fellow in Mathematics, University of Pennsylvania, Philadelphia. Pa. 

Given a point O without a circle 8; two arbitrary lines through O cut Sin 

the points A, A’, and B, B’, respectively. Prove, by pure geometry, thatthe four 

cireles through OAR, OBR. OA'R’, OB'R’, respectively, intersect in points col- 
linear with O; R and RP’ being points upon S arbitrarily chosen. 


CALCULUS. 


179. Proposed by B. F. FINKEL, A. M., M. Sc., 204 St. Marks Square, Philadelphia, Pa. 
Discuss the integrals of the equation ¢(1—x)w"+[1—(a+0+1)x]w'—abw 
—0 in the vieinities x=0, and w=1; indicating the form for the latter vicinity 
when at+b=1. Also when 1—a—O is an integer 7. [From Forsyth’s Linear 
Differential Equations, Ex. 6, p. 103]. 


Cena aneemeneeel 


DIOPHANTINE ANALYSIS. 


121. Proposed by L.E. DICKSON, Ph.D., Assisstaat Professor in Mathematics, The University of Chicago. 


Find a formula for the solutions of 22-+-y? =1 (modp) valid in all cases 
p> 2. 
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AVERAGE AND PROBABILITY. 


154. Proposed by L. C. WALKER, A.M., Professor of Mathematics, Colorado School of Mines, Golden, Col. 


Five points are taken at random in space. The chance that the fifth point 
may be included within the tetrahedron of which the other four points are the 
vertices is sly. 


GROUP THEORY. 


4, Proposed by SAUL EPSTEEN, Chicago, III. 


Find the four-parameter continuous group which leaves invariant 
v,? —2,2,==0. 


NOTES. 


Errata, p. 87, line 7 from bottom, middle column, for ABCEGEF, read 
ABECGDE. 


Drs. C. M. Mason and D. R. Curtiss have been appointed to instructor- 
ships in mathematics at Yale University, the former in the Sheffield Scientific 
Department. 


The Association of Ohio Teachers of Mathematics and Science was organ- 
ized at a meeting held in Columbus April 2, 1904. The officers of the Associa- 
tion are: President, Charles 8. Howe; Vice President, Alan Sanders; Secretary, 
Thos. EK. McKinney. 


At Stanford University Dr. H. C. Moreno has been promoted to an assis- 
tant professorship in Applied Mathematics. Professor Allardice and Mr. Man- 
ning have been granted leaves of absence for one year. Mr. Manning willspend 
the year studying in Europe, his work at the University being in charge of Mr. 
George I. Gavett. 


The San Francisco Section of the American Mathematical Society met on 
Saturday, April 30, at Stanford University. In the morning session papers were 
read by Professors M. W. Haskell, H. C. Moreno, R. L. Allerdice; Dr. D. N. 
Lehmer, and Mr. A. W. Whitney, and in the afternoon session by Professors I. 
Stringham, G. A. Miller, H. F. Blichfeldt, and M. W. Haskell. The next 
meeting will be held on October 1, 1904. 


THE 
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SPHERICAL GEOMETRY. 


By EDWIN BIDWELL WILSON. 


LECTURE VI. RELATIONS OF SYMMETRY. 


Definition: Two triangles ABC and A’B’C' are said to be symmetrical when 
their corresponding sides are congruent and their corresponding angles are symmetrical. 
That is, when the following congruences are satisfied 


AB=A'B’ BO=BC, OA=C'A’, 
XBOA=XA'CUB', XCAB=XB'A'C, YXABCHXCBA’, 


Theorem 41. Two triangles symmetrical to the same triangle or to congruent 
triangles are congruent to each other. If two triangles are respectively congruent and 
symmetrical to the same triangle or to congruent triangles they are symmetrical to each 
other. 

Theorem 42. Two triangles ABC and A’B'C’ which have two sides of the one 
congruent to two sides of the other but the included angles symmetrical are symmetrical. 

Theorem 43. Two triangles which have a side of the one congruent to the side 
of the other but the adjacent angles respectively symmetrical are symmetrical. 

Theorem 44. A triangle which has two congruent sides or two symmetrical 
angles is symmetrical to itself. 

The first of these theorems follows directly from the congruences which 
by definition hold between symmetrical and between congruent triangles. To 
prove the second let A°B°C°® be any triangle symmetrical to the given triangle 
ABC and let A’B’C’ be connected with ABC by the congruences 
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AB=A'B’, BC=BC, ABC=C'B’A’. Hyp. 
Then A°B°= AB, BOC= BC, XO BPA°=HXABC. Def. 
Hence A°BP=A'B’, BOC=BC, XO BA°=HaXCB A’. Ax. V 


Hence the triangles A'’B’C’ and A°B°C° are congruent and Theorem 41 may be 
adduced to show that the triangles ABC and A'B’C’ are symmetrical. Theorem 
43 may be demonstrated in a similar manner and the last of the theorems is evi- 
dently nothing but a corollary of the two which precede it. 

There is, however, in this proof one very serious assumption which must 
be taken as a further axiom unless it can be proved. We said ‘‘let A°B°C° be 
any triangle symmetrical to the given triangle ABO’’ and the fact that there 
could be found at least one triangle symmetrical to the given triangle was an es- 
sential element in the proof. Now it is perfectly conceivable that there should 
be no two triangles which satisfy the conditions imposed on symmetrical trian- 
gles. The definition states that the corresponding sides must be congruent and 
the corresponding angles symmetrical. Here are six conditions imposed on the 
triangle symmetrical to a given triangle, whereas any triangle is completely de- 
termined by three conditions. It may well be that there are no triangles which 
satisfy such conditions. In order to make the proof valid it is necessary to show 
the existence of at least one triangle which shall be symmetrical to any given 
triangle.* This will follow easily (see Theorem 57) after the establishment of 
the next few theorems. 

Theorem 45. If two lines are perpendicular at one point of intersection O, 
they are perpendicular at the antipodal point O'. 

Let a and a’ be the opposite directions on one of the lines and let b be one 
of the directions along the other. Let p, p’, q be the directions which issue from 
0’ along the semi-lines defined by a, a’, 6, respectively. Perform the motion 
which carries a into b. The angle (a, 6) will be carried into its congruent 
(b, a’). The point O’ remains at rest (Theorem 28) and the directions p, q are 
carried into q, p’, respectively (Axiom V). Hence the angles (p, g) and (q, p’) 
are right angles. 


*This is not the first theorem for the existence of some geometric object which we have had to 
prove. Theorem 2 showed the existence of the inverse rigid motion when any particular motion was in 
question. Theorem 4 was given for the purpose of enabling us to affirm the existence of a limiting point 
of a certain series. Lecture IV was to a large extent concerned with establishing the existence of a 
natural order among the directions issuing from a point. Theorem 35 had to do with the existence of a 
bisector of any given angle. Incidentally one may note that the proof of the existence of some object 
need not give any clue as to how that object may be obtained or constructed. In fact, there are two 
radically different methods of procedure in establishing existence: in one the object desired is actually 
found or constructed and thus its existence is assured, in the other nothing is shown save that the 
desired object can be found if looked for in the right place. Of course the former method is in many 
ways more satisfactory, but for the pure logical development of a subject the latter is about as useful and 
often itis easier. Itis probably no exaggeration to say that one of the most important changes which 
the last half century has produced in mathematical thought is the passing of the old attitude of facile as- 
sumption in matters regarding the existence of the objects defined and the advent of a new attitude of 
rigorous insistence on the proofs of this existence. This change was a necessary precursor to anything 
like true logical precision and as such it was invaluable. Itis, however, easily carried to extremes, and 
with deleterious effects on scientific instruction and investigation; for, as was pointed out in the last 
Lecture, a too constant insistence on precision renders the intuition numb and turns originality into 
timidity. 
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Theorem 46. <A line drawn on a hemisphere perpendicular to the line which 
bounds the hemisphere divides it into two congruent parts. 

Theorem 47. Two perpendiculars erected to the boundary of a hemisphere at 
points subtending a quadrantal segment divide the hemisphere into four congruent tri- 
rectangular tri-quadrantal triangles and divide the entire surface into eight such 
triangles. 

Of these theorems the first follows as a corollary of Theorems 45 and 27; 
the second contains the term quadrantal segment which must be defined and jus- 
tified. By Theorem 5 is established the fact that any segment AB mey be ear- 
ried into the segment BA by a rotation about some point C such that AC is con- 
gruent to BO. The point C may be called the middle point of the segment AB. 
Moreover as BC must ina similar manner be congruent to CB, it follows that 
AC is congruent to CB. Hence the point C satisfies a definition for bisector of 
a segment similar to that given in Theorem 35 for the bisector of anangle. The 
middle point C of a segment AB is a point such that AC is congruent to CB. Appli- 
cation of this to the ease of a semi-line OO’ shows that there is a point C such 
that OC is congruent to CO’. Such segments may be called quadrantal segments 
or quadrants. It will be left to the reader to prove the evident theorem that all 
quadrantal segments are congruent. 

Let the line 7 be the boundary of the hemisphere considered. Let A and 
B be two points such that AB is a quadrantal segment. Further, let the per- 
pendiculars erected at A and B cut in O and cut the line / in A’ and B’, respect- 
ively. The segments BA’, A’B’, and B’A are quadrants as may be seen by ap- 
plying to the semi-lines intercepted between A, A’ and B, B’ the theorem that 
all quadrants are congruent. Hence the triangles ABO, BA'O, A’B'O are 
mutually congruent (Theorems 39 and 11). Hence the four corresponding angles 
at O are mutually congruent and therefore right angles. The triangles are tri- 
rectangular. Also the corresponding sides AO, BO, A’O, B'O are congruent and 
consequently are quadrants. The hemisphere has been divided into four congru- 
ent tri-rectangular triangles of which each side is a quadrantal segment. That 
all such triangles are congruent and that there are eight formed on the surface 
of the sphere by three mutually perpendicular lines is left to the reader to prove. 

Theorem 48. If ona given line 1 a point A 1s moved into the antipodal point 
A’ and the direction a, issuing from A and lying along I, is moved into the direction 
a’, issuing from A and lying along lin the same order, the motion 1s involutory and 
each point of the line 1 is moved into its antipodal point. 

The proof of this theorem is similar to that of Theorem 384. Let B beany 
point of 7 and B’ the antipodal point. Suppose that B were carried into B°, and 
B’ into B’’. The motion is involutory: for repeating it brings A’ and a’ back to 
A and a and hence all points return to their original positions. If M denote 
the motion, we have 


A, A’, B, B’, B’, BY, (M] 4’, A, BY, BY, B, Bw’. 
The order of the points ABB’ is the same as that of A’B°B’. Hence both the 
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points B°, B’° lie in the same semi-line BB’ and not in different semi-lines. But 
B°B” is derived from BB’ by a motion and must be a semi-line. Hence the con- 
tradiction — unless B’ and B° coincide. The theorem is proved. 

Theorem 49. All the perpendicular erected to a given line meet in a pair of 
antipodal points. 

Let / be the given line, 4A’ and BB’ two perpendiculars to it intersecting 
in the points O, O'. Let CC’ be any other perpendicular. Consider the hemi- 
sphere containing 0. Move C into C’ and the direction CA in the direction C’A’. 
By Theorem 46 the portion of the surface between the perpendicular CC’ and one 
half of the line 7 will be carried into the region bounded by CC’ and the other 
half of the line/. Hence if O does not lie on CC’ it will have passed from one 
side of it to the other. But by Theorem 48 the points A and A’ will have inter- 
changed their positions. The right angle at A will have taken the place of the 
congruent right angle at A’ and vice versa. The same interchange will have taken 
effect in the case of Band B’. Hence the perpendiculars 4A’ and BB’ will have 
remained unchanged as a whole and the point O cannot have passed from one side 
of CC’ to the other. Hence the point O lies on the line CC’, which was any per- 
pendicular to the line /, and the theorem is proved. 

Definition: The points in which the perpendiculars to a given line meet are 
called the poles of that line. 

Theorem 50. Hvery line drawn through the pole of a given line cuts the given 
line at right angles. 

Theorem 51. Jf a quadrantal segment OA rotates about the point O the ex- 
tremity A describes a line to which the rotating segment is always perpendicular. 

Definition: The line described by the moving end of a quadrant which 
rotates about one end O is called the polar of the point O. 

Theorem 52. If two semi-lines OAO' and OBO’ meet in the two points O and 
O', the angles formed at Oand O' are congruent if the corresponding sides lie on dif- 
ferent semi-lines, symmetrical tf they lie on the same semi-lines. 

Theorem 53. From any point without a given line, other than the pole of the 
line, one and only one line can be drawn perpendicular to the given line. 

Theorem 54. Two right triangles which have the hypothenuse and an acute 
angle of the one congruent to the hypothenuse and an acute angle of the other are congruent. 

Of these five theorems the first is an Immediate corollary of Theorem 49, 
and the second may be proved from these two by showing that the line passed 
through any two positions of the point A is the required locus and satisfies the 
stated conditions. Theorem 52 is readily demonstrated by drawing the polar 
line of O, thus obtaining two bi-rectangular triangles with a common base (apply 
Theorems d and 10 or 11). To find one perpendicular to a given line and pass- 
ing through a given point draw the line connecting the point to the pole of the line. 
There cannot be more than one, because two perpendiculars to a line intersect 
only in the poles of the line. The last theorem is proved by applying the con- 
gruent hypothenuses and allowing the congruent angles to coincide. Theorem 
53 will then establish the uniqueness of the other side. 
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To take up the proof that to any triangle there exists a symmetrical tri- 
angle we shall prove the following lemma, which will be so important when we 
come to discuss the idea of measure that we may denote it as a theorem and refer 
back to it at that time. 

Definition of the sum of two segments:  tiven the two segments AA°, rep- 
resented by a, and BB’, represented as b. The sum a+ b is the segment A B° obtained 
by laying BB® down along the line AA® produced so that B, the initial point of the 
second segment, coincides with A°, the final point of the first segment. 

Theorem 55. The sum, a+b, of two segments a and b is congruent to the sum, 
b+a, of the segments taken in inverse order. : : 

Let a be designated as AA°, and 
bas BB®. Then a+b is A(A°B)B° J 
where A° and B are evoincident points. 
In like manner 0-++a is B(B°A)A° where 
B° and A coincide. Apply A° of the = , . 
second to A of the first in such a way that the direction from A° to A falls along 
the direction from A to A° in the first figure. From Theorem 5 it follows that A 
fallson A°. Then B°Bof the second figure will take the direction BB? of the first 
and B will fall on B°. The segments AB° and A°B coincide and are therefore 
congruent. Henze AB° and BA® are congruent and the theorem is proved. 

Theorem 06. Jf two segments c and d be respectively added to a given seg- 
ment x and yield congruent segments c+a and d-+-«, the segments c and d are congruent. 

In case they are added on the same end of the segment x the theorem is 
evident at once. In case they are added on opposite ends a proof similar to that 
given above and dependent on Theorem 5 may be given. 

Theorem 57. Toa gwen triangle there may be found a symmetrical triangle. 

Let ABC be the given triangle. Produce the sides AB and AC until they 
meet in the point A’ antipodal to A. In like manner produce the other pairs of 
sides and obtain the points B’ and C’. The triangles ABC and A’B'C' are sym- 
metrical. For in the first place AA’ and BB’ are semi-lines with the common 
segment B’'A. Hence by Theorem 56 the segments AB and A’B’ respectively 
which added to the same segment B’A yield the congruent semi-lines, are them- 
selves congruent. In like manner BC and CA are congruent to B’C’ and CA’. 
And in the second place the angle BAC at A is either congruent or symmetrical 
to the angle B’A’C’ at A’ (Theorems 34 and 52). Now ABand A’B’ are directed 
in the same order along the line on which they lie. Cand C’ lie on opposite 
sides of this line. Hence if AB be moved into coincidence with A’B’ the sides 
AC will not take the direction A’C" but will lie on the other hemisphere from it. 
Consequently the angles are not congruent and must be symmetrical. In like 
manner the other corresponding angles may be proved to be symmetrical. The 
triangle A’B’C’ therefore satisfies the six conditions of congruent sides and sym- 
metrical angles imposed in the definition given at the beginning of the lecture. 
The theorems concerning symmetrical triangles are valid and the development of 
such theorems as the following may. be left to the reader with merely a caution 
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generally to substitute ‘‘symmetrical’’ for the ‘‘equal’’ which is found in most 
books or for the ‘‘congruent’’ found in some. 

Theorem 58. The bisector of the vertical angle of an isosceles triangle, the 
perpendicular bisector of the base, and the perpendicular let fall from the vertex to the 
base are all coincident. 

Theorem 59. In a triangle symmetrical angles are opposite congruent sides 
and conversely. In case the angles are not symmetrical the greater angle is opposite 
the greater side and conversely. 

Theorem 60. Of oblique lines drawn from a point to a line those cutting off 
the greater segments from the foot of the perpendicular are the greater or the less ac- 
cording as the perpendicular is less or greater than a quadrant. 

To quote the theorems concerning the locus of points equidistant from two 
given points or from two given lines and others like them would be merely 
tedious. Enough has been said to show the great importance of the ideas of 
symmetry to the development of spherical geometry and of plane geometry in 


case all operations are to be restricted to a plane. The really instructive part of 
the work was the necessity of establishing the existence of such objects as sym- 
metrical triangles. It may be noted that as yet no construction for the middle 
point of a line or for the bisector of an angle or for a right angle has been given. 
These come in more appropriately under the topic of circles. The knowledge of 
the existence of the elements desired and not a method of finding them has been 
all that has proved necessary. Jt may also be noted that no measure either of 
segments or of angles has been introduced. The ideas of congruence, of ‘‘great- 
er than’’ and ‘‘less than’’ which were derived from congruence, and even of the 
sum of two segments could all be carried out in a purely geometrical way by aid 
of Axiom V with no assistance from the theory of number. 


A SIMPLE CONSTRUCTION FOR FINDING THE DIAMETER OF 
A GIVEN MATERIAL SPHERE. 


By H. S. QUACKENBUSH, Lawrence Scientific School, Harvard University. 


The following construction for finding the diameter of a given material 
sphere appears simpler and more direct than the one given in Wentworth’s, 
Phillips and Fisher’s, and other current text-books. 

From any two points P and @ on the sphere as poles, with compass-open- 
ing a, describe two ares on the sphere, intersecting at A and B. From the same 
two points as poles, with a different compass-opening 0, describe two more arcs, 
intersecting at Cand D. These four points, A, B, C, D, will then lie on a great 
circle of the sphere, namely, the perpendicular bisector of the are PQ. 

To find the diameter of the sphere we have then simply to choose 
any three of these four points, say A, B, C, measure with the compasses the 
straight line distances between them, lay off the plane triangle ABC, and find 
the diameter of its circumscribed circle. 

This construction, like the one usually given, requires only a small part 
of the spherical surface to be accessible. A good check on the accuracy of the 
work ean be obtained by making a different choice of the three points. 
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ON THE TOTITIVES OF DIFFERENT ORDERS. 


By Professor G. A. MILLER, Stanford University. 


While the close connection between number theory and group theory has 
been frequently observed yet this connection has been explicitly developed in 
comparatively few cases. Such developments are especially important from a 
pedagogical standpoint since much time can be saved by studying related sub- 
jects from a common point of view. The following note aims to exhibit an 1n- 
teresting application of group theory to the totitives of different orders. 

Let ~(m) represent the number of natural numbers which are both prime 
to m and do not exceed m. The formula 


1 1 1 
P(m) =m — Pp? (1— P. srosteaeaene (I~); 


Day Dog verve , Pn being the distinct primes which divide m, is known as Euler’s 
g formula. The value of ~(m) is called the indicator of m, according to Cauchy. 
Sylvester has called it the totient of m, while the g{m) numbers themselves are 
ealled the totives of m. The formula has been generalized in a large number of 
ways.* Jordan,t Klein{ and others have employed the following generalization. 

Consider the number of different sets of k numbers such that none 
of these numbers exceeds m and that the greatest common divisor of m and all 
the numbers of any set is unity. The number of these sets is denoted by ~,(m) 
and is called the totient or indicator of order k with respect tom. When k=1 
it reduces to the ordinary totient and the subscript is usually omitted. The 
value of g,(m) may be determined as follows: 

Suppose that an abelian group (@) has & independent generators (8,, S2; 
sesteaeeeeaee: , 8) of order m. It is well known that every operator of @ can be written 
in the form 


The order of sis m whenever the greatest common divisor Of 2, @,, g4 -ssesess , a 
is unity, and conversely. Hence @;,(m) is equal to the numbers of operators of 
order m in G. To find this number it is convenient to consider a different set of 
independent generators of G. If 


G is the direct product of » subgroups (H,, H,, .............. , H,,) of orders p,**, 


*Cf. Encyclopaedie der Mathematischen Wissenschaften, Vol. 1, p. 557; Hagen, Synopsis der Hoeheren 
Mathematik, Vol. 1, p. 12; Lucas, Theorie des Nombres, Vol. 1, p. 399. 

tJordan, Traite des Substitutions, p. 96. 

tKlein-Fricke, Theorie der Elliptischen Modufunctionen, Vol. 1, p. 397. 
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Pg Pah, cesseesecseen , PrP*, respectively. Each of these subgroups has & independent 
operators of orders p 81, 282, sess , Dn®", respectively. These independent gen- 
erators are also independent generators of G.* 

In order to obtain an operator of order m it is necessary and sufficient that 
its factors from H1,, Hg, , H,, respectively, be of the highest possible 
orders; 7. e., these fastors must be of orders p,?:, p82, 0 , p,2". The num- 
ber of operators of p,*: in H, is clearly equal to its order diminished by the order 
of a group having its & invariants equal to p,*:—1. As similar remarks apply to 
the other subgroups we have 


Py (Mm) =p, Pr—-YF BoB ere Pr P—YE (pF) (pg! 1) wren (pr*¥—1) 


wy ty to 
"(LA Yd op) anne (1 


It is well known that the g(m) numbers which are the totitives of m form 
a congruence group with respect to multiplication, viz., the group of isomorph- 
isms of the cyclic group of order m. The total number of totitives of any higher 
order than the first do not form a group. If we take only those sets in which 
each of the k elements is prime to m we obtain [p(m)]* sets which clearly form 
a group when the corresponding elements of the sets are multiplied together. 
This is the direct product of k groups of isomorphisms of the cyclic group of 
order m. 

The above method of finding the value of g,(m) is not any simpler than 
the one which does not involve the theory of abelian groups.t The main object 
of this note is to call attention to the fact that this important function is involved 
in the determination of the number of operators of highest order of some special 
type of abelian groups, while it is not difficult to determine the number of oper- 
ators of every order in any abelian group. { 

From the standpoint of group theory the given [ p(m) ]* sets of k numbers 
which are separately prime to m furnish an interesting extension of the import- 
ant system of congruence groups formed by the totitives of m.§ It should how- 
ever be observed that it is not possible to represent all abelian groups by such 
sets of numbers. All abelian groups having s invariants may however be repre- 
sented as additive groups whose operators are sets of k numbers taken separately 
with respect to k mnduli m,, Mg, 0+ , m;,, which are respectively equal to the 
invariants. In fact this is ordinarily done when the operators are represented 
by an index system. 

*As the order of each of these nk independent generators is a power of some prime number these 
orders constitute the maximum number of invariants of G and they are completely determined by this 
property. 

{Cf. Theorie des Nombres, 1900, p. 36. 

tCf. Netto, Vorlesungen ueber Algebra, Vol. 2, 1900, p. 247. 


§Weber, Lehrbuch der Algebra, Vol. 2 (1899), p. 60; Pund, Mitteilungen der Mathematischen Gesell- 
schaft in Hamburg, Vol. 3 (1899), p. 871. 
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AN ELEMENTARY EXPOSITION OF THE THEORY OF 
FINITE DIFFERENCES.* 


By SAUL EP§TEEN. 


§1. 

In the Differential Calculus we study the limit of the ratio[ f(~+ ar)—f(*)] 
+A aS Aw approaches 0; in the Calculus of Finite Differences however we 
study it as aratio in which Az is finite. 

The function of x under consideration being wu, it is customary to write it 
u, and to designate its increment by- Au, where Au,=tz+,0—Uy- In the Differ- 
ential Calculus a is not a fraction but a symbol of operation, du, dx having 
no meanings by themselves. In the Calculus of Finite Differences on the other 


Atty . . 
hand x is a true fraction. 


one, the following simplification is ordinarily in- 
troduced. Letting av=h and writing x=-At it follows at once that for h—con- 
stant, Az=haAt, whence At=1. Thus it is seen that by asimple transformation 
of the real variable w, the increment may be taken as unity; replacing ¢ by z, 
Axz==1 and the attention need now be directed merely to the operation 4, defined 
by the equation Aty=Uezi1—U,. The above simplification consists at bottom of 
selecting the finite increment Az as the unit of measure. 
§2. 

Since Aw, is itself a function of x its increment A( Au,) may be found 
by the same provess as above; it is ordinarily designated by A?u,. In a like 
manner the differences A*uU,, A Uy, may be found. As an example of this 
notion of successive differences consider the very simple function u,==7?. Evi- 
dently A U,==Uy 41—Ug==2@ +1; A?uU,=2. The following table may therefore be 
made : 


Instead of considering 


value of x | 1 2 3 4. o 
Uz 1 4 9 16 2D) anne 

A Uy 3 D 7 19... 
A ty 2 2 Q caeesees cesestenee seetiteeg sseneneeetet 


It is interesting to observe that if any term be subtracted from the one immed- 
iately following to the right, the difference will be the term immediately below 
it. This is general of course, being due to the fact that A ug==uy41— Ue. 

It will now be shown that if #z--ax", A”u,—an! 

By definition, Aug==a(a+1 )"—aae=az" 1+), 0-727 +5,4-3 +... ,5,, dg, 


*Literature: A Treatise on the Calculus of Finite Differences, by George Boole; Theorie der Differ- 
enzen und Summen, by O. Schloemilch; Differenzenrechnung, by A. A. Markoff; Differenzenrechnung, 
by D. Setiwanoff in the Encyklopaedia der Mathematischen Wissenschaften, Bd. 1, Heft6. 


sevseeee , being constants; repeating the process the result may be written 
A 24,—=an(n — 1) a2 4-6, 2"—3 + 6, 08-48 $F eee ok oe being constants ; 
continuing in this manner the desired result is reached. 

Evidently A‘axs=0 if r>s, hence 


A P(A, 2A Ag AV ccc +dy_w+a,)=a,n! 
An expression 
1d Cea | Cee) een (2—m+ 1) =2™) 


is known as a factorial. It is important to observe that in the Calculus of Finite 
Differences factorials play an analogous réle to that of powers of x in the Differential 
Calculus. 


Thus, 


ax” , 
apne 5 Now A em) — Ce] Cm) — gm) 


—=(#+1)e(a—1)..W.W0..... (2—m-+ 2) —a(a— 1)... (c—mt+1)=mer—), 


The following theorem of the Calculus of Finite Differences reminds one 
of Maclaurin’s theorem in Differential Calculus: Let (7) bea rational integral 
function of x of the mth degree, then it may be expanded in a series of factorials 
thus: 


(1) o(2)=9(0)+ a (0). ASO ae 4 SPO a) 4g DMPO) omy, 


In proof, assume 
(0) =A} bir $00 + df erage + Het ™, 
then A b(t) =b + 2ex 4 Bda®) eee eee + mhalm—V), 


A > o(2) =2¢+3.2dx-+ seeseresereres +m(m—1)har—), 


A™b(£)=m(m— 1)... 2.1.h. 
From this it is clear that 


a=(0), b=A 4(0), eh HO), sense pa he). 


§3. 
In §6 difference equations will be studied of the general form 


(2) Pi, Wag, Uae. y serseeeoeee , Us+n) =0. 


The considerations of §§1, 2 would. lead oné to suppose however that a linear dif- 
ference equation should have the form 
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(3) Pa (L, A Wey A Ugg vnreecrecsneee », AU,)=0 
where A? Up==A CA Uz), A 2Ug==A CA 2g), weereseereeee 


The equations (2) and (3) are in reality equivalent. First, by demon- 
strating that for any integer j the difference a’u, can be expressed linearly with 
constant coefficients in terms Of Ugij, Mapper, reece , Uxi1, Uy it will be concluded 
that an equation of the form (3) may be replaced by one of the form (2); see- 
ondly, by showing that u,,; can be expressed linearly with constant coefficients 
in terms Of A Jy, AIWMh gy neces , AUg, Uz, it will be concluded that an equation of 
the form (2) can be replaced by one of the form (3). 

I. By definition Au,—wu,,1—U,, Whence 


A 2g== A CA Uz) == (Ue 2 — Ue 1) — (ae — Ue) =a pe — 2a Ey. 


By the ordinary method of induction it may be seen that 


, . (7-1 , 
(4) A IU =U 4.5 — Je 4 j—1 $I Dat ig ot seneceeee + ¢(—1)/2,. 


II. From A u,==u,11—U,z it is seen that uy.4;—=uv,y+ Au,, whence 
Uap 4.9 Ue t A Uy A (uz+ A Uz) =U, +2 A Ue + A "Ur. 
It follows now by induction that 
(9) Ug 47 = Uz tj A tet LIE a) oe + Asug. 
§4. APPLICATIONS. 
{. Writing 0 for x and x for j in equation (5) there results 


’ x(rt—1 
(9) toMy PEA ty pee 1 Ay + sesecneneeeee . 


Suppose now thereis given log3.14==.4969296, log3.15—.4983106, log3.16 
—-,.4996871, log3.17=.5010598 ; required an approximate value of log3.14159. 

The following table with the decimal point omitted may be written down 
at once: 


Wl Wy Wo UL. 
4969296 4983106 4996871 5010598 
A | 138810 13765 18722 
A? — 45 —43 
A3 | 2. 


The eommon difference of 3.14, 3.15, 3.16, 3.17 is .01; this being taken 
as the unit gives the value of x which corresponds to 3.14159 as .159. Hence 


by (5’), 
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(6)  u,==4969296-++.159 x 13810 + 4(.159)(.159—1) x (45) 
+-1(.159)(.159—1)(.159_2) x2; 


whence u,==.4971495, which is correct to the seventh decimal place. 

IJ. In Life Insurance it is customary to denote the number of men living 
at an age x by /,. Suppose there is given a Mortality Table, obtained from stat- 
istics, containing the values of / for intervals of five years; the problem is to in- 
terpolate for the intermediary values. The formula (5’) is applied. 

Let u, be the desired value of the number living at the age z, l,.,-=I', the 
number living at the nearest five-year period which is z years younger or older 
than the age at which the value is desired. Evidently z}2. 

If uy =V2-5, Uy =U, Uy =l'245, Ug=l,, it is seen that 


AUg=U,—Uz-5, AU, =l245—l,, and 
A? ty == e245—U 2) — 0, 2-5) =l'2 4.5 — Ol, 4 I 2-5. 
Inserting in (5’) and stopping at the second differences, 


re Bah) U245—2U',+1,_5). 


(7) oo 5+al’, —T,_ 5+ 
It should be kept in mind that in (7) 2 is expressed in units of one year while x 
is expressed in units of five years. 

IJ. The area bounded by a curve, two ordinates u,, uw, and the axis of x 
being divided into two equal parts by the ordinate u,, an approximate value for 
the area is required, the distance between u, and u, being taken as the unit of 
length. 

The general ordinate being u,, the expression for the required area 


2 
f u,dx becomes, by means of (5'), 
0 


2 
f Up, AX = of dx + Awof vate +o 0 a x(x—1 )da=2u,+2 Au, +hA ru. 
0 
Since Auy=U,—Uy, A®uty =U, —2u, +u,, it follows that 


fix de— U,-+4u;+U, 
o 3 
This is known in the Calculus as Simpson’s Rule, the generalization of which 
for the numeral solution of differential equations was made by Professor 
C. Runge in the Mathematische Annalen, volume 46. 

Consider the interval u,u, divided into six parts by the seven equidistant 
OLCINATES Uy, Uy, Uys vseresrrerssees ,U,, the distance between the two adjacent ordinates 
being taken as the unit of length. The formula for the area becomes by (5’): 


f, Ucdx=6Uy-+-18 A Uy +27 A Pg +24A Fug +428 A fu, +33-A Su, +sth Ao uy. 
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The last coefficient, 475, differs from +42, or 3, by the small fraction ;,, 
and as from the nature of the approximation the sixth differences are supposed 
to be small, the error will be very slight if the last term be changed to ;%, A Si). 


By means of §2, I, it follows now that: 


6 
f Ualle = Fy [Uy +g +U,+u,t5(u, tu, +5) + U3]. 
0 


This very elegant approximation for the area reads in words: Divide the area 
into six equal parts by means of seven ordinates and take three-tenths of the sum 
of the odd ordinates plus five times the sum of the even ordinates plus the mid- 
dle ordinate; the distance between the ordinates being the unit of length. 

The generalization of this interesting rule for the numerical’solution of 
differential equations has not yet been made as far as I am aware. 


§9. 
The term ‘‘finite integration’ is employed to denote a process whose re- 
lation to A is analogous to the relation of integration to D =, ; 


In the Calculus integration may be defined in two ways, first as an area 
( Awde and secondly as the inverse of differentiation, 7. ¢., D,—1f(x), the for- 
“ a 
mer being related to the latter by the equation 


Sf@ae=[Dd.> ey | 


The situation in the theory of finite differences is similar; the finite integral of 
u, may be also defined in two ways. 
I. Let Av,=u,, let a be some constant and take uw, as the initial term, 


then v,== N47 Un* Ug t Wa par eneeceseeeene +Up—1: 

POY Ug 41 Ug Wah eersesecsseen +Ug.1-+Us, Whence Vy .1—Vz= A Vz=Uz. 

Il. Su,=[A—u,]. The number of expressions satisfying this second 
definition is infinite since it includes q+ gy $ essence +Uz+1 for all values of a. 


But just as in the Integral Calculus it may be shown that 8,?u,—=[ A ty |®. 
Let f(x) be a function such that A f(2)=uw,, 


flat1)—f(a)=uq 
fla+2)—flat1) =a 


S(®) —f(@—1) Ste, 
hence, by addition, S(®)-—f(@y=S8,7 Uz, 
_ ° ° ___ —] ° hd —— —1 
and from A f(*)=uz , which gives f(#)= A—u, , itis seen that 8,° uz =[ Au, i, 
*We regard the use of Sin place of the customary > as preferable, first because it corresponds 
closer to the S of the Integral Calculus; secondly, because it leaves the > open for use in denoting 


ordinary summations; and thirdly, when the integration cannot be performed and the S must be regarded 
as a functional symbol, there cannot be any confusion as may possibly occur in the case of the >. 
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the value for the lower limit being subtracted from the value for the upper limit. 
The above makes it possible to speak of definite and indefinite finite integrals. 
III. Let 8*u,—f(«) be defined according to I and let A—u,—f(x)+w,; 
then uz=Af(2) + Aw,=u,+Aw,, Whence Aw,=0; that is to say, w=constant, 
and therefore A —u,—S’n, +0. 
IV. In §38 it was shown that Ax —=ma™—1), where 10) =2 ("7 —1) oes 
(c—m+1). This gives immediately an illustration of finite integration, namely: 


afm +1) wy gs . Ue a) A 24 
Ser — mail + C. By substituting u,—Svz in (5’), t,=u) +2 A Uy ta wees 
and writing c=w,, there results 
(2) 

(8) Sv,=c + Xv, tS A+ sesteseesesee: 
the number of terms being finite if v, is rational and integral. 

Suppose now that it be required to find the sum of 1? 4+2?+- www... +2?, 
Applying (8) and observing that Av,=1, A ?v,=2, 

124224 0. +(a#—-1)?=Sx? =e ee en DG). 2, 


When #=2, c=0, and adding x? to both sides it follows by easy reductions that 
12427? 4 i. +a? ==49(¢4+1)(2¢+1). 
$6. 
It sometimes happens that instead of the difference Au of the function u 
being given to determine u, some relation between its successive differences is 


given. As illustration, let A ?u,— A Uy — Az; 1t may easily be ver- 


2 2 
r+] x(x#+1) 
ified that the solution is wax? + ba. 

In general, if the relation f(x, Ug, C1) oo , C,)=0 is given, and if ¢,, 
seeeseeee , ¢, are eliminated by means of the successive differences A ‘f(a, Ux, 6,5 cen, 
Cy) =fil@, Wey Cy eee » Cy) =90 (= 1........ n), there will result a difference equation, 
FC, Ug, A Wary wenn , A™U,)=0, whose complete primitive f(a, tte, C1) » Cy) =0 
contains arbitrary constants. By §2, I, the latter equation can be replaced by 
ONE 1D Uy, Uys were » Uxinj SOlved for wy, it has the form 
(9) Un tna Cy Ugy Ug apy neereeencene » Urin--1)+ 
It will be observed that the independent variable x takes on values which 
differ by unity, hence tain piseG (HHL, Up aay coeecene » Uzin); eliminating un by 
means of (9) the result may be written trpjn41 =¢(L, ey ey Uen—1 )- Similarly 
(10) Unintm—= Vm; Way scceerenceeee » Urtn—-1 ) (m==1, 2, 3, be cneeeeesenes ). 

It is now clear that the difference equation (9) is a recursion formula for 
the function uw in terms of the » arbitrary values at the points 2, a+, .............. ; 
r+n—1. Replacing <+n-+m by z the general expression for the function is ob- 
tained. It should be noticed however that it is tacitly assumed that the function 
¢ is finite at the points 7, 74+], 00000... ,e¢+n+m. Thus, if the equation is linear 

Uaan + Pe Ugg mp cE eveecesceeeeen +De™ ty =0, 
the above discussion applies only when the coefficients pz‘), ........ » Px \™ are finite 
at'the points 7, 741, #2, ow. The general linear homogeneous equation of 
the first order may be written in either of the equivalent forms A ue +z Uz 0, 
Uet1=Px Ue. Starting with x=a and taking successive values, 


Wa t1 = P(A) ay Ua 2= PCA) ag ry cece » Uat+m==p(a +m —1)a tm 41; 
this gives at once taim=p(a).p(a-+1), ......... »pla+m—1)u,. Writing a+m=x 
Ug—=C, We have tty, =c.p(X—1) .p(L— 2). ceeessereee -p(a+1).p(a) which is the general 


solution sought. 

Just as in the theory of linear differential equations certain other special 
cases, such as equations with constant coefficients, can be integrated. For the 
linear equation of the mth order (n>1) with variable coefficients no general 
methods are known. 

CxHicaao, June, 1904. 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


198. Proposed by F. P. MATZ, Se. D., Ph. D., Proféssor of Mathematics and Astronomy in Defiance College, 
Defiance, O. 


Solve 2¢+¥=—=6y; 37==3.2yt1, 


Solution by @. B. M. ZERR, A. M., Ph. D., Parsons, W. Va., and A. H. HOLMES, Brunswick, Me. 
2°+¥=—6Y, gives 2°=38v............. (1), 3¢==3°29+1, gives 37722941. (2). 
(1) multiplied by (2) gives 6%=6971... (3). 
From (1), z/y=log3/log2; from (3), z=y+1. 
y=log2/(log3 —log2), z=log3/(log3 — log2). 
Also solved by F. D. Posey, J. E. Sanders, G.W. Greenwood, Christian Hornung, L. E. Newcomb, 


J. Scheffer, Grace M. Bareis, and the Proposer. 


199. Proposed by SAUL EPSTEEN, Ph. D., Chicago, Il. 
Solve (a@—a,) (t—a,) (4—as) (@—4;) @—4,)=(#+4,) (4+a,) (445) 
(aa, (@ta,)(@+a5). 
Solution by F. D. POSEY, A. B., San Mateo, Cal., and G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Let p,=3a,, p.=a,a,, etc. Expanding both members of the equation 
we have #° —p,x°--p,0* —p.&? +p. ©? —Py@+ Pp= eo +p, © +p, 84 -+pee? +p a? + 
p;% +P.5, which reduces to p,%°>+p,x2°-+p,%—0. One root is therefore 0. Divid- 
ing by x, we have p,x4+p,7?-+-p,==0. 
Solving the latter as a quadratic we have x*=—[—p,+(p,’ —4p,p,)* ]/2p,. 
a fo ee a Uy — 4? Ps)? PxPs) |: 


Since the original cation is of the sixth degree, one root is infinite. 


Also solved by G. W. Greenwood, B. A. (Oxon), and L. £: Newcomb. 


GEOMETRY. 
220. Proposed by G. B.M. ZERR, A. M., Ph. D., Parsons, West Va. 
Two triangles are circumscribed to a given triangle ABC, having their 
sides perpendicular to the sides of the given triangle. Prove that the two tri- 
angles are equal, and find the area of these triangles. 


III. Solution by J. SCHEFFER. Kee Mar College, Hagerstown, Md. 

Let A’B’=c’ be the side of the circumscribed triangle drawn through B 
and perpendicular to AB, A’C’=b' through A and perpendicular to AC, and 
B'C'=a’' through C and perpendicular to BC. It is seen at once that triangle 
A'B'C’ is equiangular with triangle ABC. We have 
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a écos.A esinA cosAsinBsin0-+sin? A 


A’ B'’=c'=ccootA + ane oe et ee ee eS SS 
' sinB sina sin B sind sin Asin Bsin( 


1—cosd(cosA—sinBsin@) | 1+cosAcosBeosC 
i sin Asin Bsind ~~” gsinAsinBsin@ 


=c(cosecAcosecBeosecC-+ cotAcotBeotC) =c(cotA --eotB + cot). 


By analogy b’=t(cotA+cotB+cotC), a’=a(cotA+eotB+cotC). This 
proves the equality of all circumscribed triangles, the ratio (cotA --cotB+-cotC) 
being the same. Denoting the triangle ABC by «, this ratio may also be ex- 
a? +b*-+-¢? 


pressed Denoting the area of the circumscribed triangle by a’, we 
TA § y 
2 2 2\2 
have evidently ~’=(cotA + cotB-++cotC)? a Ses ee ; 


222. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
At the ends of a foeal chord CO’ of a parabola are drawn the normal 
chords CD, C’D'’. Prove that DD’ is parallel to CC’ and equal to three times its 
length. 


III. Solution by J. SCHEFFER, Kee Mar College, Hagerstown. Md. 


It is a well-known theorem that the two tangents at the extremities of any 
focal chord in a parabola intersect at right angles on the directrix. Choosing 
two such tangents for the axes of codrdinates, the lengths of the tangents be- 
tween the origin and points of contact being a and 6, we have (4/a+y/b—1)?= 
4xy/ab as the equation of the parabola, and «/a-+-y¥/b =1 the equation of the focal 
chord. The equation of the normal at C’ is =a, and at OC, yb. Substituting 
these in the equation of the parabola we get for the point D, (a, 4b) and for D’, 
(4a, 6). Consequently the equation for DD’ is y=—(b/a)x+3b, which shows 
that it is parallel to CC’. DD'=,/(9a?+96?)=8)/(a?+02); and CC'= 
jy (a*+b*), which proves DD'=8CC". 


223. Also solved by L. E. Newcomb, Los Gatos, Cal. 


224, Proposed by WILLIAM HOOVER, Ph, D., Professor of Mathematics, Ohio State University, Athens, O. 

The equations to two circles are (x—a)?+(y—b)?=c?, (4—b)?+(y—a)? 

=¢* ; give the length of their common tangent and thence the condition that the 
two eireles may touch. 

Solution by J. SCHEFFER, Hagerstown, Md.; F. D. POSEY, A. B., San Mateo, Cal.; G. B. M. ZERR, A. M., 


Ph. D., Parsons, W. Va.; A. H. HOLMES, Bruaswick, Me.; J. E. SANDERS, Hackney, 0.; CHRISTIAN HORNUNG, 
A. M., Tiffin, 0.; £. L. SHERWOOD, Pittsburg, Pa.; GRACE M. BAREIS, Bala, Ps. 


Since the circles are equal the length of a common external tangent 
is equal to the distance between the centers which is 1,/[(a—b)?+(b—a)?] 


=(a—-b)7//2. 
.. The circles will touch if (a—b)2—2e?. 


Also solved by L. E. Newcomb, Los Gatos, Cal. 


139 


225. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 
Determine the sides of a triangle, given the lengths of (1) the three alti- 
tudes, (2) the three medians, (8) the radii of the escribed circles, (4) the radius 
R of the circumscribed cirele and any two of the three quantities r—radius of in- 
seribed circle, s=semi-perimeter, A —area. 


Solution by the PROPOSER. 
(1) Let A be the altitude on side a, Bon side b, C on side ce. 
A=pP[s(s—a)(s—b)(s—c) ]|=saA=—sb0B=3c0, 
b—=a(A/B), c=a(A/C), 2s=a+b+c=—a(14+A/B+A/0), 
2(s—a)=a(—1+A/B+A/C), 2(s—b)=a(1—A/B+A/0), 
2(s—ce)=a(1+A/B—A/C). 
1, 0=2/A W, b=2/BW, c=2/0W, W=p/ [01/44 1/B8+1/0)(-1/A4+1/B 
+1/0)(1/A—1/B+1/0)(1/A+1/B-1/0)]. 
(2) Let A be the median to side a, etc.; Othe intersection of the medians. 
From the triangle with base a and vertex 0, we have 


(30)? +(§B)?=2($4)* +2(4a)?, whence a? =3B? +50? —§A?. 


Similarly, 6? =8A?+8C?—4¢B?, c?=§8A?+8B*—£C?. 
(3) With the usual notation for the radii of the escribed circles, 
A A A 3 
y=) Ng Sg =) AP SIT 3s A=TPS. 
s—e 
b+ ¢—a=28s— 2a =2 A/r,, A—b+e=2 A/r,, a+b0—C=2 A/r,. 
a= A(1/r,+1/r,), b=ad/r,+1/73), c= a C/r,4+1/7,). 
2s AC /r,+1/r,+1/7;), 1/r=1/r,+1/r,+1/r3), 


er A ee 
PEE Ory Flr + 1/3)" OV ata this +1 27s) 
a= r,(r, +1) b= r.(%4 +15) c= rs (7, +7, ) 
VACEUP T1113 +173)’ VO" +1115 +7215) V Oi" 2 Tyr +P, 1s ) 
(4) The three cases are equivalent since Ars. Let then f, r, s be given. 
The problem may be reduced to (3) since r,, 7,, 7; are the roots of 


v'—(r+4h)x? +s?x—rs?=0. 


To determine a, 0, ¢ directly, we employ a+b+c=2s, abe=—44 R=4rshk, 
(s—a)(s—b)(s—c)= A?/s=r’s. 

+g —s?(a+b+c)+s(ab+act bc)—abe=r?s, ab+act+be=s*?+r?-+4rR. 
Hence a, b, ¢ are the roots of y? —2sy? +-(s? +r? +4rR)y—4rsk—0. 


Also solved by J. E. Sanders, J. Scheffer, and G. B. M. Zerr. 
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CALCULUS. 


— 


178. Proposed by SAUL EPSTEEN, Ph. D.. The University of Chicago. 


ot add 
Evaluate J. tisine ds . 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
ee ee 
0 l+sin?g Jo sin’ g+cos*y+sin?g J 4 cos?g + sin? p 
_ sec? pd p 1 - ( ) = 7 
=f TpStan?p p73 am Vv Atane)) =a 


II. Solution by A. H. HOLMES, Brunswick, Me. 
coséda 


aa _ Tl an 
Putting singé=tané, then =f I+sintg ~ J 7/(1—2sin20) 


1 - _, V2 sind 
= gsm (\/2 sind) =~ gsin VY (ipsin®0)’ 
Hence, (1) =F sin V2. 


III. Solution by CHRISTIAN HORNUNG, A. M., Heidelberg University, Tiffin, 0.,.and GRACE M. BAREIS, 
Bala, Pa. 


fate = fe sec? ddd sec? ddd 
air see? d+ tan2¢ 1+2tan? ¢ © 

sec? ddd 4 
1+-2tan?¢ uF Sue $+? v4 
= /2 tan—2z,/2, and, replacing the value of x, we have 


S, me (ay2 tan—,/2 tang)" a 


Also solved by John G. Kellar, F. D. Posey, J. E. Sanders, J. Scheffer, S. A. Corey, G. W. Green- 
wood, E. L. Sherwood, Homer R, Higley, and L. E. Newcomb. 


If tand=z, 


MECHANICS. 


168. Proposed by M. EK. GRABER, A. B., Instructor in Mathematics and Physics in Heidelberg University, 
Tiffin, Ohio. 

In Bifilar Suspension W is the weight of the suspended mass, a and 6 
the distances between the threads above and below, h the vertical height of the 
threads. If the difference in vertical components of tension is n times W and @ 
is the angle turned through in azimuth, momental resistance is 4(1—n?) W(ab/h) 
sind. [Perry’s Engineering. ] 
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Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

Let AB=a, CD—b=-KL, AE=HG=Br=h, 2 CGK= / LGD=0, AC= 
AK=l, BD=BL=l'. Let T, T, be the vertical tensions at Cand D, C@G= —KG@=n, 
GD=GL=y. Then T+T, _W, T—T,=nW. | 

. P=$W(14+n), T;=sW1—7n). 
3 W1l+n)r=$W(1—n)y and 2ty=—0. 
a= 26(1—n), y=3b(1+-n). 

Similarly, AH—HG—sa(1—n), 

HB=FG=4sa(1+n). 

Let HEAK=—¢, LBF=¢. 

Q=the momental resistance at K. 

(=the momental resistence at LD. 

Draw KP perpendicular to AH. Then 
AP=leos¢. 

PK=lsing=|/ (HG?+ KG? —2HG.KGeos0). 
. lsing=$(1—n))/(a? +6? —2abcosd).....(1). 
Also Qd6=—43$W(1+n)d(leos¢)=$ W(1 + n)lsinddd. 
. QdO=$ W(1+n)lsin dd¢.....(2). 
ab(1—n)sing 

From (1), loos hd bs pr  Satcosd) — (3). 

Multiplying (1) by (8), we get 


l?sing cos? dd=4ab(1—n)? sind dv....(4). 


Eliminating dé, d¢ between (2) and (4) we get 
Q=3(1—n? )(1+n) W(ab/leos¢)sind. 
Similarly, Q'=$(1—-n*)(14 n) W(ab/l’cosd’) sing. 
Since the deflection is small we can place leosé =I'cos¢==h. 
1 Q=4(1—n?)—n) W(ab/h)sing, Q'=4(1—n? )(1+n) W(ab/h)sind. 
Momental resistance—Q+ Q’. 
94-931 —n*?)1—n+1-+n) W(ab/h)sindb=4(1—n?) W(ab/h) sing. 


AVERAGE AND PROBABILITY. 


152. Proposed by L. C. WALKER, A.M., Professor of Mathematics, Colorado School of Mines, Golden, Col. 


A square hole is cut through the center of a sphere of radius r. Show 
that the average volume removed is 757° (23)/2—28). 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Let 7? -+y?-+-22==r* be the equation to the sphere, 2b—side of square hole. 
4 bsecé 
Volume removed=16 { f zedodp. 2=={/(r? —p?). 
070 


The limits of 6 are 0 and $r)/2=0’. Let average volume= a. 
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a =16 ff" S J. V(r? —p2 )pdodbdp / f “a 
162 


=i S Lr? — (rv? —b? sec? 6)? |d6db 


34/9 (in 
—" Vv f | 81/2—(5—see? a) /(2—see?4) — 6cosésin—! (Se -) [ae 
. v2 


73 1/2 [ a otan*é 
mV") ony/2—-82y/2 — Set) (4— see" 0) — ry aa) 
f 1y/2—32y/ ; ((5 sec? 0) /(2—see? 4) V O sera)? |: 


Let tané=sin¢. 


V2 a™ 4co0s? d—sin? dcos? 6sin? 
Yel as ve -f7 ee a ag | 


1 


Las v2— Sf (sinto—124 2 ,) a |= 2F (23/2 -28). 


Also solved by the Proposer. 


Ve 
83 


GROUP THEORY. 


2. Proposed by W. BURNSIDE, The Croft, Bromley Road, Catford, England. 


Show that the group of the biquadratie equation x4+2axz? +b=—0, in which 
a and 0 are rational numbers, while a? —6 is not the square of arational number, 
is in general a dihedron group of order 8; but that (7) if 0 is the square of a ra- 
tional number the group is a non-cyclical Abelian group of order 4; and (ii) if 
b=a*~(1+n?), where nv is a rational number, the group is a cyclical group of 
order 4. 
Solution by L. E. DICKSON, Ph. D., The University of Chicago. 


The problem may be solved most readily by making use of the simple ex- 
pressions resulting for the roots of this special quartic. To obtain a more in- 
structive example of the application of groups to equations, I treat the problem 
without assuming the quartic to be solvable by radicals. 

Consider the general quartic 2+-++ax3-+ bx? +cx+d=—0, and eall its roots 


Xi) Ly, l,,%,. Asis well known, the functions 


1? 
YU Ly TU eUq, YoU egtU,2%,, Yx,=0,U,+2,%, 

are the roots of the cubic resolvent 

— by? +(ac—4d)y—a*d+ 4bd—c? —0. 


For our special quartic, this resolvent becomes 
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MISCELLANEOUS. 


73, Proposed by CHARLES E. MYERS, Canton, Ohio (February, 1900. p. 54). 


In an ice cream freezer, creain of a homogeneous character and at the uni- 
form temperature of 60° EF’. is put into a cylinder having a closed base, and the 
whole put into a freezing mixture so as to subject the base and convex surface 
to a constant temperature of 30° F. Required the temperature at any point with- 
in the cream after the expiration of a given time. 


Solution by F. H, SAFFORD, Ph. D., Instructor in Mathematics in the University of Pennsylvania. 
In cylindrical codrdinates the equation for the flow of heat is 


Du=e! [D,?u-}— Dw + “Ds 7u+ Du] 


[Byerly’s Fourier Series, p. 1]. The axis of zg is to be the axis of the cylinder. 
The planes of the upper and lower bases are respectively 20 and z=d, and the 
radius of the cylinder isa. By the nature of the problem, the temperature wu at 
any time ¢ is independent of ¢, so that the term above which involves ¢ is to be 
omitted. From Fourier’s Analytical Theory of Heat, pp. 51, 113, c?=K/CD, 
where D is density of solid (cream), C is specific capacity, and K is specitic 


conduetibility. 
Let k==temperature of medium surrounding sides and base, k-+-m-=intern- 
al temperature when ¢=0; also let v=m when ‘—0............. (1). 


The differential equation becomes 
(oT ent 
Dy=e* (D,20+ —- Dv DZ 2) seeeeeeeee (2). 


In order to express the surface conditions due to the surrounding mixture we 
have two more differential equations 


D,u+ h(uw—k)=0 when r=a, 

Du+th(u—k)=0 when z=. 
These become 

D,v+hv=0 when r=«a............. (3), 

Dp-+-he=0 when z:=0............. (4), 


and are explained in Fourier, p. 94. A is the constant of surface transmission. 
The value of vt must satisfy conditions (1)............. (4). Assume that 7v—=T7.R.Z 
where 7, &, and Z are functions of ¢, r, and z, respectively : 
K=0 A= —2hly. 2 
U=m S&S 3 e CPt He * + pa 


k=1 A=1 


2 
dA, J (MH r).By sin, © sosesceseence (9). 


(For method, see Byerly, p. 195). J, is a Bessel Function while », and p, are 
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to be determined by (3) and (4) which give, after v is substituted from (5), 


Pee AS 5 Cte A) — ANS 9 Ce A) =O yess (6), 
po, beosp, 6+ bAsinp, 6=—=0............. (7). 


It is shown in Riemann (Partial Differential Equations, §97) that (6) has an in- 
finite number of real positive roots, while tables and a diagram in Gray and 
Mathew’s Bessel’s Functions make their calculation easy. Fourier, p. 270, states 
the same proverty for (7). 


We use condition (1) in determing A, and B, , as when¢—0 (5d) must give 


K==00 A=00 . 
m=m % X ApJ (re 7) By simpy 2. 


k=1 A=1 


It remains to obtain values of A, and B, such that 
K==00 A=00 
x ApJ C% r)=l, => By, sinp, 2=1. 
k=1 A=1 
From Byerly, pp. 229, 121, we find 


2h 
Ax = a(h? +), 2 YI (i, a) weeestenecnens (8), 


2 2 2 
B, —~? Pr +h 


On Ube pbAC bh) 6b CO8PA b) se eaweceaeone (9), 


The same excellent authority gives the means of solving cases in which the ini- 
tial temperature is much more complicated than in the present problem. 
In conclusion, the solution of the given problem is 
k=00 A=00 __aet(y 2 2 ; 
u=kim > & « ont SF Pr ) A, J (ite 7). By sing, &, 
k=1 A=1 


the constants being determined by (6), (7), (8), (9). 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


202. Proposed by G. B.M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Express in the form of radicals the roots of the equation 


x® + 9max7 +-27m? x5 +-30m323 +9maete+2r—0. 


203. Proposed by L. E. NEWCOMB, Los Gatos, Cal. 
2b a? 


+ ie + bx+c—0 is 


The sum of a certain pair of roots of x4 ans +(— 7 


equal to the sum of the remaining pair. 


204. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, O. 


If a, 6, 7 be the roots of the cubic equation x?+qx+r—0, prove that 
332° 3a5—5Sa3 Sas. 


GEOMETRY. 


229. Proposed by F. D. POSEY, A.B., San Mateo, Cal., and G. W. GREENWOOD, B.A. (Oxon), Lebanon, II). 


The solutions of problem 219 in the April number, ‘‘devise a simple geo- 
metric solution of the general quadratic equation,’’ give the roots when they are 
real, Required a construction for the roots when they are complex. 


280. Proposed by SAUL EPSTEEN, Ph. D.. The University of Chicago. 


Cut off a given area S from a gixen triangle ABC by means of a line pass- 
ing through a given point P, (1) when P is on a side of ABC, (ii) when P is 
within ABC (S<area ABC). [For thecase P outside of ABC see problem 218]. 


231. Proposed by B. F. FINKEL, A. M., Drury College, Springfield, Mo. 


A man starts from the vertex, A, of a right isosceles triangle ABC, right- 
angled at A, and walks to D, the middle point of BC; from D to E, the middle 
point of AC; from EH to F’, the middle point of AD; from F' to G, the middle 
point of DH; from G to H, the middle point of HF; from H to J, the middle 
point of FG; from J to J, the middle point of HZ; and so on ad infinitum. Find 
the coordinates of his limiting position. [Suggested by Dr. Crawley]. 


232. Proposed by 0. VEBLEN, Ph. D., The University of Chicago. 


Given two parallel lines a,, a,, and two points A,, A,, upon a common 
perpendicular to a,, a, such that A, is at the same distance distance from a; as 
A, isfroma,. Let P, be the foot of the perpendicular from a point P of the 
same plane to the line a, and P, the foot of the perpendicular from Ptoa,. Find 
PA, PA, 


the locus of P when “PP. PP,’ 
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CALCULUS. 


180. Proposed by F. WENNER, Instructor in Physics, Iowa State College. 


adzy >, dy = 
> + A cos Ya +By=—0. 


Solve da 


MECHANICS. 


169. Proposed by 0. W. ANTHONY, Heau of Mathematical Department, DeWitt Clinton High School, New 
York City. 


A chain 12 feet long is supported by two pegs in the same horizontal 
plane 9 feet apart. If it be suddenly liberated from one of the pegs, find the 
time before the liberated end is directly below the other peg. 


AVERAGE AND PROBABILITY. 


155. Proposed by EH. B. WILSON, Ph. D., Yale University. 


The game of craps is played with two dice. If the player throws 7 or 11 
on the first throw he wins. If he throws 12, 2, or 3 he loses. If the player 
throws any other number, that is to say, 4, 5, 6, 8, 9, 10, he is obliged to con- 
tinue throwing until he throws that number again or until he throws 7. If he 
succeeds in throwing his first throw before he does 7, he wins—otherwise he loses. 
Required the odds against him. (Note that he can continue throwing indefinite- 
ly without getting either his original throw or the 7). 


NOTES. 


Professor Maxime Bocher has been promoted to a full professorship at 
Harvard University. RF, 


Dr. Alexander Ziwet has been made a full professor of mathematics at the 
University of Michigan. FB, 


Dr. George H. Hallett has been made assistant professor of mathematics 
at the University of Pennsylvania. F. 


Mr. W. H. Bursey and Mr. A. C. Lunn have taken the degree of doctor 
of philosophy at the University of Chicago. 
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The Algebra of Invariants. By J. H. Grace, M. A., Fellow of Peterhouse 
and A. Young, M. A., Lecturer in Mathematics at Selwyn College, Late Scholar 
of Clara College. 8vo Cloth, vi+384 pages. Price, $3.00. Cambridge: The 
University Press. New York: The Macmillan Co. 

The object of this work, as stated in the preface, is to provide an English introduc- 
tion to the symbolical method in the theory of Invariants. The book contains sixteen 
chapters in which, after the first—the Introduction—the following subjects, in order, are 
treated: The Fundamental Theorem; Transvectants; Elementary Complete Systems; 
Gordan’s Theorem ; The Quintic; Simultaneous Systems; Hilbert’s Theorem; Geometry ; 
Apolarity and Rational Curves; Ternary Forms; Types of Covariants: and General Theor- 
ems on Covariants. The book concludes with an appendix in which is justified the results 
obtained by manipulating umbral expressions and in which is indicated how the whole 
theory can be made to rest on differential operators. Wronski’s Theorem and Jordan’s 
Lemma are also proved in the Appendix. 

The first five chapters of the book lead gradually up to Gordan’s proof of the finite- 
ness of the system for a single binary form, while the sixth chapter is devoted to an expo- 
sition of Gordan’s third proof. 

While the authors have done valuable service to the cause of mathematics in mak- 
ing known to the English reader the methods of investigation in this branch of mathemat- 
ics, of Gordan, Clebsch, and others of the German masters, yet it seems to me that the 
book could have been made more serviceable and better adapted to the use of a larger 
class of students, (i) by having presented the unsymbolic and symbolic methods together 
in the introduction, at least; (ii) by having used more illustrative examples in the devel- 
opment of the subject; and (iii) by having inserted a larger number of well chosen exam- 
ples at the end of each chapter. F. 


Hlementary Geometry. Plane. By James McMahon, Assistant Professor of 
Mathematics in Cornell University. 8vo. Cloth, x+358 pages. New York and 
Chicago: The American Book Co. 

This constitutes the sixth of the Modern Mathematical Series in preparation by the 
mathematical faculty of Cornell University and edited by Professor Wait. The book pos- 
sesses many commendable features, notably the introduction of elementary ideas in Logic 
comparatively early, the arrangement of theorems and problems in natural groups and 
subgroups with reference to their underlying principles, and the purely geometrical treat- 
ment of ordinary size-relations. F, 


School Algebra. By J. M. Colaw, A. M., Monterey, Va., and J. K. EIll- 
wood, A. M., Principal of Colfax School, Pittsburg, Pa. 8vo. Cloth, 456 pages. 
Price, $1.15. Richmond, Va.: B. F. Johnson Publishing Co. 


This book is well adapted to the needs of high schools and academies, and covers the 
field with sufficient thoroughness to meet the entrance requirements of any college or 
university. F. 


Lessons in Physics. By Lothrop D. Higgins, Ph. B., Instructor in Natur- 
al Science in the Morgan School, Clinton, Conn. 12mo. Cloth, vii+379 pages. 
List Price, 90 cents. New York and Chicago: American Book Co. 

This work presents a comprehensive and accurate view of Physics and is well suited 
to those schools having little or no laboratory facilities. F, 
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Elements of the Theory of Integers. By Joseph Bowden, Ph. D., Professor 
of Mathematics in Adelphi College, Brooklyn, N. Y. x-+258 pages, 8vo. Cloth. 
Price, $1.25. New York: The Macmillan Co. 

This volume, we are told in the preface, contains the first two parts of a work which 
the author hopes to complete, on the Elements of the Theory of Numbers, the remaining 
three parts to be devoted to Rational Numbers, Real Numbers, and Complex Numbers, re- 
spectively. The merits of this book are greatly obscured by the introducticn and use of 
a cumbersome notation. The author also uses the ‘‘reform spelling.”’ F. 


Advanced Course in Algebra. By Webster Wells, S. B., Professor of 
Mathematics in the Massachusetts Institute of Technology. S8vo. Half Leather 


Back, viii+581 pages. Boston: D.C. Heath & Co. 

This book develops the subject along the line followed in the author’s College Alge- 
bra, though numerous improvements have been introduced. In the development of the 
fundamental laws of Algebra for positive and negative integers, the positive and negative 
fraction and zero, the most approved method of presentation has been used, and in general 
treatment the work will satisfy the thorough and critical teacher. F, 


Laboratory Physics. A Student’s Manual of a Series of Quantitative Ex- 
periments. By Dayton Clarence Miller, Professor of Physics in the Case School 
of Applied Science. Quarto, Cloth, vx+404 pages. Price, $2.00. New York, 
Boston, and Chicago: Ginn & Co. 

This manual contains a very full course in laboratory work in Physics designed for 
undergraduates in colleges and technical schools. The explanations are full and clear and 
outline in a systematic manner those details of manipulation which benefit the student 
and are great aids to teachers. The number and variety of the problems are unusually 
large and well selected. F, 


An Hlementary American History. By D. C. Montgomery. 12mo Cloth, 
xlii+806 pages. List Price, 75 cents. Ginn & Co., Publishers. 

A text book to meet the demand for a brief, continuous, narrative history of our 
country suited to the wants of elementary pupils. Asin the author’s Beginner’s American 
History, every prominent topic is carefully and fully illustrated with pictures or maps, 
and the book appeals to the eye as well as the understanding. W.R. 


Primary Arithmetic. By David Eugene Smith. 12mo Cloth, 264 pages. 
List Price, 80 cents. Ginn & Co., Publishers. 


An excellent book in its arrangement and selection of problems. The illustrations 
and pictures will aid materially in making the work attractive and interesting. W.R. 


Plane Trigonometry. By James M. Taylor, A. M., LL. D., Professor of 
Mathematics, Colgate University. 12mo. Cloth, viiit171 pages. List Price, 75 
eents. Boston: Ginn & Co. 

The treatment of the subject of Plane Trigonometry as here presented is clear, prac- 
tical, and scientific. In addition to the usual matter contained in such a work, we havein 
this one a brief discussion of Hyperbolic Functions, Complex Numbers, and De Moivre’s 
Theorem. F. 
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Technical Mechanics. By Edward R. Maurer, Professor of Mechanics in 
the University of Wisconsin. 8vo. Cloth, xvi+3882 pages. New York: John 
Wiley & Sons. 


This work is called a Technical Mechanics in accordance with the usage of some 
German writers. The theory in each chapter is grouped together and separated from the 
application. In Statics coextensive use is made of the graphical and algebraic methods. 
The book is well written, the treatment being lucid and the arrangement of material logi- 
eal. It will be found to be of great service to the student of Engineering. F, 


The Jones Series of Readers. Embracing the First, Second, Third, Fourth, 
and Fifth Readers. By L. H. Jones, A. M., President of the Michigan State 
Normal College, Superintendent of Schools of Indianapolis, Ind., and Cleveland, 
O. Boston: Ginn & Co. 


In the first part of the First Reader are a number of attractive pictures in colors, a 
new feature in such books. The other books of the series are beautifully illustrated, and 
the printing and binding are excellent. The Fifth Reader contains some of the finest se- 
lections in the English Language. F 


A Student’s Manual of a Laboratory Course in Physical Measurements. By 
Wallace Clement Sabine, A. M., Instructor in Harvard University. 8vo. Cloth, 
ix+126 pages. Boston: Ginn & Co. 


This book contains the experiments performed in the course in Physies given in the 
Summer School of Harvard University. The course presupposes a knowledge of algebra, 
plane geometry, and the notation of trigonometry, and should be preceded by a more ele- 
mentary course in physics. F 


One Thonsand Problems in Physics. By William H. Snyder, A. M., Master 
in Science, Worcester Academy, Worcester, Mass., and Irving O. Palmer, A. M., 
Master in Newton High School, Newton, Mass. 8vo. Cloth, v-+142 pages. Bos- 
ton: Ginn & Co. 
This book contains a fine collection of elementary problems in physics. F. 
Elementary Physical Geography. By William Morris Davis, Sturgis-Hooper 
Professor of Geology in Harvard University. 8vo. Cloth, xvii+ 401 pages+9 
plates. Price, $1.25. Boston: Ginn & Co. 


In this book the High School requirements are admirably satisfied. It certainly 
ranks as one of the best books that has yet appeared on the subject. F. 


ERRATA. 
Page 56, 1. 6, for (2c)! read [(2c)!]?; 1. 7, for 1 read )/—1. 


Page 58, 1. 5, read f e—{#? + (a?/x*) ]eos? eos {[ax? + (a? /x® ) |sind} dz. 
0 


Page 59, 1. 4, for —q read +4. 
Page 59, 1. 3 from bottom, for =0 read =1. 
Page 60, 1. 6 from bottom, for ,/—2 read ;/—1. 


Page 61, 1. 3, read (ee Neos’ rade. 


Page 62, 1. 6 from bottom, for a, read a, in denominator. 

Page 70, 1. 16 from bottom, for 7,, T,, T, read T,, T,, T,; 1. 8 from 
bottom, for P=T, read P=T;,. 

Page 71, 1. 12, for 2? read 22m; 1.14, for (P+P) read (P+ Q); 1.18, for 
22” read 2”. 
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SPHERICAL GEOMETRY. 


By EDWIN BIDWELL WILSON. 


LecTURE VII. CIRCLES, ROTATIONS, AND TANGENTS. 


The properties of circles on the sphere are in a very large measure analo- 
gous to the properties of circles in the plane. There are, however, a number of 
minor differences which we shall touch upon; there are some things that are 
new; and there are a considerable number of theorems and points of view which 
are not taken up in the ordinary treatment. It is especially on account of these 
last that we take up the subject. 

The ordinary definition of a circle as the locus of points at a given dis- 
tance from a fixed point called the center would apply equally well to the sphere 
if we had developed the theory of distance.* But as we are not yet in posses- 
sion of any measure of distance the definition may better be stated in another 
formas: The circle is the locus of all possible positions of one end of a given 
segment when the other end remains fixed at a point called the center of the cir- 
cle. Or, if the idea of rotation is brought in, the circle is the locus described by 
one end of a segment which is rotated about the other end as center. The segment’ in 
any of its positions is called the radius of the circle. It may be noted that the 
point antipodal to the center also possesses all the properties of the center, and 


*Throughout the following pages we speak of the sum and difference of segments. These words are 
used in a purely geometrical sense and their use may be justified in a manner such as that given on page 
127. To think of the sum of two segments as a segment whose length is the sum of the lengths of the two 
segments is not necessary. It is not even advisable and until we have devel oped the theory of measure 
itis impossible. For this reason we use the term congruent in place of equal. 
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that the radii drawn from the two centers, when taken together, fill out a semi- 
line. If in particular the radius of a circle is a quadrant, the circle becomes a 
great circle, that is, a line. As a matter of convenience we shall agree that 
when we speak of the center and the radiusof acircle, not a great circle, we shall 
mean that radius which is less than a quadrant and the center to match. It will 
be left tothe reader to convince himself in how far our work applies also to the 
other of the two cases. 

Theorem 61. Jf either of the two perpendiculars, dropped from the center of 
a circle, to a given line is less than the radius of the circle, the line has two points in 
common with the circle; if either is congruent to the radius, the line has one point in 
common with the circle; if both are greater than the radius, the line has no point in 
common with the circle. 

The proof of this theorem depends on Theorem 60 and the principle of 
continuity. Let C be the center of the circle, A and B the points where the per- 
pendiculars from C meet the given line. Consider one of the semi-lines AB. 
Let CA be the perpendicular which is less than the radius. Then it is easy to 
show that CB is greater than the radius. Let P be any point of the semi-line in 
question. As P describes the line from A to B, the segment CP is constantly 
increasing (Theorem 60). The points P may be divided into two classes, name- 
ly, those for which CP is less than or congruent to a radius and those for which 
it is greater than the radius. Every point of the first class precedes all points of 
the second and hence there exists a point such that every point which precedes it 
is of the first class and every point which succeeds it is of the second. This 
point is such that for it CP is congruent to the radius. In like manner there 
exists a similar point in the other segment AB, and the first part of the theorem 
is proved. The remaining parts are left to the reader. 

Theorem 62.* Jf C be the center of a circle and r the radius, and if Dand E 
are two points which satisfy the relation CD<r< CEH, then the line DE cuts the circle 
in two points. , 

To prove this theorem it is only necessary to drop the perpendiculars CA 
and CB on the line DE and note that CA is less than CD or congruent to it and 
that CB is greater than CE or congruent to it. Hence the case can be brought 
under the first case of Theorem 61. We see then that a circle divides the surface 
into two parts, an interior and an exterior, in the same sense as a triangle divides 
the surface (Cf. Lecture IV). 

The large number of theorems concerning the perpendicular dropped from 
the center of a circle to a chord, the perpendicular erected at the middle point of 
a chord, the congruence of the perpendiculars from the center when the chords 
are congruent, and the relations of less than and greater than which occur when 
the chords are not congruent are all left to the reader, statement and proof. 

Theorem 63. The maximum and minimum segments which can be drawn from 
a point C’ to a circle are the segments which connect C’ to the points A and B in which 

*In some of these theorems and proofs it is not’altogether possible to avoid a great similarity with 


the treatment of the same subject in the excellent ‘‘Questioni riguardanti elementare’’ edited by 
F. Enriques. 
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the circle is cut by the line CC’ passing through the center and the given point; and as 
the point P moves along the circle from the point A to the point B, the segment CP 
steadily decreases. 

The first part of this theorem is without difficulty.* The second part con- 
tains a number of points worthy of note and illustrating the care that must be 
exercised if one is not to fall into making gratuitous assumptions. In the first 
place there is the phrase ‘‘moves along the circle’ which certainly implies that 
the points of a circle may be considered to be situated in a natural order. In 
fact we shall consider that the points of a circle are ordered—this order being 
taken directly from the order of the semi-lines or directions issuing from the 
center of the circle. As there is one and only one point on each semi-line and 
as the semi-lines are ordered this is both possidle and appropriate. In the sec- 
ond place the words ‘‘steadily decreases’’ are likely to imply ‘‘constantly and 
continuously decreasing.’’ As a matter of fact nothing is said concerning the 
continuity. It is, however, easy to remedy the deficiency by making use of the 
continuity among the directions issuing from the center of the circle. We 
may state 

Theorein 64. If the points of a circle be divided into two classes such that 
every point of the first class precedes every point of the second class, then there exists 
one point such that any point which precedes it lies in the first class and every point 
which follows it lies in the second. 

From the intuitive point of view it seems evident that the points on a cir- 
ele lie upon a smooth curve and are not scattered promiscously about from point 
to point on the surface. This, however, is something to be proved; and besides, 
we have not yet said what a ‘‘curve’’ is, nor what ‘‘smooth”’ means. Let us prove 
the following theorem. 

Theorem 65. On the circle there are no isolated points; that is, if there be 
drawn a circle of radius ever so small about any point of a given circle, then there are 
other points of the given circle within it. 

Let O be any point of the given circle. Describe about O as center a cir- 
cle of arbitrary radiusr. From M lay off a segment MN less than gr. Let C 
be the center of the given circle. Consider the triangle MCN. On the other 
side of ON construct the triangle M’ON symmetrical to MCN. MC is congruent 
to MC and hence M’ lies on the circle. The line MM is perpendicular to CN and 
hence no greater than the sum of MW and M’N which is congruent to it. Hence 
MM’ is less than r; and the theorem is proved. 

Theorem 66. In the statement of Theorem 63 the words ‘‘steadily decreases’’ 
may be replaced by ‘‘steadily and continuously decreases’’; that is: The segment CP 
takes on all possible values between the maximum OA and the minimum CB. 

The proof is given by dividing all the points of the semi-circle AB into 
two classes such that for every point P of the first class CP is greater than or 
congruent to any assigned segment a which is between CA: and CB and for every 

*The theorem that the sum of two sides of a triangle is greater than their third side and that the dif- 


ference of two sides is less than the third side are used in the proof. They are such immediate corollar- 
jes of theorem 59, that we have not seen fit to mention them in the text. 
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point P of the second class CP is less than a. All points save the end-points A 
and B belong to one of the classes. All points of the first class precede the 
points of the second (Theorem 63). Therefore there exists a point P° as speci- 
fied in Theorem 64. The segment CP° is congruent to the segment a. For sup- 
pose that CP° were greater than a. It is possible to find (Theorem 65) a point 
P' which follows P° and such that the chord P°P’ is less than the difference be- 
tween CP° anda. As the segment CP’ is greater than the difference of CP° and 
and P°P’, it is greater than a, although less than CP° on account of the fact that 
P’ follows P°. Thus there is found a point P’ which follows P°. Thus there is 
found a point P’ which follows P° and is in the second class and which is also 
such that CP’ is greater than a. The contradiction isapparent. In like manner 
CP° can be proved to be not less than a. It must therefore be congruent to a; 
and the theorem is proved. 

From this theorem it follows as an immediate corollary that two circles 
intersect in two points if the sum of the radii is greater than the segment which 
joins the centers of the circles and if at the same time the difference of the radii 
is less than that segment. In case that the sum is congruent to the segment the 
circles have one point in common and all other points so situated that those on 
either circle lie without the other circle’ In case the difference is congruent to 
that segment the circles likewise have one point in common, but the remaining 
points are so situated that all the points of one of the circles lie within the 
other. It may occur to some that these expressions are a long way of saying that 
the circles in the two cases are respectively internally and externally tangent. 
As yet, however, no mention has been made of tangents. The tangent is a more 
complicated conception, when analyzed carefully, than continuity and the rela- 
tions of within and without, such as have been used up to this point. 

Before leaving the class of questions with which we have been dealing it 
is well to note that the existence of the intersections of two circles which fulfill 
the stated conditions may serve to prove | 

Theorem 67. Given three segments with the condition that the sum of two is 
greater than the third and the difference of those two less than the third, then there can 
be constructed two triangles (the one symmetrical to the other) having the three seg- 
ments as sides. 

In most treatments the existence of such triangles is assumed instead of 
proved. We may also state that the theorem on the intersection of circles can 
be stated in the form: If two circles are so situated that there exists one point 
of one within and another point of the same one without the other, then the two 
circles have two points in common. The proof of this more general form is left 
to the reader. It establishes the fact that in the definition of ‘‘interior’’ in the 
case of a circle the two points may be joined by an are of a circle, instead of by 
a line (see under Theorem 62 and in Lecture IV). We are also now in a posi- 
tion to give constructions for the middle point of a segment and for the bisector 
of an angle. 

Adequately to discuss many of the more advanced parts of Spherical Ge- 
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ometry requires theorems analogous to those given in the previous Lecture (The- 
orems 00, 06) for segments. Namely, it is necessary to know the rules govern- 
ing the addition and subtraction of angles. If AOB and CO'D be two angles we 
shall understand by their sum the angle AOD which is obtained by bringing 
their vertices into coincidence in such a manner that the initial line OC of the 
second angle falls along the terminal line OB of the first angle. Evidently two 
cases arise according as the directions of rotation from OA to OB andfrom O'C to 
O’D are the same or different. These distinctions arise in the case of angles, al- 
though they are not present in the case of segments, owing to the difference be- 
tween congruent and symmetrical angles. For the same reason the method of 
proof given for the addition of segments cannot be applied to the addition of 
angles. The proofs may, however, be obtained by using the results obtained 
for segments. 

Theorem 68. The sum a--b of two angles is congruent to the sum b-+-a of the 
same angles added in a different order. 

There are several cases which arise and which must be considered separ- 
ately. These we leave to the reader with the hint that to effect a reduction to 
the theory of segments it is only necessary to describe a great circle about the 
vertex of the angle as center. Congruent or symmetrical angles intercept con- 
gruent segments in this great circle or line, and conversely congruent segments 
subtend congruent or symmetrical angles. The theorems concerning subtraction 
are obtainable directly from those concerning addition by replacing the angle to 
be subtracted by its symmetrical and adding. By means of this theorem it may 
be shown that when the surface is rotated about a point O, every direction issu- 
ing from O moves through the same angle. Thus an angle is sufficient to deter- 
mino the amount of rotation about a point, without specifying any particular 
direction which is to be moved into some other specified direction. We might 
go on to show that any rigid motion of the surface is a rotation through a defin- 
ite angle (or its symmetrical) and about a definite point (or its antipodal). 

In discussing the subject of tangents in the special case of circles it is 
possible to give a special definition, namely, that: A line drawn perpendicular 
to the radius at its extremity is tangent to the circle. With such a definition the 
simpler geometric properties of tangents becomes evident: but it is by no means 
immediately demonstrable that the tangent is the limit of a secant when one of 
the two points of intersection of the secant and the circle approaches the other as 
a limit. It is not even evident that the limit exists. There.are other problems 
in limits which occur naturally in elementary geometry. These are the deter- 
mination of the length of a circle or the area of a circle. The length of a convex 
curve like the circle may be defined as the limit of the length of an inscribed or 
circumscribed polygon when the number of the sides increases indefinitely and 
the length of each side approaches zero as its limit. It is necessary to show that 
this limit exists and is independent of the way in which the polygon approaches 
the circle as its limit. The same is true in the case of area, which may be 
defined in a similar manner. As we have not yet established a measure of length 
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or area the discussion of the limits involved in their evaluation must be post- 
poned. The treatment of all problems in limits belongs essentially to the differ- 
ential and integral calculus; and it might be far better to leave these difficult 
questions until the analytic means for adequately handling them have been 
developed. We shall, however, sketch in the ideas which come up in the proof 
that a tangent exists at any point Mofacirele. First choose a point P on one 
side of .M and draw the secant MP. Then let P approach M asa limit. It may 
be shown that as P approaches M, the secant MP turns always in one direction 
about the point P. This comes of the fact that the circle is a convex curve. But 
MP does not turn as far as the line formed by producing the radius through P. 
Hence, analogously to Theorem 4, there exists a limiting direction of the secant 
MP. We have therefore established the existence of a tangential direction on 
one side of the point M. By taking the point P on the other side we may like- 
wise establish the existence of a tangential direction on that side. These two 
directions may be shown to be opposite directions along the same line through 
M; and the proof of the existence of a tangent is then complete. With these 
suggestions we shall leave the problem to the reader. 


ON COMPLETE SYMMETRIC FUNCTIONS.* 


By DR. E. D. ROE, Jr., Professor of Mathematics in Syracuse University. 


PART I. INTRODUCTION. 


1. DEFINITIONS, NOTATION, AND OBJECT OF THE PAPER. 


Let D(a, Gg, sons , 4) be any rational function of the a’s. Let — 
2, . . . . 
s= G 28 ) yp bay bg eee , 1, being some permutation of 1, 2, 8, ......... , nN; 
Vy lglg vr nj? 2? 


then s is an operator which converts the index r into i,; also s applied to ¢, con- 
verts it into ¢,;, a function in which the a’s have been permuted. This 
is expressed by writing 


(1) SH= qj. 


Of such operators s there are n! Applying each one to ¢, we get ¢,, bo, seseseeee 
Prt Let 


(2) DH 4 by pve t+ bnt- 


Then @ is a symmetric function of the a’s. In particular cases it may happen 
that $1, Poy n-ne , On:, are not all different, but it can be proved that each dis- 


*A paper presented February 1, 1904, before The Mathematical Club of Syracuse University. 
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tinet ¢ is repeated the same number, 7, of times, that the number‘of distinct ¢’s 
is n!/r, and that 


(3) , D=r(o,+%e+ steeeenecs + @Pntjr)- 


We may observe that ® and a determinant A of the nth order are related to each 
other by means of s. For, by applying the different values of s to the second 
set of indices of the principal diagonal term a, , dy o-......- An,, and also by simul- 
taneously taking account of the number of inversions of order, 7, among 7,, 7,, 
sessaseees , In, We get, 


(4) (L985 Ag gael) (1) yi, gig ening 


that is, we get every term of the determinant in question. Hence in general to 
every term of A corresponds a term of @, and conversely, while in particular 
cases [as in (3)] tor terms of A may correspond the same term of @. 

We limit the present discussion to integral symmetric functions. It can 
be proved that integral symmetric functions can be reduced to sums of functions, 
each of which is homogeneous by itself, and of the type 


(9) 3 GPa A .Ps vereeneee a,P”, with Py Zp» 2 seeeem eons 2 Pn Z 0. 


This latter type is called a monomial symmetric function. Itis offen denoted by 
the symbol ( p, po -.------ Pn) The number w=p, +p, +... +p, is defined as the 


s 


weight and the number p, as the order of the function. The simplest of 
the monomial symmetric functions are the elementary functions 


(6) B24) BA~Fg, Bay ay0g, 0 
and the sums of the powers 
(7) 3a ,°=8,=(1r). 
A complete symmetric function of weight w is defined as the sum of all 


the monomial symmetric functions of weight w. It is here denoted by t,,.* 
We have 


(8) by Ba Ps eg Pe occ gh”. 
For example, 
—. 4 2 
(9) t= 2a 43430, +2424? + BA Pag G, + B14, 4504. 
*Other notations for tw are H(a;, a,,...., an) and »Hw or JIw. Wronski designates H(a;,a,, .-.., an) 
as the ‘‘Alephfunktion’’ of a;, a,,..., an. C. Smith (Treatise on Algebra, p. 289, §250) uses 7»Hw, not to 


designate the function, but the number of terms contained in it. Burnside and Panton, Theory of 
Equations, 2nd Edition, p. 297, use JT» for tw, and the last three authors refer to the function as ‘‘homo- 
geneous products.’’ See further ‘‘Encyklopaedie der Mathematischen Wissenschaften,’’ Teil I, Band 
I, Heft 4, p, 465. 
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We shall farther denote the elementary functions by the 0’s, where 0,= 
a,/a,, and then 


(10) BO 4 Og weereeee a,=(—1)°b,, 
(11) At? aa) +o . + a,==0, or 2+ 6,0%-1+ ...... + 6,—9, 


is the equation which has the 2’s for roots. Also 


(12) by Day Ps hy Pe oreernn An PP SA gp Ay 6? Ay? cee a,*" (the expressibility 
proposition ), 

(13) Ky b2ky fo. +nx,—=w, (the weight proposition), 

(14) Kg Ky FH essesneen +k,==7, T==p,, (the order proposition). 


The t’s are analogous to the 0’s (or elementary symmetric functions) in many of 
their properties,* while in other relations they play a réle analogous to that of 
the s’s. 

The object of this paper is to state and solve some problems in symmetric 
functions, to sketch the theory of the ?¢’s, and to exhibit tables, which express 
up to weight five, homogeneous products of the ?’s in terms of homogeneous 
products of other symmetric functions, and vice versa, and to point out certain 
properties of such tables. / 

2. THE STATEMENT OF SOME PROBLEMS IN SYMMETRIC FUNCTIONS. 

(i). On Expressibility. Fundamental Systems. 

Besides the problem on expressibility whose solution is stated in (12), 
others have arisen. This leads to the concept of a fundamental system. A fun- 
damental system for symmetric functions is any system of rational symmetric 
functions, by means of which any rational symmetric function can be rationally 
expressed.t Of such systems the following are known to exist: 


(15) b,, 5s, seeeee eee: » On 54 S19 Sag cceeccee » S38 
S49 S39 wesc ? Son—1 3 |l Sui9 Sugg ceetees ; || 


In the last system the v’s are the first » integers which are not multiples 


*This appears to have its basis in the relations expressed in (35) and (86) of this paper. 
+See Ency. der Math. Wiss. loc. cit., D. 455. 

{Contained in (12). 

§It can be proved that 


( Py Pq--- DPry=l. . . + « «|, Where u, ,;=Sp,, Uz, =Spy, Ui 2M. = Sp,tp, 


Wyo Uy gUg4—Sp,+p,+p, » Cte. 
This proves 8,, 8, ----, 8 a fundamental system. See Am. Math. Monthly, Vol. 5, p. 161. 
||Proved by Borchardt. Gesammelte Werke, p. 107. 
qProved by Vahlen. Ueber Fundamentalsysteme fuer Symmetrische Functionen. Acta Mathemat- 
ica. Band 28, p. 91. 
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of a given integer, and this system is the generalization of and contains the two 
preceding systems. It is evident from (33) of this paper that 


(16) bi, te, sseeeeeee gy tn ti, be, ts, teow ee non ’ ton—1 3 ti, bo, -ty, eteneees ’ bon § 


are also fundamental systems, but it would be interesting to know if the last two 
would remain fundamental systems, if such of the ¢’s were omitted as would 
make these systems analogues of the last two systems of (15). This question is 
left for future investigation. 

(ii). Other Problems. 

It is well known that the general equation (10) can not be solved algebra- 
ically when n>4, but in case the roots enter an expression symmetrically, it is 
not necessary to find them in order to find the value of the expression. Thus 
symmetric functions solve problems where all the roots enter symmetrically 
without the necessity of finding them: 

a. To find the general term in the development of 


a 


Dy TL vresenee dnt” 6, + 20,%-+38¢,0? +... + (mM +1) 6m 414™ 


A ate 0 


b. To find the value of 
(18) > —. 


The solutions of these problems are given later (Part IIT). 


PART II. THE THEORY OF THE ?’S. 


We have 
(19) a” + ba" 37 +-5,4 8 + +b,=(@—4,)(®— ay)... (4-4), 
(20) L$ BED gt? Hever +00 (1 04,8) (1 098) nee 1 —aygr), whence 
1 ; 
$$ 2 
(21) 1b ,4.b,0? t.0 ba to pttye+t,u? +... * or 


(22) 1=(t,+¢, 71,0? +... YL +0 et +b,2? +... Ont”). 
In (22) the coefficient of a0, if r>0, hence 
(23) A by FO bya en nennvenee + a,t,==0. 


From the symmetry of (23) it follows that ¢, is the same function of the 
a’s that a, is of the ?’s. Changing r into r—1, etc., in (23) we obtain r equa- 
tions. Solving them for ¢,, and noticing that ¢,=-1, we have, ) 


*See Burnside and Panton, 1. c., Pp. 297. 
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(24) a,"t.==(—-1)" 


oer 


eee yo <=(—1)P1 2.7 Iq. 


Also by the preceding remark, 
(25) t,7a,=(—1)’[1 2......... |e 


Writing (21) in the form (1+0)—!=#,+t,a#+......... , Where 0=0,x-+.......... 
+ 6,2", and developing by the binomial and multinomial theorems, and equating 
the coefficients of 2”, 


fe. (KH Ka TP eens +K,) to < 
(26) a)'t,= > (—L)titteteeeet r oe bebe! 20 00, Lo ooceeeee a,. m 
Similarly, 
(CK, +k, +k )t, 4, e. 
(27) t,7a,= > (—1)titkete ester eee, obs Le vessssseel p ", 


By equating (26) and (24), we get the development of the determinant in the 
right member of (24). If in (24) a,=a, =........=d,—1, 0<r<n-+1, the deter- 
minant vanishes, and 


(28) > (—L)ki thats. ten (Ky + Ky weteee ees 


Ky} Ka le Ky | 


i.e., the sum of the coefficients in the development of ¢, expressed in terms of 
the a’s vanishes. From (20) we get 


(29) log(1 4.0, 9-}...-} 0,00") = — Bf, (a) t fy (2? fon $A CO) Fo 


Yr 


yr 


(30) —log(1+t,e-+...)=—-34—=—f, (Oe—f, (a? + ss Lf(b)art.. 


whence 


(31) ,=—rf,(a)=(—1)r 


a 
. see CK eres t+tkKh—-l)t, ogy ee: 
=r(—1) rte a er b, De 2 eee b,. ,* 


*Burnside and Panton, 1.c., p. 298. 
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where with O<r<n-+1, the sum of the coefficients of s, (in terms of b’s)=—1, 
and 


(ky ee +x«,—1)! 1 
_ Kyteeeetkr i es 
(82) 2 (—1) Ky bones Ky! r 
Similarly, 
t, 1 0....0 | 
(33) s—=(—1)rH 2t, t, 1 0..0 
) r t. tp—1 sect y 
—1)! 
mp (Lyre te ae PT) _. te, with 
K 4b esses Kp 
(34) the sum of the coefficients of s, (in terms of the ?’s)=1. 
We may also write (29) and (30) in the forms 
(35) eae a 
(36) Let eee, One) 


and obtain, 


a heap nte=te (Say (e) 


(8) te ela) GY 


In fact (85) and (36) show that changing s into —s, converts 6 into @. 
This principle enables us to derive many new relations instantly from given re- 
lations. Thus (88) is derived in this way from (37), and the Newtonian identies 


(39) S,.+ Sp—10 | +8,_2D9- «+ 1b, =0,F rl, 2, ...... 
yield by this operation at once the analogous relations, 
(40) Sp+Sp—it, + Sp—oby + +rt,=0.t 


The principle also yield’s this general theorem : 

Any symmetric function expressed in terms of s’s may be expressed in terms of 
t’s, by changing s into —s, and then changing b into t, in each s expressed in terms 
of b's. 


*Burnside and Panton, l. c., p. 298. 

tBurnside and Panton, 1. c., p. 290. 

tThis relation has also been observed by L. Crocchi, ‘‘Una relazione fra a funzioni simmetriche 
semplici e le funzioni simmetriche complete.’’ G. Battaglini’s ‘‘Jiornale Mathematiche,’’ etc., XVIII, 
377-380. 


The formulas (40) give also 


s, 1 0 0... 0 
S,—8, 2 0.......0 


_—_ 1 r+l1 
(41) i 


where the sum of the coefficients is 1, or by (88), 


See "GY seen (-) =. 


And the formulas (39) give 


8s, 1 Ow... 0 | 
—l)y 1s, 8, Qu... 0 
(42) bY Sa 8 aan 
Sp Spy wveeeeeee S, 


where by (87), — 


(43) og (-pt (SG) a (4) 0. 


iseeen Ky | 


Some other relations satisfied by the ?’s are the following, which are stated 
without details of proof: 


(44) Sp=— (0, ty-1 + 209 t,»+380,t,3+ sesaenene +rb,t,). 


This is obtained by expanding (31) in terms of the elements of the first column, 
and having regard to (24), or by differentiating (29) with respect to x, and 
using (21). 


‘OS, Os 


(45) Ob, = — byes Ot, 


Dyas 


The first one of these can be obtained by differentiating (31) partially with re- 
spect to 6, , and observing (26); the second by the remark following (38). 


Otor+ 
(46) Bp br? + bar Eby bapa meee Oly aby ga) 
Oloy K 
(47) Op Altar pr FO bar bg bap af nee Fry). 


(46) and (47) come from differentiating (21) partially with respect to b,. In 
(46) and (47) we may interchange ¢ and 0. 
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(48) "Ks, “a YK. + (0), 


The first formula in (48) comes from combining (45) with the relation 
OD, 1 


a OT Ge Ot ;* the socond by changing s into —s, and interchanging 0 and t. 
0 0 é 
If =a at wacee Ta, 
(49) Ot, =(m+xK—1)t, 1. 


(49) can be easily proved by mathematical induction. 


—(6,+0,%? +b,04+......... ) 
(50) (ia Px®)(1—aga®)  aatetyt +t,02-+t,75 + saceeewaes 


z 


(50) comes from using # and —z successively in (21). 


(51) A(4,, Bey creer y On) =H (44 , OP » %& )-+ HH, HC veeecseee » Aq ) 
TT (gy sereeceee Cr. i ee ck Chan Paes a). 
a ben 
(52) | tte” yeneveeae: on | _ be —1be,—1 bneececees bien —1 g 
| APG, cecsee eee a,e— | Se eee res inenenaee secece ene: seneseecer 
be —n4+1 toeeseses ben— +1 | 
— 9, n+r—1 
53) I => 1 
Ce 
*Burnside and Panton, 1. c., p. 304. From this comes the relation 
a. 1, 
Os, or 


*This relation was communicated to me by Professor Gordan. 

{Ency. der Math. Wiss., 1. c., p. 465. 

§l. c., and for a proof of this theorem see Muir’s Determinants, p. 170, §125. 
Burnside and Panton, 1. c., p. 297. See also Ency. der Math. Wiss., 1. c., p. 459. 
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FOUR NEW THEOREMS RELATING TO CONJUGATE 
HYPERBOLAS. 


By REV. ALAN 8. HAWKESWORTH, Philadelphia, Pa. 


Theorem 1. The portions of the directrices of conjugate hyperbolas, cut off be- 
tween their common asymptotes, are equal, each to the other [%. e., hh’= 7]; and sub- 
tend supplementary angles at their respective foci [1. e., Zhsh’+- Zjf7 =180°]. 

Thus, the four quadrilaterals [shch’, and fjcj’], whose diagonals are the 
four directrices and semi-focal distances, are equal in all respects and propor- 
tions; but reverse in direction [ch==jf; sh=cj; Zhsh’= Zjej’'; and Zhch'= Zjf’]. 
So that the focal distance of each direc- 
trix is equal to the distance from the cen- 
ter, OC, of the curve of its conjugate 
directrix; and vice versa. [as==cz; and 
ef=cx |. 

Join sh, sh’; fj and f7’; and draw 
AK and BK, the tangents at the apeci 
Aand B. Then Cs=CK=Cf; CA=Ch; 
and CB=(Cj. Therefore CK:CA::cs:ch; 
and so Chs is a right angled triangle; 
and equal to CAA. And similarly, CK:CB::c¢f:c¢j; so that gf is also a right 
angled triangle; and equal to CAB; and therefore also to CKA, and Chs. 

And, as the right angled triangles Cjf and Chs are equal in all respects and 
proportions, so also are their doubles, the quadrilaterals shch’ and cjfj’. And since 
the angle hch’ is supplementary to both hsh’ and jcj’, therefore angles hsh’ and jcj’ are 
equal; asalsoangles jf’, andhch’; ch=jf; sh=cj, and hh’= j'; xs-=cz; and ef=cx. 

Theorem 2. The right lines, joining the foci of conjugate hyperbolas, pass 
through the intersections of the conjugate directrices; and cut off, upon each directria, 
a portion [1l’, and Il’] which is double its focal distance [1. e., U’—=2as; and W—=2ef). 

Let the two directrices [hh’ and jj’] intersect in?. Join sland fl. Then, 
since cxlz is a parallelogram; le=cz=as; and zl=cr=zf. Therefore the right 
angled triangles Js and fel are also isosceles, and the angles xsl, als, 2lf, and 2fl 
equal to each other; and each half of a right angle. 

Therefore sif is one right line, joining the two foci s and f and passing 
through the intersection (1) of the conjugate directrices. While ll’ equals twice 
lz, and therefore twice xs, and similarly ll’ equals twice iz, or twice ¢f. 

- Theorem 8. If P be the point where the hyperbola is cut by the directrix of its 
conjugate, then P lies cn a circle, whose diameter is the focal distance ss’ (1. e., CP= 
Cs—Cf in Fig. 1], while its tangent and produced normal, respectively, pass through 
the foci of the conjugate hyperbola. 

Let the conjugate directrix jj’ cut the curve in P. Join CP, and draw Pr’, 
and Pt, the tangent, and produced normal of P; cutting the minor axis in ¢' and ¢. 

Then, Cz being the abscissa of P on the minor axis, Cz.C’'=CB?. But 
Cz.Cf also equals CB?. Hence Cf and Ct?’ are équal; and ¢’ must coincide with f’. 
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The angle ¢’Pt being right, ¢ must similarly coincide with f. And the cir- 
cle, whose diameter is the focal distance ff’, must therefore pass through P, and 
CP=cf=cs. 

And similarly, if p’ be the point of intersection of hh’ with the conjugate 
curve, Cp’—Cf=Cs; and the tangent and produced normal of p’ will pass through 
s’ and s. 

Corollary A. Therefore any point P, which lies on a hyperbola, equidis- 
tant from the center (c) with the focus (s), must have Cz for its abscissa on the 
minor axis; and /’, f, the conjugate foci, for the intersections with the minor 
axis of its tangent and produced normal, respectively. - 

Corollary B. And so again, if the tangent and produced normal of any 
point P on a hyperbola, pass through the conjugate foci of the curve, then such 
point is equidistant from the center C with the foci s, s’, f, and f’; and has the 
distance of the conjugate directrix from the center [7. e., Cz] for its abscissa on 
the minor axis. 

Theorem 4. If two confocal conics—an ellipse and an hyperbola—be drawn, so 
that sx of the one equals in magnitude sx of the other, then their right angled intersec- 
tions lie upon a circle, whose diameter is the inter-focal distance [1. ¢., CP=CS=Cf], 
coinciding, therefore, with the points of intersection of the hyperbola with its four con- 
jugate directrices, and the minor axis [2CB] of these two confocals is common. 

At P, the point of right angled intersection of the two confocals, draw Pt’, 
tangent at P to the hyperbola, intersecting its minor axis in ?’, and its directrix 
ind. And draw Pt, tangent at P to the ra 
ellipse, intersecting its minor axis in ft, ee 
and its directrix in /’. Join sl, sl’, sP, 
s’P, and OP. | 

Then, since in any conic curve the 
line drawn to the focus s from the inter- 
section of any tangent with the directrix 
is perpendicular to the line of foval dis- 
tance [sP] of such tangent, both /sP and ON 
l'sP are right angles, Isl’ one right line. ee ee ee ee 

Then, the angles xsl-and Xsl’ being equal; and sx equalling sX, the 
angled triangles szl end sX/' are equal in all respects, and sl—sl’. 

Therefore, again, the right angled triangles sPl and sPl' are also equal, 
and the angles sP/ and sPI' equal, each to the other. Thus, the right angle LPI’ 
has been bisected by sP; and the angle sPl equals half a right angle; and its 
double sPs’ one right angle. Then the circle, whose diameter is the inter-focal 
distance ss’, must pass through P, and CP=Cs=Cf. 

But such a point, as the corollary to the last theorem [3. Corollary A] 
shows, must coincide with the intersection of the hyperbola with its conjugate 
directrix [ jj’]; and its tangent and produced normal must pass through the foci 
[ ff] of the conjugate hyperbola. Therefore cz must be the abscissa of P on the 
common minor axis; cf the intercept on the minor axis of the tangent at P on 


— a 9 tl a 


right 
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the hyperbola, so that ¢’ and f coincide, and cf the intercept of the produced nor- 
mal at P to the hyperbola, or tangent to the ellipse; so that ¢ and f coincide. 

Then, since the proportion Ct’.Cn=BC? [Cn being the abscissa, and Ct’ 
the intercept of the tangent on the minor axis] belongs to the general conic; and 
since Ct’/= Ct—Cf; and Cn=Cz for both the confocals; therefore the third mag- 
nitude CB? must also be fixed and equal in both confocal curves; and 2CB be the 
common minor axis of ellipse and hyperbola. 


NOTE ON THE EXPANSION OF DEVERTEBRATE 
DETERMINANTS. 


By ORLANDO 8. STETSON, Syracuse University. 


—— 


In a paper entitled *‘‘Co-axial Minors of a Determinant of the Fourth 
Order,’’ Dr. Muir obtains what might be regarded as a sort of converse of Cay- 
Jey’s Expansion Theorem, viz., a general law for the expansion of an invertebrate 
co-axial minor in terms of the vertebrate co-axial minors of a given determinant 
and the elements of the principal diagonal. Dr. Muir mentions here, also, the 
possibility of presenting this as the ultimate ease of a more general law, namely, 
a law for the expansion of a devertebrated+ determinant in terms of the elements 
of the principal diagonal of the given determinant and their co-axial minors. 

My attention has been drawn by Dr. William H. Metzler to the desirabil- 
ity of obtaining, if possible, an explicit statement of such a general law. 

The object of this paper is to show how such a general law may be deduc- 
ed. <A slight modification of method will present, algebraically, a general proof 
of Cayley’s Expansion Theorem given in Muir’s Theory of Determinants. { 

Let D== | a, | represent a general determinant of order » and let A be a 
determinant of the following form: 


Ay, +14 yg vevteceee creeeees OW 4 Ig eneeen ees teeeeeees Ain 

Aoy Axa +hro notte Chg Ip cernere renee Con 
A= 

Uy Wy reverence creeees Aypy + Uppy ----+- Onn 

Any Ong vnesreen vecereees Gy ne Ann t+Xnn, 


Expanding A as a determinant with binomial elements, the term indepen- 
dent of the variables 7, ,, 9, ------- , tn, Will be the given determinant D. 
The coefficients of the variables 7, ,, 9, ..--+ , Xnn, are, respectively, the 
principal minors of order (»—1) which we shall denote by A,, A,, ......... , An. 
1 2 


Similarly, the coefficients of 7; ,%,., XL, {Ua cn , In—1%, are, respectively, the 
principal minors of order (n—2) which we designate by A 127 A igre An—1,n; ete. 
n—1,n 


*Transactions of the Royal Society of Edinburgh, Vol. 39, No. 10. 
tk elements of principal diagonal zero, n—k not zero. 
tMuir, p. 85. 


The expansion may therefore be written as follows: 

A =D + 3a, Ay + 30, 8,9 Ayo + By Hy 9%, 3A 
1 12 

eae SP a eee er Ara.... seseseee $0, Uy g wenn Lone 


Now, let A; be a devertebrated determinant of which the k zero elements 
in any order are Qy,7,, Arr.) ---) Grere. Substituting in A for a7, Cryer.) > Creres 
the values —@y,7,, —@r,7,) ---) —Aryry, and placing equal to zero the remaining 
n—k variables, it becomes evident that the expansion of the devertebrate will 
take the following form: 


A p= D— 2,7 Ar, + Ay 7 Ar r,Arr,t vores +(¢ —1)a 2A 7,Orgr, “ee Ay) rrAryrgeciry 
Ty TT 


A PN 
cere +C— 1))*a,, Urry Urry woth . 
TyTN qse0Tk 

We obtain, consequently, the following theorem: 

A devertebrated determinant of order n, containing k zero elements may be de- 
veloped with a series of terms, the first of which is the given determinant of order n, 
the neat k terms being the products of each of the k elements of the gwen determinant 
into its co-axial minor, the next $k(k —1) terms being the products of each pair of the k 
elements of the given determinant into its co-axial minor, etc. The signs of the respec- 
tive terms are negative or positive according as the combination of the k elements are 
odd or even. 

It is worthy of notice that for k==n, the expansion contains the law for the 
expression of an ivertebrate co-axial minor in terms of the vertebrate co-axial 
minors of the given determinant and its principal diagonal elements. 

For this case the expansion formula may be expressed more conveniently 
as follows: 


=D + Bl, Ay + By ley Ay gf Bly Lo oklgg Ajo 
1 - 12 123 
Tsetse BL Ly Q Tm—2Ars,., 1 ) —2) FC—1) 1 (Nn 1) 8, 7% 9. Lam: 


CAYLEY’S EXPANSION THEOREM. 


Let D represent a given determinant of order n, and let an identity be 
formed as follows: 


(44, —%,,)4+%,, Ay, Qin | 
D a= | %21 (G29 —To_) Xo. Aon 
Any An» (Ang—Lnn) +Enn 


Expanding as a determinant with binomial elements and letting A repre- 
sent the determinant formed from the general determinant by subtracting from 
the elements of the principal diagonal, 2, ,, a9, , Lan, we have: : 
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D=A+34,, A, +30, leg A po F801 122 0%gg3 NM ya3t sa neronae 
1 12 123 
To cesses + 3a, th ag eee Lek A Be + eee FH Ugg vr Linn 
12.... 
Now, placing 7, ,=@,1,, :9=Ay9,) ---- , Lnn—Ann, Cayley’s expansion 1s 


an immediate consequence since the principal diagonals of all the A’s become 
Zero. 


As illustrations we may assume— 


Girt Ay2 a3 Aig 

Qe Age + Xz o Aes Ao 

Qs, Ass Azz, te, Aggy | 
As | a 42 dag Aggy Thy 4 | 


> 
| 


Hixpanding 
A=D+4,,A,+0,,4,+0,,4,+%,,4, 
1 5 3 4 
+H) lo yAy. +H; {@, gAy3 +H, 4, Aig 
12 13 14 
ao 
r@ly Ws rg +r, ait 4A > 4 +. qa As 


+H11%_ ails Aly ay 1% 9 hea Ay 


9 
2 
FH Ugly pA jg g te ols g€ypAggy +h, Hy .My gy. 
134 234 
For k=1, assume 2,,-=—a,,, and place 2, ;=7,,=«,,=0, then. 
A,=D—-a,,A.,. 
2 
For k=2, assume 7, ,=— 4,1, ©44==— 4,4, and place ,,—#,,—0, then 
Ap =D—a, ,A,—ay,Agt+a, ,A4,Ay,. 
1 4 14 
For k=8, assume #, ;=— 41 ,) V29==—Gp 9, U3, —4,, and place x,,—0, then 
A y=D—0,,A,—4,,A9—G,3Ag 44, 5A, ,A, 9 +07 14433445 
1 2 3 12 13 
+O, 93 3A gs —A, Gy ogg. 
23 
For k—=4, assume @, j= — 444) og = — Ag 9, Ly 3—=— Ag 4, Uy g==—Ag,, then 
A y==D—0,,A,—,, A, — 053A, —-O, 4A gt, 022442441 14534,, 
1 2 3 4 12 13 
Fy Oy 4Ay g POs Ags ng FAs 2tasA gg ts 2s ¢Agg BO; bp 2s 3a, 


Syracuse University, March 20, 1904. 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


REMARKS ON No. 99 (Marcu, 1899; Marcy, 1900; Aprit, 1904). 


I. By DR. F. H. SAFFORD, University of Pennsylvania. 

The following method for the six-problem appears to be exhaustive, and 
gives two solutions which appear are independent. 

Consider only those arrangements which contain the natural order 123456 
as the first line. The only admissible sets containing 124 are 124865, 124635, 
124653. This gives only three possible second lines. With each of these pairs 
of lines a certain number of lines containing 125 may be found which will not 
conflict with the preceding. This method gives finally six sets which are the 
only ones possible, viz., 


son. 


A B C D E F 
123456 123456 123456 123456 123456 123456 
124865 124635 124365 215634 124653 124365 
125463 125643 125648 214536 125364 1256438 
126534 126534 1265384 615423 126435 126534 
134625 152436 245163 614352 156243 245316 
245163 2451386 241536 642513 143625 2416385 
241536 241563 246315 316452 245163 246158 
246135 162354 164523 125643 241365 463251 
162354 164523 162354 146235 162354 625413 
465231 625314 253146 314265 164523 623154 


Of these sets at most two are independent. 


The other five are convertible into each other in various ways. 


C is the one due to Dr. Jud- 
His the 


one recently given by Dr. Dickson. 

Adding 1 to each element of A, but noticing that 6 becomes.1, we obtain 
B, Similarly treating Bb, we get D. 

In A change 5 to 3, 3 to 6, 6 to 5, and the result is H. The addition of 1 
to the elements of EH gives F, thus completing the proof of dependence of 
A, B, D, H, F. C may be written thus: 


123456 245163 241536 
126534 203146 251364 
124365 236154 231645 
125643 264135 261453 
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Hach set of four will be reproduced by changing 8 to 6, 6 to 4, 4 to 5, 5 to 
3. Also each set of four may be written in two sets of two each, using alternate 
lines, and now each set of two is reproduced by changing 8 to 4, 4 to 3, 5 to 6, 
6 to 5. The other sets possess similar properties. 


II, By DR. L. E. DICKSON, The University of Chicago. 
The independence of Dr. Judson’s solution of the six-problem, 


(3) ABCDEF, ABDOFE, ABEFDC, ABFECD,: ACFDBE, 
ACEBFD, ACBEDF, ADECBF, ADBFOE, AEDBCF, 


from the solutions obtained by Dr. Safford and myself may be established most 
satisfactorily by group-theory.* Since ABCDEF and AFEDOCB are regarded 
to form the same seating at a round table, there are 20 arrangements of the 6 
letters each beginning with A. The substitutions by which they are derived 
from the natural order ABCDEF are the following: 


Identity, (BF)(CE); (CD)(EF), (BEDCF); (CEDF), (BCDF); 
(CFDE), (BDEF); (BOFE), (BEFC); (BCEFD), (BD)(OF); (BC)(DE), 
(BFCDE); (BDCE), (BFDC); (BDFEC), (BE)(DF); (BECD), (BFED); 


those of each pair leading to the same seating. These 20 substitutions form a 
group, the Lagrange group (BCEFD),,. By cyclic interchange of A, B, C, D, 
EH, F, we may write the 10 arrangements (J) so that they all begin with any 
chosen letter instead of A. There will result a group of order 20 leaving fixed 
this chosen letter. The simplest proof follows from the remark that (A BCDEF) 
transforms the set (J) into itself, giving rise to the permutation (1), (2, 8, 8, 
10, 4, 7)(5, 9, 6) of the arrangements. 

If a new solution (S) is not independent of (J), there exists a substitu- 
tion on A, ........., which transforms (J) into (S), so that for (S) also there will 
be a group of order 20 whose pairs of substitutions replace one arrangement by 
the other nine, each written to begin with any chosen letter. Nowfor my solution 


ABODEF, ABDFEC, ABECFD, ABFDCE, ACDBFE, 
ACFEBD, ACBEDF, ADECBF, ADOFBE, AEDBCF, 


1. €., ‘‘H’’ in Dr. Safford’s list above, the 20 substitutions are 


Identity, (BF)(CE); (CDF), (BCEFD) ; (CEFD), (BDCF) ; (CFE), (BEF); 
(BOD)(EF), (BED)(CF); (BCFDE), (BDEFC); (BC)(DE), (BFCDE); 
(BDOCE), (BFDC); (BDFE), (BEC)(DF); (BECD), (BFED), 


and do not form a group since the inverse of (CDF) is not in the set. 


*Group-theory accounts for the properties noted at the end of Dr. Safford’s remarks. 


171 


200. Froposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, O. 


No matter what value x be given, the numerical value of the expression 
(4 +2)/(2xz? + 3xz-+-6) can never exceed § 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
2 
(a+2) /(2”?+382+6)=1 (2+ 3). The value of this fraction is great- 


est when x=—0. 
0 (#+2)/(22? +382+6)=—% when x=—0. 
II. Solution by M. E. GRABER, A. M., Heidelberg University, Tiffin, Ohio. 
e+ 2 dy  (2”?+327+6)—42? —l1la—6 


Let y yn 8e6) Me? ae (a? Bae by? 


Placing dy/dx—0 and solving we get r=0,—4. By considering the second de- 
rivative it is shown that z=0 corresponds to a maximum; substituting this value 
in y, we find (y),=s. 
Also solved by L. E. Newcomb, Los Gatos, Cal. 
201. Proposed by H. B. LEONARD, B. S., Graduate Student, The University of Chicago. 
Solve by quadratics: a+ y+ay—75; 2? —y2=815. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
The second equation may be written 


x? —y? =3824—9, or y? —9==2? — 324, 


a? 324 75 x 72 
and therefore y — rar: 7.37 yt Also Y=T ay Ta Tee’ ory—3==7 a 
Ax op? y +3 y+3 y+ 3 
iF 20 4e( Fo =) ==324.4-72 (¥ 4 = i ). Let! Tat 


a od 4 dt 324 + 72t, 
2 L4te + 4¢® 824+ 721+ 4t?, 
a+2t—18+2t, w=—18, y=. 
The other values of x and y cannot be found by quadratics.* 


GEOMETRY. 


226, Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 
The triangles ABO, A’B’C' are in plane perspective, and the corresponding 
sides BO, B’O, ...., cut in P, Q, R, respectively. AA’, ...., cut the line PQA in 
P'Q'R’, respectively. Show that (PP’, QQ’, RR’) is an involution range. 


No solution has been received. 


*Bliminating y between the two given equations and dividing by «—18 there results x* +20? + -45x+- 
330=0. The remaining values of # are therefore obtainable from the solution of this cubic. Eb. 
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227. Proposed by 0. W. ANTHONY, Heaa of Mathematical Department, DeWitt Clinton High School, New 
York City. 


Construct a parallelogram having given a side and the distances of its ver- 
tices from a given point. 


I. Solution by M. E. GRABER, A. M., Heidelberg University, Tiffin, Ohio. 


Let a be the side of the parallelogram; 6 and c the distances of the given 
point from the extremities of a; and d and e the distances of the given point 
from the side equal and parallel to a, say a’. Construct triangle abc, consider- 
ing a the base, and erect a perpendicular p, from the vertex toa. Construct an- 
other triangle with d and e as sides and a line equal to a as base and determine 
its altitude 7. Then from vertex of triangle abc measure off / on p* and through 
the extremity of / draw a parallel to a and with d and e as radii and the vertex of 
triangle abe as a center, describe arcs cutting this parallel.t The intercepted 
parallel is a’. From a and a’ the parallelogram is easily constructed for two 
equal parallel sides determine a parallelogram, and at the same time the distances 
from the vertices to the given point are 0, c, d, and e as specified inthe problem. 


II. Solution by L. E. NEWCOMB, Los Gatos, Cal. 


(1) Let A be the given point; a, 6, c, d the given lines from the vertices 
and » the given side. Construct with sides a, 6, n and c, d, n the triangles 
AA,A, and AA,A, respectively. From A draw AB, AC perpendicular to A,A, 
and A,A, respectively. 

If A lies between the given sides or their extension, prolong CA to B, 
making AB’ equal to AB; from B’ draw B'A,’ parallel to A4,A, and make B’A, 
equal to BA,; extend A,’B’ to A,’ making A,’A,’ equal to n. Jom A,’A,, 
A,'’A,, AA,’ and AA,’. 

Since A,’A,’ and A,A, are by construction each equal to and parallel 
to each other and since the lines AA,’, A,’A are equal, respectively, to AA,, 
AA,, and AA,’, AA,’, AA,, AA, are respectively equal to a, b, c, d, it follows 
that A,'A,’A4,A, is the required parallelogram. 

(2) The case when A lies on the side corresponding to A,A, is easily dis- 
posed of, since AB’ must =—0 and A,A,=a+0. 

(3) If A lies without the given sides: from A lay off on AC AB” equal to 
AB; draw B’A,” equal to BA, and parallel to 4,A,; extend A,”B,” to A,” 
making A,”A,” equal to n; join A,”A,, A,”A,, AA,” and AA,”; 
A,"A,"A,A, is the parallelogram required, the proof being similar to that in 
case (1). 

It is taken for granted in the above solutions that the length of each line 
from A to each vertex is given; otherwise there may be constructed 12 parallel- 
ograms each meeting the conditions. 


*There arise two possibilities according as lt is laid off in the same direction as p or in the opposite 
direction. Ep. ; 
tAgain two possibilities arise for we may take the segment on either side of the perpendicular. Ep. 
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III. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let O be the given point, AB the given side. Let OA=—a, OB=b, OC=c, 
OD=d, AB=e, FA=—x, AD=—2z, D@=y, ZOFA=0. 


Then a?=(y+2)? +”? —2x(y+2)cosé....(1), 
b?—=(y te)? +(a+e)* —2(a-+e)(y+2)c080...(2), 
ec? ==y? +(4+e)? —2y(a + €)cosé.......... (3), 

d? =y"? +x? — 2xycose ........ (4). 
From (1) and (2), 
y +2e—mxc0s6 + // (a2 —x2 sin? 0) =(% + €)cosd 
+ 7/[b? —(a+e)*sin? 0]......... (5). 


From (3) and (4), 
y—(a + e)cosé + 1/ [c? —(x+e) *sin?6]=2c0s8d + // (d? —x? sin? 0)......... (6). 
Let 402e2—A?, (a? —e? —b? )=B, 2ce=C, d?—e? —c? =D. 
Then (5) and (6) become after reduction 
A?— B?=[4Be(e+r7)+A? +40? (€ +7)? ]sin’6........ (7), 
C? — D?=[4De(e +x) + C? +4e?(€ + x)? ]sin? 0......... (8). 
Eliminating siné we get 
4e?(A2_ B?_C? + D*)(e+27)? +4e[ D(A? — B?*) 
— BCC? — D*)](e+x) =B? 0? —A? D?........ (9). 


Equation (9) determines x. Then (7) or (8) determines @, (3) or (4) de- 
termines y, (1) or (2) determines z, and the parallelogram is determined in all 
respects. 


228. Proposed by 0.E. GLENN, A.M., Fellow in Mathematics, University of Pennsylvania, Philadelphia, Pa. 


Given a point O without a circle 8; two arbitrary lines through O cut Sin 
the points A, A’, and B, B’, respectively. Prove, by pure geometry, that the four 
circles through OAR, OBR, OA'R’, OB'R’, respectively, intersect in points col- 
linear with O; R and R’ being points upon S arbitrarily chosen. 


No solution has been received. 


A 


CALCULUS. 


179. Proposed by B. F. FINKEL, A. M., Drury College, Springfield, Mo. 
Discuss the integrals of the equation #(1—x)w"”+[1—(a+6+4+1)2]w'—abw 
—0( in the vicinities —0, and #1; indicating the form for the latter vicinity 
when a+b=1. Also when 1—a—bO is an integer k. [From Forsyth’s Linear 
Differential Equations, Ex. 6, p. 103]. 
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Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
This is the differential equation of the the well known hypergeometric 
series 


war thy 4 MOEN WOFD gs 4 MOEN VOD ys 4 


discussed in Chapter VI of Forsyth’s Differential Equations. 

If «=0, w=1; if w>1, w is divergent; if r<1, w is convergent ; if r—1, 
1_a—b=k, a positive integer, w is convergent; if z=1, 1—a—b=k, a negative 
integer or zero, w is divergent; if x=1, a+b=—1 and w 1s divergent. 


MECHANICS. 


167. Proposed by EDWIN S.CRAWLEY, Ph.D., Professor of Mathematics in the University of Pennsvlvania 

An anchor ring or torus is produced by the revolution of a circle of radius r, the 

center of the revolving circle describing a circle of radius R. A quadrant of the torus is 

cut by two planes through the center of the ring perpendicular to each other and perpen- 

dicular to the plane of revolution. Determine the limiting value of the ratio R:r, so that 

when the quadrant thus formed is placed with one of its ends in coincidence with a hori- 
zontal plane it will rest in that positian. 


IV. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let the circle radius 7 revolve around the line GH at a distance & from its 
center, through an angle 206=47. Let OM=x, MP=y, MN=dz. 

The figure PQpq will, by revolution, generate a quadrantal-cylindrical 
shell whose volume is ultimately 2yzadz. The center of gravity of this shell will 


cSind 24/2 as 
a 


be on the axis of X ata distance from O. 


tT 


R+r ‘ R+r 
{ ony * oy nadn 9 f a yd 
a . 4 


_ R—r w 2 R—r 
~¢ = Si — 
R+r T R+r 
f 2yrxadx f xyda 
R—r R-—r 
foe - R ; 7 
e21/ |r? —(4— dx 
ya ee! Ln 2" (AR? +r?2)y/2 
og RLY -_ PrR " 
f wy/ (Lr? —(a@—h)?* |dax 
R-—r 
; (AR? 4+ r? 1/2 4k +r? 
ee a ae or PD=—y 


Also FK=R, DK=r. By the conditions of the problem, 


R_+ 4k? +r? i _ try (Pen 4) og 


— OR CY Qa —4 
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DIOPHANTINE ANALYSIS. 


121. Proposed by L.E. DICKSON, Ph.D., Assisstant Professor in Mathematics, The University of Chicago. 


Find a formula for the solutions of #?-++-y?=1 (modp) valid in all cases 
p> 2. 


“ 


I. Solution by the PROPOSER. 
Let e=+1 according as p—4Il+1, 7. e., according as —1 is or is not the 
square of an integer i modulo p. Then the desired formula is 


—t 


w=t(c + ~), ye5 — =~), where 2?-¢=1. 


The proof is evident when iis an integer. In the contrary case, 7?=-—1 defines 
the GF[ p?] in which z?+!=1 has p+-1 solutions z. Let «+iy=-2, whence x—ty 
=aetivy=e?, (xa+iy)(e—ty)=2PH=1. 

II. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


é 


This is equivalent to tinding a general formula for x? +-y? —pe=1. 


2 
Let aw—mz,y=nze. ».(m? +n? )e?- pel. -. p—PEV LP? ram? pn?) 


2(m? +n?) 
| r?+s?—t? + (7? +8241?) 
Let p= +s*—#?, m—rt, n=st. oS RG? +s?) 
, pat or ! ° .—m—=— or rt 
ee $B ph at ge 2 FE pt gh ° 
s st _r s? yr +s%—f? 
Y=ne— — OF Tage ay Rp —ar 1 aewcaens (1), 
rt? s?t? y? +s*,—t? 
OY Gpsty Tt (e482)? pets ceeueee (2). 


Both (1) and (2) are general formulae satisfying the conditions. 


GROUP THEORY. 


4. Proposed by SAUL EPSTEEN, Chicago, Ill. 
Find the four-parameter continuous group which leaves invariant 
2 _ 
x? —£,%,—0. 
Solution by the PROPOSER. 
Writing © ==, 1H, +A7.%, +4, 52, 
©o =Ay + Ay Ly Ay 33 
Ly Hg 1X1 Ag hy Ay phy 
and expressing the condition that 7,'’*—a,'v,’=a# —2,%, we obtain six equations 
for the nine quantities a, (7, j—=1, 2, 3). Expressed parametrically, 
A, ,=a", A,,—=2ab, a, g==b*, 
y,==AC, Ag ,==(ad+be), a,,=bd, 
— 2 _ —q?2 
A,,=C*, Az,==2cd, A,,—d*, 
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with the condition (ad—bc)?=1; for, considering the group G: 
x ,'=a'x, +2abr, +b7e,, 
©,'—=acx, + (ad-+-he)x, +bdx,, 
v,’=c?",-+-2cedr,+d?x,, 
it is easily seen that #,'? —x,'"%,'=(ad— be)? (x? —£,X,). 
But is 7,? —7,2,=0, the condition (ad—bc)?==1 may be removed, thus ob- 
taining a group of four parameters. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


205. Proposed by G. B.M. ZERR, A. M., Ph. D., Parsons. W. Va. 
Express in the form of radicals the roots of the equation : 
v5 + Loma +90m2at + 275m x9 + 450m 4x7 +378m > x5 +140moa3 + limite + 2r=—0. 
206. Proposed by L. E. NEWCOMB. Los Gatos. Cal. 
The product of a certain pair of roots of x*--ax* + br? --ama +m? =0, is 
equal to the product of the remaining pair. 
207. Proposed by A. J. PAULSEN, San Francisco, Cal. 
Solve c4-+-yt=22? y*? ; e+ y=a. 


GEOMETRY. 


233. Proposed by S. F. NORRIS, Professor of Mathematics, Baltimore City College, Baltimore, Md. 
If from any point on acirele circumscribed about a triangle perpendiculars 
are dropped to the sides of the triangle, the feet of these perpendiculars lie on a 
line.. [Ashton’s Plane and Solid Analytic Geometry, page 87, 11th example]. 
234. Proposed by M. E. GRABER. A. B., Instructor in Mathematics and Physics in Heidelberg University, 
Tiffin, Ohio. 
Find the curve which is reciprocal to a circle and define it as a locus. 
235. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 
Any point on an ellipse is joined to the corners of an inscribed square. 
Find the anharmonic ratios of the pencil so formed. 


CALCULUS. 


181. Proposed by S. F. NORRIS, Baltimore, Md. 
x aa 
14a" 
example, second part]. 


Integrate dy= [From Olney’s Integral Calculus, page 116, third 
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182. Proposed by A. H. HOLMES, Brunswick, Maine. 


Evaluate {- d6,/[1+sin?0(1—4cosé) ]. 
0 


MECHANICS. 


170. Proposed by ELISHA S. LOOMIS, Berea. Ohio. 

Two angles‘of iron, A,CD and A,CA,, move freely on a pivot at C. Rods 
B,A, and B,A, are attached respectively at A, and at some point A, so that 
when B, moves along the rod CR, which is perpendicular to 4,A,, CDand CA, 
shall coincide in position with CH which is perpendic- 
ular to rod AR. When angle A, CD is 185° find CA, in 
terms of CA,. 

Also find the following: 

1. That value of CB, which will require least ef- 
fort exerted at B, to cause CA, to take the position CA,. 

2. That value of CB, which will cause B,A,, if produced, to pass through 
the point A,. 

3. As CB, varies in value, what is the locus.of the intersection of A,B, 
and A,B,? Of B,A, and B,A,? 

4. Suppose angle A, CD to be any other angle than 135°, then find CA, 
in terms of CA;. 


GROUP THEORY. 


5. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 
In lieu of the incorrect developments of Burnside, Theory of Groups, pp. 


56-58, show that an Abelian group of type (m,, mz, .......-- > My), My SM gS evrenee SM,, 
has a subgroup of type (1,, Nog, .---+ » Ns), Ny SNgS wen Sn,, 1f and only if szr, 
niom, =I, ......... 8). 


MISCELLANEOUS. 


145. Proposed by H. F. MacNEISH, Chicago, III. 
Two complete 5-plane configurations in space having the same vertices are 
identical; in general two complete (n-+2)-faces in n-space having the same ver- 
tices are identical. 


NOTES. 


Dr. H. L. Rietz has been promoted to an assistant professorship at the 
University of [linois. 
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J. H. Tanner and James McMahon have been promoted to full professor- 
ships in Mathematics at Cornell University. 


Dr.. G. A. Bliss of the University of Chicago has been appointed to an 
assistant professorship at the University of Missouri. 


Mr. A. W. Whitney and Dr. D. N. Lehiner have been promoted to Assis- 
tant Professorships of Mathematics at the University of California. 


The San Franciseo Section of the American Mathematical Society will hold 
its sixth meeting on October 1, 1904, at the University of California. 


Prof. D. N. Lehmer of the University of California; is preparing, under 
the auspices of the Carnegie Institution, a table of the smallest factors of all 
numbers up to ten million. 


Dr. Robert E. Moritz, of the University of Nebraska, has been elected 
Professor of Mathematics in the University of Washington to succeed Prof. 
Arthur Ranum who has resigned. 


Mr. Frank Gustave Radelfinger, Assistant Professor of Mathematics in 
the Washington University and a practising patent attorney, died at Washington 
on August 15, at the age of thirty-four years. 


BOOKS. 


Rational Geometry. By Prot. George Bruce Halsted. John Wiley & Sons, 
publishers, 1904. <A text book of the usual elements of geometry based on Hil- 
bert’s ‘‘Foundations.’ 

The modern standpoint permits many simplifications in the development of geomet- 
rical theory, of which our author skillfully avails himself. Of the many notable features 
of this book it suffices to mention only the treatment of Proportion, Equivalence, Areas, 
Volumes, Pure Spheries, the absence of the theory of limits, of a continuity assumption, 
the presence of the ruler as a sect-carrier displacing the compasses. This volume of 285 
pages contains all that is essential to a course in elementary geometry. The language is 
simple, the logic exact, the exposition masterly, as was to be expected from Dr. Halsted. 
The book seems admirably adapted to class use. The already great indebtedness of teach- 
ers of geometry to Dr. Halsted has been manifoldly increased by the publication of this 
book, which, in-the opinion of the writer and with no intended disparagement of others, is 
the most important contribution to the text-book literature of elementary geometry 
_which has appeared. And now that the way has been opened may we not hope that the 
teachers of geometry in the secondary schools and colleges will see to it that the present 
generations of pupils shall receive the benefits rightly accruing to them through the pro- 
found researches of the present and last centuries on the foundations of geometry. 

T., E. McKinney, Marietta, Ohio. 


ERRATA (in June-J uly No.) 
Page 146, line 5, for 9mx‘xz read 9mz*. 
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ON COMPLETE SYMMETRIC FUNCTIONS. 


By DR. E. D. ROE, JR., Syracuse University. 


PART II. PROBLEMS AND TABLES. 


1. Suppose we are asked to find the coefficient of 2 in the development 
+1 
x? —38"+2 — 
follows: 
3 


etl A Be _ 7 7 
7p —3e+2 Toe * Doe {oe Gop POO) 82), 


As we can find the roots of the denominator, we may proceed as 


bo 


whence the coefficient of x” is easily found to be 2—3.2-"—!. But suppose the 
degree of the denominator is greater than 2; it will then be generally difficult to 
find the roots, and a general equation of degree greater than four cannot be 
solved algebraically. We recur to the example stated in (17). We have by 
using (21), 


(54) }(2) ORO wet (MTT) og +2¢,"¢-+ oeeeeees + (m--1l jan] 
1 


whence 
(59) the coefficient #,_1 of atc, t,1 + 2¢,tp_ot+ -.-.-- +re,t, 
or by regarding (21), we see that it can be expressed as 


180 


é, 1 Qu... 0 
6b, 1 0....0 
(56) Uy—y==(— 1)" 
1 
re, by»—1 beeeeeens b, 
If ¢,==b;, ¢,==0y, 0 , Cy=b,, this becomes —s, in view of (381), as it 


should, as one sees by differentiating (29) with respect to « Formula (26) 
shows how to express the ¢’s in terms of 6’s, and hence (56) or (55) taken in 
connection with (26) gives the general solution of the problem.* 


2. To find the value of 3 “<. 
K==0 K- 


This problem while not directly employing the ¢’s is given as an example 
which shows how syinmetric functions may be used to solve a problem without 
the use of the individual roots. In this case there is an infinite number of them. 
Put 
(07) €67 ==C,) +6, 046,07 fo FOAM 
where it is easily seen that 
(58) Cy=e, C,=— 


with b,=e,/c,, we have from (57) 
loge, + log(1+0,a + ......... + Ba? bo. =e =1bats- Fe eee +24 veseeees ; 


or by simplifying and using (29), 


(59) — log(1+b,x4 bof? finn) SS tS bccn +2-+ — . 
whence 
_ 1 

(60) Ss) _— (1)! 
By (87), 
gy Kaci we +k, ( 8,\%( 82\% 8, \" 
ory tees (49)"(g)"_ (29) 
Substituting in (61) by means of (60) and (58), we get 

KO KP yr | 
(62) a Kl > Ky bocce Ky CLL) (2 1). Cr lye’ ss a 


We can also obtain a determinant form by using the determinant form for 8,, 


*Cf. The General Term of a Recurring Series, by Dr. L. E. Dickson, The American Mathematical 
Monthly, Vol. 10 (1903), page 223. 
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(42); (62) is the general solution. A few particular results are given. If 
r=1, the right member of (62) becomes e, as it should, since k,=1, 


If r=2, x, +2x,=2, «,-=2 1 Sum 

Ky==l 1 2e 
r=3, xy +2x, + 3x, =8, x, =3 1 
K,-=1, x, =2 3 

K,==1 1 oe 
r=4, x, +2K,+3x,+4«,==4, x, =4 1 
K,==2, Ky==1 6 
Kk, =1, x,=1 4 
Ky==2 3 

K,==1 1 1d5e 


1. THE MONOMIAL SYMMETRIC FUNCTIONS IN TERMS OF THE ?’8. 


Weight 1. Weight 2. Weight 8. 

ty f° ty - t? t,t, ts 

(1) {1 (2)|-1 2 (8) 1-3 8 

(1?) 1 —1 (21)|—2 5 —8 

(1°) 1-2 1 

Weight 4. Weight 5. 

ti tft, t2 tt, t, t tt, tt? tt, tot, t,t, t, 
(4) -1 4 2-4 4 (5)) 1 —5 15 0 —5 —5 5 
(31) 2-7 2 7 4 (41))—2 9 —7 —9 D 9 —5 
(2?) 1-4 8 2-2 (32)/-2 10 —11 —~8 11 d —5 
(212);,-38 10 -—4 —7 4 (312); 8 —18 10 12 -—8 —¥9 D 
(l¢)) 1-8 1 2-1 (271), 3 —14 14 10 —11 —7 5 
(213);—4 17 —14 —18 10 9 —5 
(15)' 1 —4 3 38 —2 —2 1 


These tables are symmetrical with respect to the secondary diagonal. The 
sum of the numbers of the last column is unity, while that of the other columns 
is zero, because the sum of the monomial symmetric functions in the vertical 
column at the left of the table is, by definition, the complete symmetric function 
of weight w, ¢,,. 

Multiplying the elements of the inverse table columnwise by those of the 
lines of the direct table (linewise), and so that the order is the same in both 
tables, and summing, we get zero, except when line and column belong to the 
same partition. Then the sum is unity. The reason for this is that the identity 
which so arises requires it. This property is true of all direct and inverse tables 
of the kind given in this paper. It is illustrated by the following arrangement 
of the direct and inverse tables for weight four. 


tCf. The American Mathematical Monthly, Vol. 9 (1902), pages 11 and 12. C. Smith’s Treatise on Al- 
gebra, example 18, page 387. Loney’s Trigonometry, Part II, page 9, example 7. 
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Direct Table (read vertically). Inverse Table (read vertically). 
t+ tt, t2 t,t, t, ttt?t, t, t,t, t, 
(4)|/-1 4-2-4 4 (4)}/ 1 t Idi 
(31) | 2-7 2 7 —4 ais | 4 82 2 1 
(2? 1-4 38 2 —2 (227), 6 4 38 2 1 
(21?) | —8 10 -—4 —7 4 (21°?) |12 7 4 8 1 
(14) 1-8 1 2-1 (14) }24 12 6 4 1 


Here the suin of the products of the elements of any two lines or of any 
two columns of the two tables is zero unless the two lines or the two columns 
are similarly placed, when the sum of the products of their elements is equal to 
unity. If two determinants be formed of the two arrays of-the direct and in- 
verse table, it thus appears that the product of these two determinants is unity. 
Hence the determinant of each array is also equal to unity numerically, when 
each determinant is integral; in other cases these determinants are reciprocals of 
each other. 


2. THE ?’s In TERMS OF MONOMIAL SYMMETRIC FUNCTIONS. INVERSE TABLE. 


Weight 1. Weight 2. Weight 3. 
(1) (12) (2) (18) (21) (8) 
tf, | 1 t, | 1 1 t, | 1 ] 1 
t? | 2 1 t,t, | 3 2 ] 
{3 | 6 3 1 
Weight 4. Weight 5. 

(1*) (21?) (2?) (81) (4) (15) (21°)(271)(81" (82) (41) ©) 
t,| 1 1 1 1- 1 t.| 1 ] ] 1 1 1 ] 
t,t,| 4 3 2 2 ] t,t,| 5 4 3 3 2 2 ] 
t.”| 6 4 3 2 ] t.t,| 10 7 D 4 3 2 1 
t,?t,|12 7 4 3 ] t,t?) 20 18 8 7 4 3 ] 
t,*|24 12 6 4 ] t°t,; 30 18 11 8 D 3 1 
t3¢,; 60 88 18 18 7 4 ] 
t°120 60 30 20 = 10 D ] 


In these tables the elements are symmetrical with respect to the secondary 
diagonal. The elements are all positive. The relations into which they enter 
with those of the direct table have already been mentioned. 


3. THE ?’S IN TERMS OF THE D’S. 


Weight 1. Weight 2. Weight 3. 
by bed, bf Vids bs 
t,; | —1 t| 1 —1 f,|/—-l1 2 —I1 
t? | 1 t.t,{—-1 1 
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Weight 4. Weight 5. 
bt b2b, 6, 6,6, b, b> b3b, 6,b,2 bfb, bb, 6,6, 5; 
t,;1 —-38 1 2 -1 t.|— 4 —3 —3 2 2 —1 
t,t.) 1 —2 0 1 tt,;-1 38 —1 -—2 0 1 
t?| 1 —2 1 t,t,,-1 3 —2 -—1 1 
t,t,7| 1 —1 t°t,,-1 2 0 —I1 
t*| 1 t,t7i,-l1 2 —1 
t3t,;-1 1 
t>'—1 


In these tables the elements are contained within a right triangle. Sym- 
metry is not present. Elements in the same column have the same sign. The 
sum of all the elements in a horizontal line (the last one excepted) vanishes, as 
it must according to (28). The sum of all the elements is (—1)” for the same 
reason. The relations to the inverse table are seen by writing the inverse as in 
1. to read vertically. 


4. THE 0’S IN TERMS OF THE (’S. (INVERSE OF 3.) 


In 3. interchange } and ¢, and we have the table, on account of (23) as 
worked out in (26) and (27). 


5. THE s’S IN TERMS OF THE ?’S. (THE 8’S IN TERMS OF THE 0’8.) 


Weight 1. Weight 2. Weight 3. 
ty t? by t,° tits t. 
s, | 1 s,| —l 2 s,{| 1 -—38 8 
s? | ol s,s, | —-1l 2 
sei 1 
Weight 4. : Weight 5. 
t* t/t, to” tit, ty t,°  tyt,® tt, tat? bot, Cty t 
s,—-l1 4 —2 -4 4 s.; Ll —9d Dd °d —5 —5 5 
$,8,, 1 —8 0 3 §,8,'—l1 4 —2 —4 0 4 
s, 1 —4 4 $382, —1 o —6 —3 6 
SPsyi—l 2 s,s°,; 1 —8 0 3 
so] s7s,, 1 —4 4 
s,83i—1 2 
gs: 


Here the elements are contained in a right triangle. The sum of the ele- 
ments in a horizontal line is 1, as it should be by (82) and (384). 

If sis changed into —s, and ¢ into b, these tables then express s’s in terms 
of b’s, on account of (85) and (36) as before observed. This amounts to chang- 
ing ¢ into 6, and changing or not changing all the signs of the elements in a hor- 
izontal line according as the product of the s’s at the left of the line is of odd or 
of even degree. And the sums of such collinear elements are accordingly +1. 
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6. THE ¢’S IN TERMS OF THE s’S. (THE b’S IN TERMS OF THE 8’8.)  (In- 
verse of 5.) 


Weight 1. Weight 2. Weight 3. 
S, SP 8, $3 848, 8 
t, |1 t,| 4 4 t,| + $$ 4 
ty 1 tit, 3 3 
t? | 1 
Weight 4. Weight 5. 
St 88. SP 8183 8, S° 8,38, 8,8? 81785 898, 8,84 S$; 
i a a tsaaz0 iz 8 8&6 4 5 
re Lior ¢ & § 0 4 
ar ee: tot,icr #& 2 2 2 
hg 8 tft, 4 0 
ts iteid 4 4 
tt.) 2 8 
te! 1 


The sum of the horizontally cojlinear elementsis1, as it should be by (41). 

If s is changed into —s, 7. e., if the signs of the elements of the columns 
are or are not changed according as the product of the s’s heading the column is 
of odd or of even degree, and the ?’s are replaced by 6b’s, we have then the table 
for the b’s expressed in terms of the s’s. In this ease the sum of horizontally 
collinear elements, except for the last line, is zero, by (42) and (48). 


TWO INFINITE SYSTEMS OF GROUPS GENERATED BY TWO 
OPERATORS OF ORDER FOOR. 


By PROFESSOR G. A. MILLER. Stanford University. 


If a, 6b, ¢ represent respectively the orders of two operators and that of 
their product, the group generated by these operators is completely defined by 
the numbers a, b, ¢ only in the following cases: (1) When one of these three 
numbers is unity; (2) When two of them are equal to 2 and the third greater 
than 1; (3) When they have one of the following three sets of values: (2, 3, 3), 
(2,3, 4), (2, 8,5). The corresponding groups are respectively cyclic, dihedral 
rotation, tetrahedral, octahedral, and icosahedral.* 

The abstract definitions and the laws of combination of these groups are 
so simple that they furnish very interesting examples in the logic of algebra. 
We proceed to consider two other very elementary systems of groups. Lets,,s,, 
represent two non-commutative operators of order four such that 


*Burnside, Theory of groups of finite order, 1897, p. 291; Miller, Bulletin of American Mathematical 
Society, Vol. 7, 1901, p. 424; American Journal of Mathematics, Vol. 24, 1902, p. 96. 
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g? sf==1. 
By multiplying on the right and the left by s; and s, respectively there results 
SP 8 —=8, 8,=—s8,—1 8,—'=(s, 8,)—1. 


Since s,—1(8, 8, )8,==8, $,=(s, s,)~, it follows that s, transforms s, s, 
into its inverse. The order (g) of the group (G@) generated by s, and s, 
is therefore equal to twice the order of s,s, whenever the group (H,) generated 
by s,s, includes s,2=s2. When this condition is not satisfied g—4h, h being 
the order of H,. 

In the former case G is composed of the cyclic group H, of order g/2, and 
g/2 operators of order 4 which have a common square.* Each of these operators 
of order 4 transforms each operator of H, into its inverse. Ass, ands, can be 
so selected that g/2 is an arbitrary even number, this infinite system of groups is 
composed of just one group of each order 4k, k=2, 38, ....... , o. This system is 
interesting also because it includes all possible non-cyclic groups of order p, p being 
a prime, which have only one subgroup of order ps, 0<s<m.t 

In the latter case G includes the direct product (H,) of an operator of 
order two (s,>) and the cyclic group of order g/4 generated by s,s,. The 
remaining g/2 operators of @ are of order four, have a common square, and 
transform each operator of H, into its inverse. This infinite system is composed 
of Just one group of each order 4h, k=3, 4, ......... , o. The value k—2 is exclud- 
ed by the fact that two non-commutative operators of order 4 cannot satisfy both 
the conditions 


s? sy=-=1 and (s,8s,)?=1. 


In fact, it results from the former that s s,;—s,s,, and from the latter that 
$,8,8,8,==1, or that s,s,—s, s,°. Hence s,s,==s,s,. When k is odd, H, is 
cyclic. 

Every group generated by two non-commutative operators of order four 
which have a common square must belong to one of the given systems. Hence 
such a group may be completely defined by saying that it is generated by two 
non-commutative operators of order 4 which have a common square and whose 
product is of order h>2; when h is even it is necessary to add whether the prod- 
uct does or does not generate the square of one of the given generators. 


*This statement follows directly from the fact that s, transforms each operator of H, into its inverse. 
+Burnside, Theory of Groups, p. 75. 
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ON A CYLINDER THE INTERSECTION OF WHICH WITH A 
SPHERE WILL DEVELOP INTO AN ELLIPSE.* 


By D. N. LEHMER, University of California. 


1. In his Mathematical Recreations published about 1674 Van Etten 
describes a method of drawing an ‘‘oval’’ with a pair of compasses leaving the 
distance between the points of the instrument unaltered. His scheme was to 
stretch the drawing paper around a cylinder. The curve thus obtained is not an 
ellipse but a transcendental curve whose equation is 


. y? +-4b?sin?5=-=a°, 
where 0 is the radius of the cylinder and « the distance between the points of the 
compasses. The curve is clearly the developed intersection of a sphere of radius 
a with a cylinder of radius b, the center of the sphere being on the surface of 
the cylinder. 

2. The question suggests itself to find the cylinder such that the curve as 
obtained above will develop into an ellipse. Take the origin at the center of the 
sphere and let the y-axis be an element of the cylinder. Let a plane parallel to 
the zz-plane cut out on the cylinder a curve of lengths. Then the equation of 
the ellipse in question will be 

y? g2 


ae Tat. 


To find the nature of the cylinder we have then the equations 


ee eye 2% =? a. (1), 


From these it is easy to derive the differential equation connecting # and z: 


ar(a?+e2)(1 + dz? )=0 (24 r). 


an” 


Changing to polar codrdinates and reducing, 


*Read before the San Francisco Section of the American Mathematical Society. 
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iv = TBE any) OF eee ey emane, 
V(b? — 


The cylinder has therefore for its right section a logarithmic spiral or rather two 
arranged in opposite directions. 

3. This curious result may be stated in the following way. If an ellipti- 
cal hole be cut out of a sheet of paper and the sheet wrapped about a sphere the 
diameter of which equals the minor axis of the ellipse the sheet wraps up into a 
cylinder a cross section of which is a logarithmic spiral. A model illustrating 
this relation between the ellipse and the spiral is easily constructed. 


BERKELEY, April, 1904. 


DEPARTMENTS. 


ae en ea 


SOLUTIONS OF PROBLEMS. 


nl 


ALGEBRA. 


200. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, O. 


No matter what value x be given, the numerical value of the expression 
(17+ 2)/( 22? +32+6) can never exceed 4. 


II, Solution by G. W. GREENWOOD, M.A., Professor of Mathematics and Astronomy in McKendree College, 
Lebanon, Iil. 


We know that y-+1l/y< 2. 
2/24Q/etQ. QWwtB/et8. 2+ 8/e—-5<3B. = 


Now put z=2-+-2 and we get 


24? +-34+6 


a pd. 


; r+2 
£35 1 Oy eT SET GE 


202. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons. W. Va. 
Express in the form of radicals the roots of the equation 


a? + 9mx7 +27m? 75 +380m3 23 +9mae+2r—0. 


I. Solution by A, H. HOLMES, Brunswick, Maine. 
Writing «*+38mar=y the equation becomes 


y 3 +-3m 3 y+ QranQu..... ( 1 ) . 
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Let s,=[—r+py(m® +77) } , 8, =[—r—7/(m*® +r?) ]! , and the roots of 
(1) become y,;=s,+5,, Y,=2(S; +8.) +3V/ (—-3)(3,—-52),  Yg=— 305, +82) 
—4y/(—8)(8,—81). 

“8 +3mr=y, OF Yo OF Yy.------ (2). 

The nine roots of the three cubies (2) give the required solution. We let 


ss=(— Serycms-tay2)), se=(- St —y/cm?--aye) ) 
and we denote the corresponding radicals when y, is replaced by y,, by S,, S¢; 
and when y, is replaced by y, by s,,8,. The nine roots of the given equation 
are : 
LS, 184; © —=S85 186, 
Lo —=—$(S8,+8,)+31/(—3) ($3 —S4), L,=—3(S, +85) tay (—38)(S;—S6), 
L,=—3(S, +8,)—-8/(—3)(8,—S8,), L_e=—4(S5 +8,)—31°(-3)G; —86); 

Ly =S_ 8g; 

€=—$(8,+8,)+4)/(—38) (8,-8.8), 

t== —$(8,+8,)—41/(—3) (5; —Sg). 


Similarly solved by Elmer Schuyler, and J. Scheffer. 


II. Solution by the PROPOSER. 
Let w-=-y+e. Then 09 +9mx7 + 27m?x> +380m3x3 + 9m4a+2r—0, becomes 
y® +29+(yzt+m) [9(y7 +27) + (86y2+27m) (yo +25) + (84y?2? + L05myz 
+ 30m? )(y3 +23) +(126y323 + 189my?2? + 81m? yz+9m? )(y4 2) +2r—0. 
“yy +29==—2r and yz==—m. 
ny 8+2ry8==m, y= —rty(r?+m?). 
Let a8 =—rt+ pr? +m), D==—r—-p(r? +m). 
Let wt FV) gs, 
Then the nine roots are a+ 0, fa+/8b, @2a+f7b, 7? a4+)5%d, 74a 4/3, 
>a+ftb, B'a+B2b, 37a+/)7b, a+fb. 


Also solved by L. E. Newcomb, and F. D. Posey. 


208. Proposed by L. E, NEWCOMB, Los Gatos, Cal. 
; ; 2b a ; 
The sum of a certain pair of roots of r++ ax’ +(— + ‘et + be+e=0 Is 


equal to the sum of the remaining pair. 


I, Solution by J, SCHEFFER, Hagerstown, Md. 

The problem reduces to.the problem of finding the value of m in the equa- 
tion at-+-az?-+mz* + bx+c=—0, subject to the condition that the sum of two roots 
equals the sum of the two others. Denoting the roots by a, 7,7, 5, we have 4+/ 
<ytd=-—ga. Since afy-+a%d+ay0 + fyo--—b), we have by factoring, 


“(7 +9) + (4+8) (= —b, ov (48-+79)gd=. 
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“43+ y70—=2b/a. Since of+uy+ad+ sy+f0+4yd=—m, we have (43+70)+(a+8) 
(y+o)=m, or (a7 +76) + (a+f)2—m, or 2b/a+ha? =m. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

Place x4-+-ax? + (2b/a+a? /4)x2 +ba+e==(x2? +hr+m)(22 +ka+n) where k 
is the sum of two of the roots. Since the sum of two roots equals the sum of 
the other two, k must be the same in both factors. Equating like powers of x 
we get 2k=a, k?+m+n=2b/a+a?2/4, k(m+n)=b, mn=c. 

J k=a/2, m+n=2b/a, mn=c, etc. The roots are now easily found— 


m= [b+ 1/(b?—a"e)], n= [Ey (b2—ae)], 


a a2 4 5 
s2=—ALkE py (hk? —4m) J=—$ (4-= = Fb y/ (0? —a°e)]). 


2 4 
r= 3k (ie —4uyJ=— (Se FE 4 they —a*e)]), 


Analogously solved by F. D. Posey. 


ITI. Solution by A. H. HOLMES, Brunswick, Maine, and L. E. NEWCOMB, Los Gatos, California. 


Transposing c and adding b?/a? to both sides, the roots of the equation 
are easily found to be 


a a> 4 
t= | + Jt — ~ Lot V(b? —4ac) } | 


— 4) © oF (b? —4a0 | 
ne 0) - J a [b+ y/ CO 4ac) | 


a ae 4 he 
rol ot IO Spey ora) | 


anil P- F0-Vow0] 


Evidently, +, -+v7,—=27, +4,——da. 


Also solved by Elmer Schuyler. 
204. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, O. 
If a, @, y be the roots of the cubic equation r?+q9r+r—0, prove that 
332° 325 5303 Sat, 
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I. Solution by PHILIP GRABER, Ph. B., M. S., Akron, Ohio. 
Since a+/+7=0 we may write a==-—2.s, @=s+t, y==s—t. Then 


3a? —6s? +20? ......... (1), 3a? =—6s3 + 6s87?.........(2), 

Sat —=18s4 +128? t? +2¢4......... (3), and 3a5=—30s5-+20s3 t? +10s?¢.......... (4). 
(1) multiplied by (4) gives 32?3a5—=—180s7 + 60s5¢? + 100s3¢4 + 20s06......... (5). 
(2) multiplied by (8) gives 3° 34==— 108s7 + 3685¢? + 60s*t4 + 12st®.......... (6). 

The second member of (5) multiplied by 3 equals the second member of 
(6) multiplied by 5. 

68350? 3a5—5Sa3 Sat, 


II. Solution by ELMER SCHUYLER, Reading, Pa. 
Sa? 


xn? 


af’ (a) Sa 
Bv Newton’s Theorem =n +— 
A) + 5 + 


In the present case f(v)=x°+qr-+-7, f' (7) =382?-+¢q, and 


Consequently 3a? =— 29, 3a5=—dgr, 3a —=— Br, Sat—2q?, and 8342 3a5—5 303 Sat 
=:— 30q?r. 


III. Solution by J. SCHEFFER, Hagerstown, Md: 

Since a+ f6+y=—0, af+ay+fy=q, afy-==—r, we find by squaring the first 
and applying the second, 3.? + Yg=0, whence 3:?=—2qg. By adding the three 
identities 4*-+-qatr=0, f°+98+r=0, 73+ 97+ r=0, we get 342+ q32+3r—0, or 

since Ju=—0, 2a3=-—3r. 
| By adding the three identities at-+ga?-+ra=0, 64+ 96?-+r8=0, r++ 972+ 
ry—=0, we get Xu4+ gS +r3«—0, whence 3at—2¢9?. 

By adding «5+ qa°+ra?=0, 65+963+7r8?=0, 75+ 972+7,?=0, we get 

Sa5-+-g3a8-+r3a*=-0, whence 3a5—5¢r. 
*. 3302. 305==—3809q2r, 53a3.3a4=—30g*r, which proves the proposition. 


IV. Solution by F. D. POSEY, A. B., San Mateo, Cal. 


In the following, since 32=0 the terms containing 3 vanish. 
Sa? =( 3a)? —2308— — 2¢. 


Ya? = (Sa*)( Sa) — 3a? B= — (Bah) (Sa) --8ahy—=— 8r. 
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Sat == (Sa )( 3a) —Ra* P= — (Bu? )( Das) + Be? y= — (Ba? )( Bas) + (Baul 
= — (34?) (34) =29?. 


15 (Sut )( Se) — Bato — (Su! )( Bah) + 8 Gy — (Sa?) (3B) + (Be? ay 50g. 
Oe? 305 —5303 Sat. 


»*, Solved by G. B. M. Zerr and Elmer Schuyler by computing the values 
of 327, S23, 324, 345 by means of the symmetric functions of the roots. 
Solved by L. E. Newcomb by actual determination of the roots a, 3, 7, of 
the given equation. 
Also solved by G. W. Greenwood. 


GEOMETRY. 


226. Proposed by W. J. GREENSTREET, A. M.. Editor of The Mathematical Gazette, Stroud, England. 
The triangles ABC, A’B'C' are in plane perspective, and the corresponding 
sides BC, B'C’, ...., cut in P, Q, R, respectively. AA’, ...., cut the line PQR in 
P'UR', respectively. Show that (PP’, QQ’, RR’) is an involution range. 


Solution 5y M. E. GRABER, A. M., Heidelberg University, Tiffin. Ohio. 

B(PP’, QR)=BCP'P, OR’) since they both equal the same range (B’P, 
DC) [D being the intersection of C’B’ and AB]. 

Therefore (PP’, QR) and (PP, Q’F’) are equicross and (PP, QQ’, RR’) 
is an involution range by the theorem that if (AA’, BC), (A’A, BC’) are equi- 
cross the range (AA’, BB’, CC’) will be an involution. [Lachlan’s Modern Pure 
Geometry, page 272, Art. 426]. 


229. Proposed by F. D. POSEY. A.B. San Mateo. Cal., and G. W. GREENWOOD, M.A. (Oxon), Lebanon, II. 


The solutions of problem 219 in the April number, ‘‘devise a simple geo- 
metric solution of the general quadratic equation,’’ give the roots when they are 
real. Required a construction for the roots when they are comple. 


Solution by F. D. POSEY. A. B., San Mateo, Cal. 

Dr. L. EK. Dickson reports a solution on page 98 of the April issue of the 
MONTHLY which holds when the roots are real. 

When the circle on AB does not cut Ox the roots are complex. From the 
center of the circle AB let fall a perpendicular upon Ox cutting the cirele at C 
and Ox at P. Produce this line to D making CPD=q+1. On CD as diameter 
describe a circle cutting Or at M and N. Then the roots of the equation are 
OP+PM(—1) and OP—PM,/( -1). 

Proof. CP computed in terms of p and qg is found to be 


q+1— 1/[p?+(q—-1)?] 
+) . 
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¢ 


“T ny 2 
. PD=Cp—op=tti TV Le +@=1)") . pap oP. PD=—4p* +4. 


“ (OP+ PMy/ —1)(OP—PM/ —1)=O0OP? + Pi? 4 2-4 p?+q=—q, and 
(OP+ PM,)/ —1)+(OP—PM// —1)=20P=— p. 


230, Proposed by SAUL EPSTEEN, Ph. D.. The University of Chicago. 
Cut off a given area S from a given triangle A BC by means of a line pass- 
ing through a given point P, (i) when P is on aside of ABO, (ii) when P is 
within ABC (S<area ABC). [For thecase P outside of ABC see problem 218]. 


I. Solution by J. SCHEFFER, Kee Mar College, Hagerstown, Md. 

(i) The point P lies on the side AB. If 8 is smaller than a ACP, find h 
from the proportion AP:m=2m:h, when S=m?. 

Lay off h perpendicularly to AB between the sides AC and AB. 
Connect the point where it strikes AO with P, and A APQ will be the 
required portion cut off. If S>ACP, take BP instead of AP. 

Gi) Point P within the triangle. 

Draw DE parallel to AB through P. Make parallelogram 
LEFA=S. On F erect perpendicular Y¥G=-DP, make GQ=—PE, and & | 
connect @ with P extending to J, then will JQ be the required line. For 


AFQH _PE*—DP?_ 


; | DP? A DPI 
ANPHE — PE? 7 


PE: ~~~ PHE* 


+. \ FAH=: 4 PHE— & DPI, ov 4 FQH+ A DPI= PHE. 
“A FQH+ A DPI+AFHPD=. PHE+AFHPD. 
-. \AQI--AFED=S8. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

Let ABC be the given triangle altitude h, P the point on side AB, Q the 
point within. Lay off AD=—2S/h and draw BD; then ABD=S. 

(i) Draw PD, and parallel to PD draw BM; join PM. The triangle PDM 
—triangle PDB. 

. PDM+ADP=APM=ADP+PDB--ADB=S. 

(ii) Through @ draw HG parallel to AC. Draw HD, and parallel to HD 
draw BH. Jom HH. Then HED=HBD, and AHH—ADB.  Bisect AEF at K, 
and draw KF parallel to AH. Then AKFH=AHH=ADB. At K draw KEL 
perpendicular to AC, and make KL—-HQ, LM=QF. 

~ KI? +KMA=DM’*. «. HPQ+KNM=QEN. 

.. PAM is the required line. For PAM=AKFH=ADB=NS. 


III. Solution by G. W. GREENWOOD, M. A. (Oxon), Lebanon, Ill. 
The following universal construction is Euclidean, but the proof is based 
on conics. 
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From the angle A cut any triangle XAY equal to the given area. Con- 
struct the triangle ZAZ’ where Z and Z’ lie on the sides of the angle A, and such 
that AZ=AZ’ =—1/(AX.AY). Then the area of this triangle is also equal to the 
given area. All lines cutting from the angle A a triangle having this area are 
tangent to an hyperbola having A as center and the sides of the angle as asymp- 
totes. ZZ’ is the tangent at a vertex. The circle with A as center and tangent 
to ZZ’ is the auxiliary circle. It will eut the sides of the angle A in points which 
we will call M, N. At these points erect perpendiculars to the sides of the angle; 
these will intersect in the corresponding focus of the hyperbola NS, say. Con- 
struct the circle with PS as diameter, and if this intersects the auxiliary circle, 
call one point of intersection Q. The angle / SQP is right, and hence PQ is a 
tangent to the hyperbola, and so cuts off from the angle A the required area. 
There is no solution when there is no point Q, nor, according to the limitations 
of the question, when the segment PQ intersects the segment BC. 

We can treat the angles B and C in like manner. 


Also solved by Elmer Schuyler, and A. H, Holmes. 


231. Proposed by B. F. FINKEL. A. M., Drury College, Springfield. Mo. 

A man starts from the vertex, A, of a right isosceles triangle ABC, right- 
angled at 4, and walks to D, the middle point of BC; from D to E, the middle 
point of AC; from KE to F, the middle point of AD; from F to G, the middle 
point of DE; from G to H, the middle point of HF; from H to J, the middle 
point of FG; from I to J, the middle point of HI; and so on ad infinitum. Find 
the codrdinates of his limiting position. [Suggested by Dr. Crawley]. 


I. Solution by G. B. M. ZERR. A. M., Ph. D.. Parsons, W. Va. 

From J he walks to K, the mid-point of HZ. He then performs the same 
journeys in the triangle KIJ as in -ABOC, and soon. The sides of KIJ are 7; 
the length of the sides of ABC. Taking A as origin, the coordinates of A are 
~;AD, and 3,DC0=;7,AD. Hence the codrdinates of his limiting position are 


r L 1 1 1 : 
1 + ~— —_— — ve neceuee -—-_9_ —- 8 ) 
1 1 1 


1 
8 4 | TY ee 
16 ae 16 16° 163 me 164 sme ese awe 


II. Solution by A. H. HOLMES, Brunswick. Maine. 

Draw the lines AD, DE, PF, FG, GH, HI, IJ, Ji, and KL, according 
to the directions of the problem. Join AG and this line will pass through the 
point K. This is easily seen by drawing GN parallel to DC, meeting AD in N, 
and KM parallel to DC, meeting AD in M, and considering the similar triangles 


*Taking D as the origin, DC and DA as the axes, the coordinates of the limiting point become j,AD, 
24D. This result agrees thus with the one in Solution II by Mr. Holmes. ED. 
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AKM and AGN.* Similarly, a line from H to D will pass through the point L. 

The point P, where AG and HD intersect is the limiting position. For 
every triangle within KIJ whose homologous sides are parallel to those of KIJ 
will have the same relation to KIJ that the latter has to ABC. Therefore the 
line AG passes through the right angled vertices of all such triangles within AJ, 
and HD passes through the middle points of all the bases. 

Let D be the origin of codrdinates, DC the axis of x and DA the axis of 
y, then the codrdinates of P are easily found to be r=4D0C, y=2 D7. 


Also solved by L. E. Newcomb, Elmer Schuyler, F. D. Posey, and G. W. Greenwood. 


232. Proposed by 0. VEBLEN, Ph. D., The University of Chicago. 


Given two parallel lines a,, a,, and two points 4,, A4,, upon a common 
perpendicular to a,, a, such that A, is at the same distance from a, as 
A, isfroma,. Let P, be the foot of the perpendicular from a point P of the 
same plane to’ the line a, and P, the foot of the perpendicular from Ptoa,. Find 

PA, PA, 


the locus of P when “PP. PP,’ 


Solution by J. SCHEFFER, Hagerstown, Md., and A. H. HOLMES. Brunswick. Maine. 
Choosing a,a,, a common perpendicular to the lines a,, a, for the axis of 
x, its middle point O for the origin of orthogonal codrdinates, 
so that OQ=a, PQ=y, and denoting Oa,=-Oa, by a, and 
OA,=OA, by b, we have PA, =v [y? + (04+ 7)? ], PP,=a-+2, 
PA,=V/[y?+(b—2)?], PP, =a—z. | 
From the condition of the problem 


1 Ly? +(o+e)?] 4 Ly +Co—-2)* ] 
a+x _ (—x 7 


Squaring, clearing of fractions, and simplifying, we finally 
and without difficulty obtain the equation 


yr 
b(a—b) ab —t 


If a>b, that is, for the case that A, and 4, are situated within the par- 
allels a, and a,, the equation is that of an ellipse, whose foci are 4, and A,, 
semi-axes ;/(ab), and 1;’[ b(a—O). 

If a<b, that is, for the case that A, and A, lie outside of the parallels a, 
and a,, the curve is an hyperbola. 


Also solved by G. B. M. Zerr, L. E. Newcomb, and G. W. Greenwood. 


*AN=34D, NG=1AD; AM=8,AD, MK=3,4D; hence AN'’NG=AM'MK. Ep. 
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GROUP THEORY. 


3. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 


Show that the equation 74—az* + bx? —ax+1=0, where a and 0 are ra- 
tional numbers, while neither 2—b-+ (4a)? nor (1+46)2—a? is the square of a 
rational number, is irreducible in the domain # of rational numbers; determine 
its group for this domain. 


Solution by R. L. Borger, A. B., Graduate Student, The University of Chicago. 
If reducible it could assume either of the forms: 


C1) (@? +pxt+1)(2? +-qr--1)=a++(pt+q)e? +(2-++pg)2? +(pt+q)r+1=0. 

1 | 1 
(2) (a -+pe+r)(a® + qe+—)=08+(p tq) + (r+—+pq)e? +(qr++ jet 1=0 
From (1), equating coefficients, 


ptq=—a; pg=b—2. “4 \=-4a + 1% (4a)? +2-0. 


_ Pp. 1 oe ek 
From (2), ptq=—4; greta =a; 7 r—-+pg=b. p= rei) (Oey 
Substituting these in last we get 
ret] r (r+ 1)? r (r+1)? 
ees ae 2 SO ——— 2 rr -— 
ee! al (atiy b, or > +a (+1)? 6+2. Put tl 


Then we have, 


x? —(0+2)xr+a?==0, or ret ty [oe ae. 


Now if the radicals for the above two quadratics are irrational then the 
original equation can not be reducible. Hence the equation is irreducible 
if neither (2—b)4- (4a)? nor (1+40)? —a? is the the square of arational number. 

To determine the group of the equation. Call its roots «,, 8, 4,, , 
where the f’s are reciprocals of the a’s. Then «)%,-+-4,8,—2. Its conjugates 
under G, are 4,8,+4,8, and a4,a,;+/,8,. No two of them can be equal for then 
the equation would have equal roots, which is impossible because of its irreduci- 
bility. The group is then either either G, consisting of 


[1, (4 8o)3 €4181)5 C4089 C4471) 5 C4071 )041 80) 5 C4041) C3971); 
(45412 oF 1) 5 (4,4 3,8) ], or 
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C4) 15 (493 0)5 C4181 )5 (40204171 )s 
(B) 15 (4985)(448,)3 (40418921); (41498120): 
(6) 15 (49% 4181) 3 C4041) C7071) 5 C4081 04180): 


The group must be transitive since the equation is irreducible. Hence we 
may exclude (a). 

It cannot be (b) since (0) is the regular cyclic group, and the equation, if 
this were its group, would be Abelian. 

We compute (4, —/7,)(4;—8,) which belongs to the group (c): 


A By F448, F498, +4489 +4940. 


W919 tO yy $494, +393, —=0—-2. 
Factoring this, (¢,+/,)(2,+4,)=—0—2. Squaring, and remembering 
that a,8,—=¢,8,—1, e 


(45 —Bo)2(4, —3; )®=[(4) +45)? —4][ (4 +3, )? — 41. 


“(a5 —8)(4,—8,) =2)/ (1+)? —a?], and as the irrationality of the 
radical is one of the conditions for irreducibility this group cannot be the group 
of the equation. The group of the equation is therefore G,. 


PROBLEMS FOR SOLUTION. 


TS 


ALGEBRA. 


208. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College 
Defiance, O. 


Solve x4 + y4=14a’y* 5 e+y=m. 


209. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 0. 


Prove that (a4+0+-+c¢++d*)>>4abed. 
210. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 


The sum of five quantities and the sum of their cubes are both zero. Show 
that the sum of their fifth powers is a factor of the sum of any odd powers of 
the quantities. 


GEOMETRY. 


236. Proposed by J. R. HITT. 


If two sides of a triangle pass through a fixed point, the third side touches 
a fixed circle. 
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237, Proposed by 8. A. COREY, Hiteman, Iowa. 

Let AB, BC, CD, DE, FA be the sides of a pentagon, plain or gauche. 
Double the length of CB and DE by extending from B and E to G and H, re- 
spectively. Draw B'D parallel to and of the same currency as BO. Connect G 
and H. Then prove that 2(AB?+ BC?+CD? + DE? + HA?)=80D?+4(DE. BC. 
cosHDB + HA.AB.cosHAB)+GH?. 


238. Proposed by 0. W. ANTHONY, Head of the Mathematical Department, DeWitt Clinton H!gh School, 
New York. 


Construct a trapezoid having given the sum of the parallel sides, the sum 
of the diagonals, and the angle formed by the diagonals. 


CALCULUS. 


183. Proposed by W. J. GREENSTREET, A. M., Stroud, England. 
sin2nxdax 


Evaluate s. (a? -La®)sing 


184, Proposed by W. J. GREENSTREET, A. M., Stroud, England. 


‘Tf wu=f(a, y); Fey; yy=e"; show that 


a? a » au du ,. du 


. ’ ; ge = SEG FH, 
dv? "dy? dy ‘dz ly 


MECHANICS. 


——— 


121. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Prove that the electrical capacity of an oblate ellipsoid of revolution is 
V (a? —b*)/cos—!(6/a), where a and bare the equatorial and polar semi-diameters. 


AVERAGE AND PROBABILITY. 


——— 


156. Proposed by J. E. SANDERS, Hackney, Ohio. 


Find the average area of a triangle, the sum of whose sides is constant 
and equal to 2a. 


DIOPHANTINE ANALYSIS. 


122. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 
If p is a prime (p+—1(p2—1) has no factor of the form 1+p%x, 2>0, if 
p>2; (p§—1)(pt—1)(p?—1) has no factor of the form 1+-p5z, r>0. 
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NOTES. 


Professor George Pirie of the University of Aberdeen, died on August 21, 
at the age of sixty-one years. 


Dr. L. P. Karpenski and Dr. J. W. Bradshaw have been appointed 
instructors in mathematics in the University of Michigan. 


Dr. Ludwig Sylow, Professor of Mathematics in the University of Chris- 
tiana, has been made a knight of the Prussian order ‘pour le mérite.’ 


Dr. Moritz Cantor, of the University of Heidelberg, author of the ‘‘Ges- 
shichte der Mathematik,’’ celebrated recently his seventy-fifth birthday. 


On June 23, 1904, the University of Oxford, England, conferred the M. A. 
degree upon G. W. Greenwood, of Lebanon, I]. Professor Greenwood was pre- 
sented for the degree by Canon Moore of Canterbury. 


Again death has taken away a valued contributor and friend_of the 
MontHEY in the person of Dr. George Lilley, who died June 8th, at Hugene, Ore. 
He had long been a sufferer from a complication which finally terminated in 
artero-sclerosis, the result of too close application to his chosen profession. 

Dr. Lilley received his education at Knox College, Michigan University, 
and Wesleyan University, Illinois, the last conferring upon him the degrees of 
Ph. D. and LL. D. He organized and opened, as its president, the Dakota Agri- 
cultural College, and was later its professor of mathematics for four years. 

The organizing and opening of the Washington Agricultural College, 
Pullman, Washingtan, was his next educational achievement. After remaining 
at that institution two years as its president, he went to Kugene, where he re- 
tained the chair of mathematics of the University of Oregon for five years. 

Professor Lilley was the author of several text books on Algebra, which 
have long been in use in schools. He started a treatise on Geometry, but owing 
to ill health was obliged to give up the work. KF, 


BOOKS. 


The Elements of the Differential and Integral Calculus with Numerous Exam- 
ples. By Donald Francis Campbell, Ph. D., Professor of Mathematics, Armour 
Institute of Technology. 12mo. Cloth, x +364 pages. Price, $1.90. New York: 
The Macmillan Co. 


While the aim of this work is primarily to meet the needs of students in technical 
colleges, yet it is well adapted to the requirements of the average student pursuing the 
subject in most colleges. The theory of definite integration is accurately explained, and 
two methods of approximate integration, viz., the Trapezoidal, and Simpson’s, are 
explained. The last eighty-five pages of the book are devoted to an elementary and prac- 
tical discussion of mechanics. The author has not hesitated to introduce, in this work, 
the important Elliptic Integrals, so noticeably omitted in many elementary works. The 
book is well written and the diagrams are-very good. B. F. F. 
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THE SUBTRACTION GROUPS. 


By G. A. MILLER. 


In the preceding volume of this journal* we considered the groups of the 
figures which are studied in elementary geometry and found that all the groups 
of the plane figures are of the dihedral rotation type and that every dihedral ro- 
tation group, with the exception of the one of order 4, is the group of movements 
of some regular polygon. In the present article we shall prove that these same 
groups are the groups of subtraction when the remainders are taken with respect 
to a modulus. 

Although we shall deal with analytic concepts yet it seems best to make 
extensive use of geometric considerations. Let z,, 2p, ......... , #, denote any set of 
real integers and suppose that they are represented in the usual manner by 
points onaline. The numbers n—z,, n—a,, ......... , W—X, (where n is any real 
number) correspond to the points obtained by reflecting the points corresponding 
tO U1, Uy) nee -, %, On the point midway between 0 and n. Since reflection is an 
operation of period two subtraction from a single number is an operation 
of period two. 

Instead of considering the remainders obtained by subtracting different 
numbers from the same number it seems desirable to consider the remainders 
when a given number is subtracted from a set of different numbers; ¢.-g. the 
numbers 2%,—,%,—Nn, ........ ,t,—n. These / distinct operations of period two 
are in general, not commutative ; for if we first subtract » from x, and then the 
resulting number from #, we obtain n+, —«,, whilen+z,—z, is obtained when 


*Vol. 10, 1903, p. 215. 
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the order of these operations is reversed. Similarly, it may be observed geomet- 
rically that reflection with respect to distinct points is non-commutative. The 
main object of this paper is the study of the group generated by these/ non-com- 
mutative operations. For simplicity, it will first be assumed that J=-2. 

Let s; represent the reflection corresponding to x, — while s, represents 
that corresponding toz,—n. The two reflections s,s, are equal to the transla- 
tion n+2,—a,. This translation has a finite period with respect to any finite 
integer (m) as modulus. This period is clearly m/d, where d is the highest com- 
mon factor of «,—az, and m. Since any two operators of period two generate 
the dihedral rotation group whose order is twice the order of the product of 
these operators,* it follows that s, and s, generate the dihedral rotation group 
of order 2m/d. 

To illustrate we may let s,, s, represent respectively the taking of the 
complement and the supplement of an angle. In this case m==360° and d—90°. 
Hence s,, s, generate the dihedral rotation group of order 8, or the group of 
movements of the square. The eight operations of this group consist of the four 
rotations through 0°, 90°, 180°, and 270°, respectively, and the four reflections on 
the lines x=0, x—y=0, y=0, x-+y=-0, respectively.t It may be observed that 
the group is independent of the values of n» When isa multiple of 45° the 
eight operations of the group give rise to only four distinct angles; viz. those 
which correspond to the four rotations. 

These special values of » present a very instructive example in the appli- 
cation of group theory. Although an angle assumes all its possible values under 
the subgroup of rotations, yet each reflection transforms the totality of 
the angles in a different manner from these rotations and hence the group does 
not reduce for these special values of ». It should also be observed that the sub- 
group which leaves an angle invariant when n has one of these special values is 
not generally invariant. 

It will soon be proved that there are 2m/d special values of n for which 
the subtraction group transforms n into less than 2m/d distinct values. Each of 
these special values is transformed into m/d distinct values. Hence the 2m/d 
special values may always be divided into two distinct sets such that each num- 
ber of a set is transformed into every other number of the set by means of the 
cyclic subgroup of order m/d. The truth of these statements results readily 
from the following considerations. The two reflections s, s, are equivalent to a 
translation through the distance x, x, independently of the value of ». Hence 
the group which includes s,, s.; must always transform n into at least m/d dis- 
tinct values. This is accomplished by the cyclic subgroup of order m/d. If the 
entire group transforms n into any other value it must transform it into 2m /d 
distinct values. From this it follows that the necessary and sufficient condition 
that there are only m/d distinct values of » under this group is that a reflection 
transforms ” into the same value as a translation (or rotation), or that 


*Bulletin of the American Mathematical Society, Vol. 7, 1901, p. 424. 
{Davis, Nebraska University Studies, Vol. 4, 1904, p. 231. 
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£,—n=n+k(a7,—2z,) mod m. 


Hence n ='+ hk mod m/2. 


That is, n has 2m/d distinct values. These may always be represented as the 
vertices of a regular polygon of 2m/d sides, as will appear more clearly from 
what follows. 

The preceding results may readily be extended so as to apply to the ease 
when / has any arbitrary value. If d represents the highest common factor of m 
and all the differences of the form x, — ag , the subtraction group generated by 
the reflections corresponding to the operations 7, —n, x, —1, u....... , ¢,—Nn 1s again 
the dihedral rotation group of order 2m/d. This results almost directly from 
the preceding considerations and the following elementary facts: (1) Any finite 
number of rational translations taken with respect to a rational modulus gener- 
ate a cyclic group whose order is the quotient obtained by dividing the rational 
modulus by the largest number which is contained an integral number of times 
in all the translations and the modulus. This cyclic group may be generated by 
translations (or rotations*) which are equal to this largest divisor leading to in- 
tegral quotients. (2) Any reflection followed by a translation is a reflection on 
the point obtained by translating the original point of reflection through half 
the original translation. That is, a translation followed by a reflection, or vice 
versa, 1s an operation of period two, or any translation whatever is transformed 
into its inverse by any reflection. 

From these general considerations it follows that the subtraction group 
for an arbitrary value of / is just as elementary as when /—2, and that the num- 
ber of special values of m is still equal to the order of the corresponding group 
and consist of two sets such that all the numbers of a set are obtained from any 
number of the set by the operations of the group. It is also clear that x,, x», 
seeseeee: , X,, m could be any rational numbers instead of being integral but this is 
only an apparent generalization and hence nothing would have been gained by 
the assumption. 

When @,, Gay were , t;, m represent complex integers while n is any ordin- 
ary complex number the preceding considerations remain practically unchanged. 
For the sake of simplicity we shall again consider the case when J—2 by itself. 
Letx,=a,+),1,%,=a,+b,1,m=m,+m,i,n=2,+y,i. The real parts of 2, —n, 
x,—n are obtained by reflecting the real part of n on the lines =a,/2, =a, /2, 
respectively, while the coefficients of i in these remainders are obtained by re- 
flecting y, on the lines y=b,/2, y=b,/2, respectively. The order of the trans- 
lation generated by the two reflections «; —n, x, —n is the least common multiple 
of m,/d,, m,/d,, where d, is the highest common factor of a, —a, and m, while 
d, has the same meaning with respect to b,—b, and m,. If m’ represents these 


*When the group is represented on a circle, the translations are replaced by rotations. . This is 
sometimes most convenient. 
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least common multiples the group generated by the two reflections L,—N, Ly—N 
is the dihedral rotation group of order 2m’. 

The generalization of the case when / is arbitrary is so similar to the case 
considered above that it seems unnecessary to give details. The only important 
difference consists of the fact that m’ represents the least common multiple of 
of m,/d,, m,/d,, where d, and d, are the highest common factors, respectively, 
of all such difference as a, — ag and 6, — bg. The numbersof the special values 
of is again equal to the order of the corresponding group. It is clear that 
every dihedral group (including the four group) may be represented in an infin- 
ite number of ways as a subtraction group. The stress should, however, not be 
laid upon the fact that subtraction furnishes such interesting illustrations of this 
important system of groups, but rather upon the fact that these groups give a 
deeper and far reaching meaning to the fundamental operation of subtraction. 


STANFORD University, September, 1904. 


THE SINKING-FUND OF THE UNITED STATES. 


By G. B. M. ZERR. 


The public debt of the United States is being paid by the sinking-fund in 
the following manner. During each fiscal year a sum is paid equal to one per 
cent. of the principal of the current debt, plus a sum equal to the interest on the 
part of the debt already paid at the rate of interest the debt bears. If. such a 
sinking-fund had been operated under the same law from the beginning, how 
long would it require to pay the public debt, if the rate of interest the debt draws 
is four per cent. per annum? 

A very excellent solution of the above problem is given in the Mathemati- 
cal Magazine for September, 1904, by Theodore L. DeLand, who employs the 
Caleulus of Finite Differences. 

As the great debt of the United States will fall due in a few years, and, as 
its payment, then, will have to be met by a long-time loan at a different rate, 
which will change the present sinking-fund, we believe that a simple algebraic 
solution of this national problem will be interesting to the readers of the 
MONTHLY. | 

Let p=principal of the public debt at the beginning; r=.01, the rate per 
annum on the current principal; R==.04, the rate of interest the debt draws per 
annum ; 2=-number of years required to pay the debt. 


Then rp=first payment; 
p(1—r)=unpaid part of debt after first payment; 
rp(1—r) + krp=pr(1—r+R)=second payment ; 
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pr(1+1—r+R)=total paid ; 

pl[l1—-r—r(1—r-+f) ]=unpaid part after second payment ; 

pkr(1+1—r+R)+pr[1—r—r(1—r+R)]=pr(l—r+)? =thirdpayment ; 

pr[1+1—r+R+ (1—r4 R)? ]=total paid; 

plLl—-r—r(l—r+R)—r(1—r+f)? ]==unpaid part after third payment ; 

prL[R+Ri1—r+R)4+ R1—r+R)* ]4+pr[1—r—ril—r+&)—-rl—-r+&)?] 
<pr(1—r+R)*?=fourth payment. 

Similarly, pr(l1—r+R)"—1=nth payment. Hence 
prtpr(l—r+R)+pr(1—r+R)? + pr(l— 7 BY) Bb cree +pr(l—r+Rh)" =p. 

prfl+(l—-r+h)+(1—r+R)? +(1—-r4+ 8)? +... +(l—r+h)"—"|=p. 

wor -r+R)y—1]/(R—r)=1. 


ae a - log(R/r) 
“~(1—-r+h) =RK/r, "Tos(l—r+ R)’ 
log4 6020599913 
— == O_O CO = 8 9S ar 
n iog(1.03) 0128372947 46.8995 years=46 years, 10 months, 


24 days. 


A PROPERTY OF THE GROUP G,” ALL OF WHOSE OPERA- 
TORS EXCEPT IDENTITY ARE OF PERIOD 2. 


By L. E. DICKSON. 


1. G is a commutative group since ab=(ab)—1=b—1a—1=ba. As a con- 
erete form of G we may take the group of the linear substitutions which multiply 
each of the 2” variables by +1. 

It is always possible to separate the operators other than I of @,?" into 
Yn +1 gets each of 2"—1 operators such that those of any set together with I form 
a group of order 2”, and such that no two sets have a common operator. We 
consider the number N,, and character of all such separations into sets. Evi- 
dently N;=3. We show that N,=56, N,==21?.3.5.31. 

2. Let first* «—2. The first set (a, 6, ab) may be chosen in %.15.14—35 
ways. The second set (A, B, AB) may then be chosen in 3.12.8 ways, since A 
may be any operator except I, a, 0, ab, and B any operator except these four and 
their productst by A. Then AB differs from I, a, b, ab, A, B. Indeed, a rec- 
tangular table of the operators of G,, is given by 


*Cf. Ex. 2, p. 60, Burnside’s Theory of Groups; errata, p. xvi. 
tIf, for example, B-==bA, then AB=b would occur in the first set. 
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I a b ab 

A aA bA abA 
(1) B aB bB abB 

AB aAB bAB abAB 


Kach operator of the third set (a,, 6,, a,b,) must occur in the minor M 
of the element I of the determinant of (1). Hence a,-=cO, b; dD, a,b, =cdOD, 
where c, d, cd form a permutation of a, b, ab, and C, D, CD a permutation of 
A, B, AB. Hence the operators a,, b,, a,b, must be chosen from one term of 
the expansion of M. Since this condition is also sufficient, the third set may be 
chosen in 6 ways. 

Likewise the operators of the fourth set must form a term of the expan- 
sion of M, and each be distinct from a,, b,,a,0,. But in the expansion of a 
determinant of the third order, exactly two terms have no element in common 
with a given term. One of the two being chosen as the fourth set, the other 
must be taken as the fifth set. 

But the order of the sets is immaterial. Hence 


N,=(35.16.6.2) +5 !—56. 
3. Let next n—3. The number of subgroups of order 8 of G,, is 
(63.62.60)+~+(7.6.4)—5.9.31. 
As our first set we may take the 7 operators I of any G,: 
(2) I, a, 6b, ¢, ab, ac, be, abe. 


For brevity we denote the set by (a, b, ¢), giving generating operators. For the 
second set (A, B, C), we may take as A any operator of G,, different from the 
8 given by (2); as B, any operator of G,, different from the 16 given by (2) 
and their products by A; as C, any operator different from the 32 given by (2) 
and their products by A, B, AB. These necessary conditions are also sufficient. 
Indeed, a rectangular table for G,, may be formed by taking the operators (2) 
in the first row and the operators of (A, B, C) as the multipliers. Hence, we 
may choose the second set in (56.48.32) +(7.6.4)—83 ways, since there are 7.6.4 
triples in the set which may be taken as generators. 

The 7 operators of the third set (a,, b,,¢,) must be products a,4,, in 
which the 7 a,’s form a permutation of the elements of the first set, the 7 «,’s a 
permutation of those of the second set. For if two a,’s were equal, the product 
of the corresponding operators would belong to the second set. These condi- 
tions are not sufficient, in contrast to n==2. Leta,=a,4,,b3==4,'45', Cg=a,"4,". 
In view of a,6,c;, we must have a,a,'a;” I for i=1 and 2. The necessary and 
sufficient conditions for a third set (a,a,, a,'a,', a,"a,") are that a,, 4,", 4,” be 
three distinct elements of the first set such that a,2,'a," 41, and that «,, 4,', 4," be 
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three distinct elements of the second set such that a,a,'a," 41. Thus a, may be 
chosen in 7 ways, a,’ in 6 ways, a,” in 4 ways. Similarly for a,, a,’, a,”. 
Hence the third set may be chosen in (7.6.4)? +(7.6.4) ways. 

By a suitable rearrangement of the 7 elements of the first set, we may fix 
the notation so that the first three sets are 


(3) (a, b, C), (A, B, C), (aA, bB, cC)., 


From the resulting symmetry, these sets are not altered if we make any 
rearrangement of the 7 elements of the first set and the same rearrangement of 
the corresponding 7 elements of the second set. In particular, we may leave 0b 
unaltered, replace a by d, and c by e, where J, d, e generate the first set, making 
the corresponding changes in the second set. Hence we can throw a fourth set 
containing aB into one containing dB, where d is any one of the 6 elements (1) 
except I and 6. Consider therefore the fourth sets containing aB. No one of 
them contains 0A, since abAB lies in the third set. No one contains abA; for, 
aB, abA, and their product DAB, would then occur, and hence also teC, where t 
is a, b, or ab, whereas the products 


acC.bAB, bcC.abA, abcC.aB 


belong to the third set. Hence a fourth set with aB contains cA, acA, beA, or 
abcA. Buta fourth set with aB and cA can be thrown into one withaBanddA, 
where d=ac, bc, or abe, by replacing ¢ by d, C by D, without altering a, b, A, B. 
A fourth set with aB and cA must be one of the two: 


(4) aB, cA, acAB, abC, bBC, abcAC, bcABC; 
(5) aB, cA, acAB, béC, abcBC, bAC, abABC. 


Hence the fourth set may be chosen in exactly 6.4.2 ways. 

If in (5) we interchange the small and capital letters, and then permute b 
with c, B with C, we obtain (4). By these changes, the first and second sets (3) 
are interchanged, while the third set is unaltered. By a suitable change of nota- 
tion the first four sets may be written in the form 


(6) (a, 6,c), (A, B,C), (aA, OB, cC), (aB, cA, adbC). 


Next, there are exactly 12 sets having no element in common with one of 
the four sets (6). These are 


(7) cB, abA, abecAB, acC, aBC, bcAC, SABC; 


(8) abB, acA, bcAB, abeC, cBC, bAC, aABC; 
(9) acB, abcA, bAB, bceC, abBC, aAC, cABC; 
(10) bcB, bA, cAB, aC, abeBC, abAC, acABC; 


(11) abeB, bcA, aAB, OC, acBC, cAC, abABC; 
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(12) cB, bcA, bAB, abeC, abBC, aAC, acABOC; 
(13) abB, abcA, cAB, bcC, acBC, aAC,. DAB; 
(14) acB, bA, abcAB, bcC, abBC, cAC, aABO; 
(15) acB, abA, bcAB, 0bC, abeBC, aAC, cABO; 
(16) acB, abecA, bDAB, aC, cBC, bcAC, adbABOC; 
(17) bcB, abcA, aAB, acO, abBC, bAC, cABO; 
(18) abeB, acA, bAB, bcO, aBC, abAC, cABGC. 
But (12) has an element in common with each of the sets (7)—(18). This is 
also true if we start with (13), ......... , or (18) instead of (12). Hence the fifth, 
sixth, w....... , ninth sets must be chosen from (7)—(11). Inversely, no two of 


the sets (6)—(11) have an element in common, and hence give a solution of the 
problem. We have now proved that 


N,=(5.9.31)83(7.6.4)(6.4.2)5!+9 1=212.3.5.31), 


Theorem. ach of the 2!?.3.5.31 solutions of the problem may be derived by 
a suitable change of notation from the solution given by the nine sets (6)—(11). 


THe UNIVERSITY oF CHICAGO, June, 1904. 


DEPARTMENTS. 


CO ened 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


205. Proposed by G. B.M. ZERR, A. M., Ph. D., Parsons, W.Va. 
Express in the form of radicals the roots of the equation: 
x + 1oma3+-90m?2244-275m3 x9 -+-450m 407 +378m 5x5 +140mox3 +15mite + Pr—0. 
I, Solution by A. H. HOLMES, Brunswick, Maine. 
15+ ome? +90m2at! --275m3x9 + 459m4a7 +378m5x5 4-140m6e3 + 15m 7x 
+2r=0. 
“(5 +Oome3 +5m?x2)+3m> (x5 + 5mr3 +5m? x) +-2r—=0. 
Put 75 -+dmx3 +5m?a=y. 
ye +3m>y 4 2r=0. 
By the well known method of solving cubics: 
YiL-P FV (mt? +r?) + C-r—-p(m'>+r?)]} = t,+t,=R,, 
Y¥2=— 3, +t, +3/—-3(1, —t, J=k,, 
Y¥,=—3(1, +b, -3y —3C, —t, =f, ) 
“05 + ome? +om?e2—Rh, or RK, or Rg. 
Taking the first of these values, 
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(Bet Jn (Bi Im BP) ete 


t= 08, +e48,; 2,=e?S, +e%8,; ©, —e8s;+e?s,, and x,==e4s, +es,, when ¢ 
represents the imaginary fifth root of unity. 
The other ten values of x can be found by substituting A, and Rk, for kh, 


above. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

Let v=-y-+e. 

ve yh +2t5 +4 (ye+m)[1oCy)? + 2 3)+(105yz+90m) (y” +2") +(40dy? 2? + 
T15mye-+-275m2) (y9 +29) + (1865y 223 -+-2925my?2? + 2025m* ye + 450m? ) Cy” +27) 
+ (3008y424 + 7722my 223 4-7128m? y22* + 27 72m yz +- 378m ) (y> +25) + (S00dy° 25 
4 14300my4e4 + 15400m2y222 + 7700m?y?2? + 1750m4ye + 140m®) Cy? + 28) + 
(6435y%2* +.19305my525 + 22275m? y42e4 4+ 12375m3 y228 + 88Tomé+y? 2? + 400m ye 
15m*)(y+z2)]+2r—0. 

yh +215 ——2r, ye=—m. Let y1® =a, 21°=6. 

~a+b——2r, ab=—m5, »,a and b are the roots of ¢? +2rt—m’ >=0. 

Let ?=an imaginary fifteenth root of unity and also let a%—c, bis=d. 

”. The roots arec+d, fe+ Bi4td, @14e+ fd, S?c+f13d, f1%ce+ 62d, f3c+f1?d, 
pct Ad, Btet+fi'd, Bite+ftd, P>ce+A'd, f1°c+ Hod, B8c+A°d, F°c+ Hd, 
Bice+é8d, B8e+f"7d. 

Also solved by J. Scheffer. 
206. Proposed by L. E. NEWCOMB, Los Gatos, Cal. 


The product of a certain pair of roots of #++az?+be2+amx+m?—0, is 
equal to the product of the remaining pair. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Let 2,, 2, %3, “, be the roots. Then 7,+%,+%,+%,=—@; %,2,%,-+ 
ULL y+ HyU,X styl, —=— AM ; U4 U_L,L,—mM*. 
M(H, +B, + lg +0 4) = 0%, (XytU,)+U,0,(C, +2, )—=—am. 
Uy =U 4X 4—=M. 
The same is true if 7,%,=%,%,—=M, ©,%,=%,%,—=M. 


II. Solution by J. SCHEFFER, Kee Mar College, Hagerstown, Md. 
From the theory of equations, we have afy-+ 40+ ayd+fyé—=—am, or 
af(y+0)+yo(a +8)=—am, but yo=aP. | 
“af(atp+y+o)=—am. Since a+f-+y+e=—a, —afa=—am. 


“. af==m=y9. 
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III. Solution by G. W. GREENWOOD, M., A. (Oxon), Lebanon, Ill. 
II( 3 — 78) =a870( 3a)? — (Safir)? =m? (—a)? — (—am)?=0. 
Hence the product of any one pair of the roots equals that of the remain- 
ing pair. 
Solved by A. H. Holmes by actual computation of the roots. 
Also solved by the Proposer. 
207. Proposed by A. J. PAULSEN, San Francisco. Cal. 
Solve a4 -+y4==-2x°y? ; e+ y=a. 


Solution by EDWIN L. RICH Lehigh University, and A. H. HOLMES, Brunswick, Maine. 

Writing the first of these equations in the form («<+y)*(#—y)?=0, it is 
easily seen, since x+y=a, that the four values of x are 0, —o, $a, 3a; and 
those of y are — 0, o, 3a, $a. 

Also solved by G. B. M. Zerr, G. W. Greenwood, M. E. Graber, and J. Scheffer. 


GEOMETRY. 


233. Proposed by S. F. NORRIS, Professor of Mathematics, Baltimore City College, Baltimore, Md. 


If from any point on a cirele circumscribed about a triangle perpendiculars 
are dropped to the sides of the triangle, the feet of these perpendiculars lie on a 
line. [Ashton’s Plane and Solid Analytic Geometry, page 87, 11th example]. 


Remark by G. W. GREENWOOD, M. A. (Oxon), Lebanon, Ill. 
See solution of Geometry Problem number 184, August-September, 1902. 


234. Proposed by M. E. GRABER. A. B., Instructor in Mathematics and Physics in Heidelberg University, 
Tiffin, Ohio. 
Find the curve which is reciprocal to a cirele and define it as a locus. 


I. Solution by the PROPOSER. 


If A be the center of the given cirele, P any doint on it; 2 and a lines cor- 
responding to Pand A; and X the point az, Ap—OhOe 
by ¢ the ratio sinaw:sinex is constant. The reciprocal to a circle is then the en- 
velope of a line which divides the angle between a fixed line a and a variable 
line z passing through a fixed point O, into parts whose sines are in a constant 
ratio. Defined as a locus, the reciprocal curve to a circle is the path of a point 
which moves so that its distance from a fixed point varies as its distance from a 
fixed straight line. [Lachlan’s Modern Pure Geometry. | 


sinax. Denoting OX 


Il. “Solution by G. W. GREENWOOD, M. A. (Oxon), Professor of Mathematics and Astronomy in McKendree 
College, Lebanon, Iil. 


See Russell’s Pure Geometry, Chapter VIII, §11, or Salmon’s Conic Sec- 
tions, $808. The following is an analytic solution. Call the center of the given 
circle C and its radius a. Call the center of the circle of reciprocation O. De- 
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note CO by d; at any point P of the given circle draw a tangent to it, 
and through O draw a perpendicular to this circle, meeting it at VY. Denote PCO 
by 0. The locus of NW is therefore r=a—deosé, and the inverse of N with respect 
to the circle whose center is O, that is, the reciprocal of the given circle has for 
its equation 

ke? 


r 


=a —decos?. 


Hence the required locus is a conic, whose focus is O, and eccentricity d/a. It 
is therefore an ellipse, an hyperbola, or a parabola, according as d<, =, or >a. 
Also solved by G. B. M. Zerr. 


235. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 


Any point on an ellipse is joined to the corners of an inscribed square. 
Find the anharmonic ratios of the pencil so formed. 


I, Solution by G. W. GREENWOOD, M. A. (Oxon), Lebanon, IIL. 

We can show that the center of the square is the center of the ellipse and 
that the sides are parallel to its axes. Now anharmonic ratios are unaltered by 
projection. Hence project the ellipse into a circle whose diameter is 26, where 
a, b are the semi-major axis and semi-minor axis, respectively. We have a cir- 
cle with an inscribed rectangle ABCD where es 
P(ABCD) where P is any point on the circle. The anharmonic ratio 1s 

sinA PB.sinCPD 
sinCPB.sinAPD 


Consider the pencil 


Calling 7 APB, 0, we have 


sind.sin6d 
— —ftan’? dé. 
cosd.cosd 
AB a . . . a? 
Now tané—=———=——. Hence the anharmonic ratio 1s . 
AD ~—b b 


II. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 

Let ABCD represent the inscribed square, P any point. Let PD and PC 
intersect AB at Mand N. Let 2c—length of square, and a?y?+6°x? =a? b? the 
equation of the ellipse; and z,, y, codrdinates of point P. The coordinates of 
A, B, OC, D are respectively (c, ¢), (¢, —¢), (—¢, —¢), (—¢, ¢). Hence the 


; 3, Yin e ~ _¥, +6 _ 
equation of PD 1s y aa rs MEE) | of PC, Yer MEE) § of AB, «=e. 


| ey oe ap Cy +e)2¢ \ , ot LN Fe) 26 \ 
.. The codrdinates of point M=-(¢, e+ zn, ke ); of N, (¢, of te )) 


2eC+Ii) 4 poe, MN =~ = 8) 


aap cee 91) _ 
AM= BN tye 


C+2, 
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AM AB c@—y? . 5 
“An anharmonic ratio == YN BN gamer whut C cn oe 


b? (a? +?)a?—a?d? bP 
“.An anharmonic ratio=—, a’ (a+b )ee?—abe? a 


Also solved by G. B. M. Zerr. 


CALCULUS. 
181. Proposed by S. F. NORRIS, Baltimore, Md. 


Integrate dy== aan [From Olney’s Integral Calculus, page 116, third 


example, second part |. 
Ph. D. 


Solution by G. W. GREENWOOD, M. A.; M. E. GRABER, M. A., and G. B. M. ZERR, A. M., 


to x 
ro sl acaveri 7 meer | 
_ 1 (24—/2)+ 7/2 _ (2% + 7/2) — 2 
4 2 #® —4/241 x? +ay/2+1 
_ + | 20 — 71/2 24+ 7/2 
\“ 41/2 x? —)/2+1 e*toey/2+1 


*L grt —apy24+1 6 #ttay24+1] 
The required integral is therefore 


1 
_ pa llog(e* —a)/2+1)—log(#? +21/2+1)] 


4 VY [tan (1/20 1)+tan—1(;/27-+1] 


ee: e%*—¢1/2-+1 y 2 4 wy/ 2 
+9773 8 ee tayert toe OP ae 


Also solved by J. Scheffer. 


182. Proposed by A. H. HOLMES, Brunswick, Maine. 


1 


Evaluate “ d6,/[1+sin?26(1—4cos¢)]. 
7 0 
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Solution by S. A. COREY, Hiteman, Iowa. 


f “d0)/[1--sin?6(1—4cos0)] = f “d0)/ 1$ — 6080 —$COS2OLCOSBO) reese (1). 
0 0 . 


The value of the second member of (1) is easily computed by aid of the formula 
a\ 4, f 2@ ,{ 3% 
(B40 (Ge) vr (Zt 


— et) | bP’) 4 BA) OY] $e 


f2)-{O= 5 


enese 4+(—1) _— (©) —f2"(0)] bree 


B, Bay even , being Bernoulli’s numbers. 


Taking m—5, and n=2, the value of the definite integral is found to be 
1.17066. or greater accuracy, larger values of m and » may be taken. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Let sin?0(1—4cos0)=z. Then by expanding the expression we get 


(1+)? =1+$0—$a? +03 —7h 504 +h rd — 0... 


{d= 42=1.5708; af" rd 0 hn —2 =— 2740, 
0 


a7 llx ‘ a7 3)x 
1 2 — —__ . 1 3 
—~ fe dé = — [ag — 9699 ; ef dé— 519 — as! —.0194; 


3m 29757 

rin MUHA Sy7gg= 0138) 
bn 16401x 54761 

q 5 wee AQ. 

Ss w= SF sT073 ~ 137380 00893 


2. (V/A 1 + sin20(1 — 4eos6) ]d0=1.1858 —. 
0 


Also solved by the Proposer. 


~ oe 


MECHANICS. 


170. Proposed by ELISHA S. LOOMIS, Ph. D., Berea, Ohio. 


Two angles of iron, A,CD and A,CA,, move freely on a pivot at C. Rods 
B,A, and B,A, are attached respectively at A, and at some point A, so that 
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when B, moves along the rod CR, which is perpendicular to 4,A,, CDand CA, 
shall coincide in position with CH which is perpendicular to rod KR. When 
angle A,CD is 185° find CA, in terms of CA,. 

Also find the following: 

a). That value of CB, which will require least effort exerted at B, to 
cause CA, to take the position CA,. 

b). That value of CB, which will cause B,A,, if produced, to pass through 
the point A,. | 

¢). As CB, varies in value, what is the locus of the intersection of A,B, 
and A,B,? Of B,A, and B,A,? 

d). Suppose angle 4, CD to be any other angle than 135°, then find CA, 
in terms of CA,. 


Solution by the PROPOSER.* 
Determination of the value of CA, in terms of CA, when angle 4,CD= 
135°. 
a). Intriangle CA,B,, let CA,=rand CB,=vr. Then A, B,=r)/(14+0?). 
b). In triangle CA, B,, CA,=r, A,B,—r,/(1-+"), and angle A, CB, = 
' rsinC 1 


45°. Then, by trigonometry, sinB, = O40) Ve 40)’ 


CBA, = sin aT ay 
a 0A, B,=135°—sin— 5p 
; ; 1 
cop _7V G+ )sin( 187 —si0m 2) 
° sin45° 
=p /2y/ (140? )sin(135°— sin—! Ta) 
=kr, in which k=)/2,/(1+02)sin (135° — sins a) 


¢). In triangle CB,A,, CB,=vr and angle B,CA,=1385°. Draw A;,H 
perpendicular to CK. Then CA=A,H. Let CA,=ar, and CH=p=sr/)/2. 
“.(B,A,)?=(CB,)?+(CA,)? +2CB, xX CH=(tr)?2 +(ar)? +1/2 aor? 
==7? (v? +a? +41/2 ur). 
d). Intriangle B,CA,,CA,—CA,=—«ar, B,A,=B,A,, CB,—kr, and angle 
B,CA,=90°. (B,A,)?=(B,0)?+(CA,)? =r? (hk? +27). 
(er +a 47/2 ver? (he ta?) su? t+ 7/2 ovHkh?. 0/2 cr hk? —0?. 
2\ a4 O_ ain—l 1 2 __ aye 
r{lpy/2y/ (1+? )sin (135° — sin ye (40)! yet 
V2 VU ° 


kp? __. qya 

im “L==—_———-. 
V2 V 

Also solved by G. B. M. Zerr. 


ee LY 


i 


*Dr. Loomis writes us that the determination of CA, in terms of CA, is needed in a certain mechan- 
ism for producing dissolving views in a magic lantern. Eb. E. 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


211. Proposed by G. W. GREENWOOD, M. A. (Oxon), Le%anon, Il. 
Prove that p—qx and q—pz tend to equality as x dimishes to zero, but yet 
that their limits are not equal. [Hdwards’ Differential Calculus, p. 7, ex. 10.] 
212, Proposed by F. P. MATZ, Ph. D., Se. D. 
a? +2¢4+3 , #*—2¢+3 10 
Solve ae? —2e +8 ' 22427438 °~« 80 
213. Proposed by F. P. MATZ, Ph. D., Se. D. 
Find the two rvots of the equation x>—209x+56=—0, whose product is 
unity. 
214. Proposed by Editor EPSTEEN. 
How many terms are there in the expansion of (#7, +2, +.......... 4 Ly, )%9 


GEOMETRY. 


239. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 


Divide the sides of a triangle ABC internally in P, Q, R, so that BP/PC 
==0Q/QA=AR/RB. QR cuts BC externally in 8. Show that BS is to CS in 
the duplicate ratio of CP to PB. 


240. Proposed by B. F. BURLESON. 

The points P,, P,, P,; in the perpendicular BD of an isosceles triangle 
with equal angles at A and C are at the intersection of the three perpendiculars 
of the triangles, the center of its inscribed, and the center of its circumscribed 
circles, respectively. The distance from P, to P, ism=16 rods, and the distance 
from P, to P, isn=17 rods. Required the radii & andr of the triangle’s cir- 
cumscribed and inscribed circles, the perpendiculars BD=P,, the base AC—28, 
and one of the equal sides as AB=a. 


241. Proposed by Editor EPSTEEN. 


If two conies have each double contact with a third, their chords of con- 
tact with that conic, and two of the lines through their common points, will meet 
in a point and form a harmonic pencil. 


242, Proposed by the late MARCUS BAKER, 
In a trapezoid ABCD, upper base BC—a, lower base A D-=0, a line CP is 
drawn from vertex C to any point P in the base AD, such that PD—mb. The 
line OP intersects the diagonal BP in M and ‘MN is drawn parallel to the bases 


; ; ; abm 
meeting CD in N; then is M.N= aid 
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CALCULUS. 


185. Proposed by A. H. HOLMES, Brunswick, Maine. 


Required the perpendleular height of a right cone, radius of base being 
unity, such that the maximum ellipse that can be cut from the cone shall equal 
the base of the cone in area. 


186. Proposed by Editor EPSTEEN. 


Evaluate f sn mo dy, f coe my dy. 
0 Y yo Y 


GROUP THEORY. 


6. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 
Show that the binary substitutions on &,, 7,, the binary substitutions on 
Fo, %2, and (5;5,)(717.) generate a maximal subgroup of the quaternary abelian 
group. 


MISCELLANEOUS. 


146. Proposed by F. P. MATZ, Ph. D., Se. D. 


; acosa + bsina-=¢ 
Given { 1008 + bsingno to prove that 


”) 
sin(a+/) Ee and cotu--cot?== a. 
NOTES. 


Mr. H. R. Willard has been appointed instructor in Mathematics in the 
University of Maine. 


Mr. C. A. Holden has been appointed assistant professor of Mathematics 
in Dartmouth College. 


Dr. C. Gunderson has been appointed instructor in Mathematics in the 
Michigan Agricultural College. 


Mr. C. H. Sisam has been appointed instructor in Mathematics at the U. 
S. Naval Academy, Annapolis. 


Mr. W. D. Cairns has been promoted to an associate professorship in 
Mathematics at Oberlin College. 


Prof. T. F. Nichols, of Hamilton College, has been promoted to a full 
professorship of Applied Mathematics. 
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Miss M. K. Sinclair and Mr. C. Havemeyer have been appointed instruc- 
tors in Mathematics in the University of Nebraska. 


Dr. George H. Hallett has been promoted to an assistant professorship of 
Mathematics in the University of Pennsylvania. 


Mr. N. R. Wilson, lecturer in Mathematics in Wesley College, Winnipeg, 
Manitoba, is doing advanced work at the University of Chicago. 


Prof. T. E. Holgate of the department of Mathematics of Northwestern 
University, has been appointed acting President of the University. 


Dr. E. M. Blake, instructor in Mathematics in the University of Califor- 
nia, has accepted the chair of Mathematics in the University of Arizona. 


Professor Vining of Brandon College, Brandon, Manitoba, has been 
granted a leave of absence for two years. His place is temporarily filled by Dr. 
H. E. Jordan. 


BOOKS. 


Lehrbuch der Differenzenrechnung by D. Seliwanoff. B.G. Teubner, Leip- 


zig, 1904. 92 pp. , 

At the request of the well known Leipzig publishers, B. G. Teubner, the author has 
elaborated his article on Finite Differences in the Encyklopaedie der Mathematischen Wis- 
senschaften, Vol. 1, pp. 918-937, to the dimensions of a book. Thus, while the encyclopaedia 
gives but one page to the approximate evaluation of definite integrals and four pages to 
the subject of difference equations, the book devotes six pages to the former and .twenty- 
nine pages to the latter. The gain in perspicuity over the encyclopaedia article is there- 
fore considerable and indeed, although the author omits certain questions which might 
well be taken up, the subjects which he treats are presented in a delightfully clear and 
simple manner. ; 

The books of Boole and Markoff are more con.plete, but this work of Seliwanoff 
should be regarded not 4s a handbook for one who is familiar with the subject, but as a 
text book for the peginner who desires to learn the technique of computation, such as the 
methods of interpolation, construction of tables, estimation of unavoidable errors. 

Part I devotes thirty-two pages to the subject of Differences. After developing 
some of the most important general theorems in Chapter 1, the question of Interpolation 
is taken up in Chapter 2 where the author considers exact and approximate interpolation, 
computation of the roots of numerical equations, and the computation of logarithms and 
antilogarithms. The methods of evaluation of definite integrals in Chapter 8 are all very 
elementary, culminating with Simpson’s Formula. 

In Part II, Chapter 1 treats the subject of Indefinite and Definite Summation. Ac- 
cording to the conventional usage the symbol & is employed as the Calculus analog of 
the sign of integration /. In the opinion of the reviewer the symbol S would serve 
the purpose somewhat better. First, the use of the Greek letter as a functional symbol, 
where the (finite) integration is not possible, is a departure from its recognized meaning 
in various domains of analysis; second, the letter S corresponds somewhat closer to the 
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long s of the integral calculus, and third, the 3% would remain open to indicate a 
summation of integrals. Chapter 2 develops in an elementary manner the Jacob 


x n—l 
Bernoulli function P,(#)= & (n—1)1 , and some of its properties. Chapters 3, 4 are de- 
go (r— : 


voted to the Euler formula 
+h 
F(a) =" F(v)du+A,[FCath)—F(a)] +A,h? F'(a+eh) 
nw a 


and to some of its important applications, such as the development of Sterling’s formula 
1 2! 
lg(1.2.3 seseenees r)y=le/ (27) +(4#+45)lgr—a2—A, a tA: zt soseseoees 


Part III takes up the subject of Difference Equations. In Chapter 1 the general 
equation 


Yain—f(e, Yorr Yutiy Yates ) Yx+n—1) 
and the linear equation 
Yatn TP iYo+n—-1 +P 2Yatn—2+ seecee eee + Pn—1Y2+1+ PrYe= Or 

are discussed very briefly. The second chapter is devoted to the linear equation of the 
first order and to the interesting application of expanding coszt according to powers of cost¢. 
Chapter 3 treats in somewhat greater detail the linear difference equation with constant 
coefficients. Many of the questions of interest from the theoretical standpoint as well as 
in the higher applications, are not touched upon. We are indebted to the author for an 
excellent elementary text book on a fascinating and important subject. SauL Epstren. 


Versicherungsmathematik. Von Alfred Loewy. Leipzig, Sammlung Go6- 
schen, 1908. 145 pp. 


In publishing this book the Sammlung Goschen has certainly followed out success- 
fully its expressed policy of giving to the public a brief, but clear and up-to-date develop- 
ment of one of the most interesting applications of mathematical theory. While the 
reader who is unacquainted with the subject of life insurance might find Professor Loewy’s 
exposition somewhat too condensed, anyone with a knowledge of elementary algebra who 
has some acquaintance with the business aspect of the subject cannot fail to appreciate the 
value of this little pocket edition which contains in its 145 pages the development of all 
the important formula needed by the actuary. 

While one recognizes at once the meaning of many of the words such as Nettopramie 
=net premium, Sterblichkeitstafel—mortality table, the significance of some of the Ger- 
man expressions, of which a glossary of fourteen follows, is not at all evident. Indeed, a 
few are not to be found in the average German-English dictionary and their meaning 
must be learned from the context. 


Zinsfuss=rate of interest. Ruckversicherung=reinsurance. 
Zinsezins=compound interest. Bruttopramie=gross premium. 
Barwert=present value. Pramienruckgewahr=return (of part or 
Seibreute=annuity. whole) of premium. 
Erlebensversicherung—endowment. Ruckkaufpreis=surrender value. 
Postnumerando==payable subsequently. Passiva=liabilities. 

Pranumerando=payable in advance. Aktiva=assets. 


Karenzzeit=period of deferred insurance (a policy payable at death, provided death is not 
within m years, is spoken of as a policy with m-jahriger karenzzeit). 

Every time a conventional symbol is introduced its number (Roman) is printed in 
the margin, thus enabling the reader to find easily the meaning of the symbols in any for- 
mula under consideration. As might be expected, the notation is not that of the Actuar- 
ial Society of America; the author follows, with some exceptions, the Universal Standard 
Notation of the International Congress of Actuaries of 1895. 
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The fallacy involved in assessment life insurance is now well understood and Loewy 
therefore dismisses this subject with a brief and unfavorable mention. 

On page 92 it is stated that a well known German company computes the gross pre- 
mium A,’ of aone payment life policy by means of the formula A, =$§}A,, where A,= 
net premium. In America the “loading” is higher than this, but on the other hand life 
policies are ‘‘participating’’ and draw dividends. 

In the case of entire life policies, yearly payments, the formula is P,’—=1.24P,, 
for ages exceeding 34 years, making a loading of 24%. In America the loading is some- 
times less and sometimes more than this, varying with the different companies. For non- 
participating policies it is much less. It is not calculated as a percentage of the net pre- 
mium however. In the case of half yearly payments the Germans add one percent. of the 
yearly net premium; in case of quarterly payments two per cent. is added. 

The American law requires an insurance company to have on hand at the end of the 
first year, when the expenses are heaviest, the full reserve according to a mortality table 
in which no account is taken of the gain due to selection by medical examination. The 
large and wealthy companies meet this requirement by a bookkeeping device, transferring 
from the surplus, enough to meet the legal requirements, to the first year’s reserve. The 
smaller companies are compelled however to resort to the following plan: If the contract 
is for a twenty payment life policy, they issue a one year term policy, the regular insur- 
ance commencing one year later and extending over nineteen years. Actuaries are divid- 
éd in opinion at present on the moral point involved in this device; although unjust from 
the technical point of view it is difficult to see how a new company could come into exis- 
tence in any other way. The German law is more flexible, allowing the company to draw 
upon the first year’s reserve, for expenses, to the extent of 124M. per thousand marks of 
insurance. 

Experience shows that the Gompertz-Makeham formula gives the most satisfactory 
way of graduating mortality tables, and it is the method in general use at the present 
time. For this reason the reviewer regards the author’s treatment as too brief and con- 
densed. The mere statement of the result in the integrated form with the specification of 
the values of the constants is not sufficient for one who is reading it for the first time. 

A very interesting feature of the book is the insight given by it into the conditions 
of German life which help one to understand why deferred temporary annuities and en- 
dowments are more popular in Germany than in America. The former are often 
purchased for the purpose of defraying the expenses of a son at the University. The lat- 
ter, besides being a provision for old age, are also purchased for the purpose of providing a 
daughter with her ‘‘aussteuer”’ and a son with the expenses of the one year of military 
service. According to the German law those who pass the ‘‘secondar” examination and 
are willing to defray their own expenses are exempted from two of the required three 
years of service. 

The book seems to be free from misprints and other errors. By careful condensa- 
tion the author has reduced it to pocket size. It will be found a very useful little hand 
book. SAUL EpstEen, 


Grammar School Algebra. By David Eugene Smith, Ph. D., Professor of 
Mathematics in Teachers College, Columbia University, New York. 12mo. 
Cloth. vi+ 154 pp. Price, 50 cents. Boston and Chicago: Ginn & Co. 

This book introduces the student of Arithmetic to the mysteries of Algebra with 
ease and simplicity. It begins by showing the uses of Algebra by employing such practi- 
cal applications as are within the range of the knowledge of the student. The work 
includes linear equations with two unknown quantities, and easy quadratics. Abundant 
oral and written exercises are provided. B.F. F. 
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Elements of the Differential and Integral Calculus, with applications. By 
William Anthony Granville, Ph. D., Instructor in Mathematics in the Sheffield 
Scientific School of Yale University. 8vo. Semi-flexible Cloth, xiv + 462 pages. 
Price, $2.50. Boston and Chicago: Ginn & Co. 

This Calculus, based on the Method of Limits, is the first of a series of mathematical 
text books to be published by Ginn & Co., and to be edited by Percey F. Smith, Professor 
of Mathematics in the Sheffield Scientific School of Yale Uuiversity. 

The book is designed for the use of students in colleges and engineering schools. At 
the beginning of the book is given a large collection of elementary formulas from Algebra, 
Geometry, Trigonometry, and Analytical Geometry, serving to refresh the mind of the be- 
ginner with many of the implements with which his further progress is executed. Follow- 
ing the establishment of the fundamental principles, the utility of the Calculus is 
illustrated by numerous simple examples taken from Geometry and Mechanics. The fig- 
ures throughout the book are excellent, and the typography is first class. B. F. F. 


Where Did Infe Begin? A brief inquiry as to the probable place of begin- 
ning and the natural courses of the migration therefrom of the Flora and Fauna 
of the Harth. A Monograph. By Gilbert H. Schribner. New Edition. 8vo. 
Cloth, xiii+75 pages. New York: Charles Scribner’s Sons. 

In this little volume, the author puts forth the view and substantiates the same 
with fairly convincing argument that the beginning of all life occurred at the poles. The 


book first appeared in 1883. Since then, modern scientific research has greatly strength- 
ened the argument herein contained. B. F. F. 


Lectures on the Caleulus of Variations. By Harris Hancock, Ph. D., Dr. 
Sc. (Paris), Professor of Mathematics in the University of Cincinnati. Large 
8vo, Paper Cover, xvi+ 292 pages. 

In these lectures the author informs us that he has attempted to give a connected 
and simple treatment of Weierstrass’ Theory of the Calculus of Variations. The student 
is introduced to the study of the subject by considering simple problems illustrating the 
connection between the Calculus of Variations and the Theory of Maxima and Minima. 

The second part of the work beginning with Chapter XIII treats of the Theory of 
Relative Maxima and Minima in which the isoperimetrical problems are considered. This 
treatise constitutes a very important contribution to the literature of the subject. B. F. F. 


Tert-book of General Physics for High Schools and Colleges. By Joseph S. 
Ames, Ph. D., Professor of Physics and Director of the Physical Laboratory in 
the Johns Hopkins University. 8vo. Cloth, 768 pages. Price, $3.50. New 
York, Cincinnati, and Chicago: The American Book Co. 


This book is not a revision of the author’s previous text book, entitled the Theory of 
Physics. It is an entirely new book containing scientific discussions of the most recent 
discoveries in Physics, and clear and logical statements of the theory and experimental! 
facts upon which the science is based. 

The book is divided into the following sections: Mechanies and Properties of Mat- 
ter, Heat, Vibrations and Waves, Light, Magnetism and Electricity, and each subject is 
treated with the clearness, thoroughness, and scientific accuracy characteristic of Profes- 
sor Ames’ writing. B. F. F. 


ERRATA. 


Page 195, line 5 from bottom, for G, read G, ,. 
Page 196, line 9, read 4,7) +443, +493, +415, +454, +7355, ==0. 
Page 196, line 11, for (3,+,3,) read (4,+/,). 
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[Prepared by Saul Epsteen. | 


ALGEBRA (see Problems below). 

ARITHMETIC (see Problems below). 

AVERAGE AND PROBABILITY (see Problems below). 

BOOK REVIEWS.____.-.------------------------------ ------------- 22,148, 178, 215, 242 
Murray’s A First Course in Infinitesimal Calculus, Sewall’s Wireless Telegraphy, 
Burkhardt’s Einfuehrung in der Theorie der Analytischen Funktionen einer Kom- 
plexen Veraenderlichen, and Burkhardt’s Algebraische Analysis, 22. 

Grace’s The Algebra of Invariants, MacMahon’s Elementary Plane Geometry, 
Colaw’s School Algebra, Higgins’s Lessons in Physics, Bowden’s Elements of the 
Theory of Numbers, Wells’ Advanced Course in Algebra, Miller’s Laboratory 
Physics, Montgomery’s An Elementary American History, Smith’s Primary Ar- 
ithmetic, Taylor’s Plane Trigonometry, Maurer’s Technical Mechanics, The Jones 
Series of Readers, Sabine’s A Student’s Manual of a Laboratory Course in Physi- 
cal Measurements, Snyder and Palmer’s One Thousand Problems in Physics, 
Davis’s Elementary Physical Geography, 148—150. 

Halsted’s Rational Geometry, 178. 

Campbell’s The Elements of the Differential Calculus, 198. 

Selinwanoff’s Lehrbuch der Differenzenrechnung, Loewy’s Versicherungsmathe- 
matik, Smith’s Grammar School Algebra, Granville’s Elements of the Differential 
and Integral Calculus, Scribner’s Where Did Life Begin? Haneock’s Lectures on 
the Calculus of Variations, Ames’ Text-hook of General Physics, 215—218. 
Robbins and Summerville’s Exercises in Algebra, Hoadley’s Practical Measure- 
ments in Magnetism and Electricity, Cajori’s An Introduction to the Modern The- 
ory of Equations, and Chute’s Physical Laboratory Manual, 242. 

CALCULUS (see Problems below). 

ERRATA. __..__..--- .----- ---------- += ----- - -- +--+ --- 46, 120, 122, 150, 178, 218, 242 

GEOMETRY (see Problems below). 


MATHEMATICAL PAPERS. 


Baker. A balance for the solution of algebraic equations.__-_- ..----------.----- 224 

The expression of the areas of polygons in determinant form —_--...__-_-_-- 227-228 
Dickson, L. E. A property of the group @,2” all of whose operators except iden- 

tity are of period two-_-._-.----------------------------------------------- 208-206 
Emch, Arnold. The theory of optical squares --_..-_...--..---------------------- 32-36 
Epsteen, Saul. An elementary account of the theory of finite differences -______.__- 131-136 
Glenn, O. E. A method of transvection in the actual coefficients, and an applica- 

tion to evectants.__-.-----------.------------------------------------- 81-84, 108-112 
Greenwood, G. W. Representation of real and imaginary loci in the same plane_.105-106 
Halsted, G. B. Simon’s claim for Gauss in non-Euclidean geometry-_---.-------- 85-86 
Hawkesworth, A. 8S. Four new theorems relating to conjugate hyperbolas---- ---- 164-166 
Lehmer, D. N. Ona cylinder the intersection of which with a sphere will develop 

into an ellipse _-_-_---------.--- ------------ ------ -------+----- -------+----- _186-187 
Miller, G. A. On the generalization and extension of Sylow’s theorem .._.__-.---- 29-32 

On the totitives of different orders .._--_-----------------------------. ------ 129-180 

Two infinite systems of groups generated by operators of order four.__.------ 184-185 

The subtraction groups--..-.-.-------------.-----------.---------------~--199-202 


Groups of elementary trigonometry .---.--.---.--- .---------.----------- -- 225-226 


244. 


Putnam, T. M. A proof that four lines in space are in general met by two other 


lines woe ee ee ee een eee ene ene enn eee 86-87 
Quackenbush, H.S. A simple construction for finding the diameter of a given ma- 

terial sphere... .._.._..._-.-.-.-------.---------------------------+--------- 128 
Quinn, John J. A linkage for describing the conic sections by continuous motion. 12-13 
Roe, E. D., Jr. On complete symmetric functions.--...-------------. .--- 156-168, 179-184 
Vandiver, H. 8. On some special arithmetical congruences--_..---.------------- 51-56 
Stetson, O. 8. Triangular residues-_...-.------------------.---------------------- 106-107 

Note on the expansion of devertebrate determinants -._--- .-------------.---- 166-168 
Veblen, Oswald. Polar codrdinate proof of trigonometric formulas. -..------------ 6-12 

The transcendence of ¢ and  -_.-_--.-----.------------ ---- ------ ---- ~~~ - - 219-228 
Wilson, E. B. Spherical geometry ---- ---- 1-6, 28-28, 47-51, 75-80, 101-105, 128-128, 151-156 
Zerr,G. B. M. On the evaluation of certain definite integrals.....-..---..-.----- 56-62 

The sinking fund of the United States... ------..------.- ------- --- 202-208 


MECHANICS (see Problems below). 
MISCELLANEOUS (see Problems below). 
NOTES..._.-_---- =e. 6 ee ee ee ++ - 21, 46, 74, 100, 122, 147, 177, 198, 214, 241 


PROBLEMS. ALGEBRA. 
99. Seven persons at table. 


Judson, Safford, Dickson._.__. .___-------- .----------------. --. .---. -------- 87, 169 
185. Solve az? + br+c—0, ay? + by+d=—0, ax?y? + bry + e=—0. 

A. H. Holmes ____--___------------- ---- ee ee ee ee ee eee 13 
187. «7+ px + 2p?78+75p3a+r=—0. 

Dickson, Zerr___-_.---------------------------- -----. ------ +--+ ------ +--+ -- 14 


188. xy+ab—2az, x?y*?+a?b?=2b7y’. 
Schuyler, Anthony, Greenwood, Drake, Barrett, McNeish, Newcomb, Zerr, 
Scheffer ____-___.___-_-.---------- ---- oe ne ee ee ee ee ee eee 14 


189. 38¢+y=ry+t?, PYy=V (y—$x). 
Norris, Zerr, Newecomb.-----.--.-------- 

190. General term of 2, 3, 7, 46, 2112. 
Holmes, Zerr, Bareis, Newcomb vo ee ee eo ee ee eee eee ee 20, 63 


191. Multiplying by 2, 3, 4, 5, 6 leaves order of digits ot number unchanged. 


Roray, Dickson. __..--.--.-.-------.--------- -------------- +--+ +--+ -------- 20, 68 
1 1 
192. (3 )- (2 oP 
T 6a ete. ete. TEL ete. 
' Matz, Zerr, Newcomb, Scheffer....._._.... --.----.------------------ ----44, 88, 118 
a,2 (3a;)? 
198. o> NT, 
4 h, — sh 
Epsteen, Griffin, Dickson, Zerr-.-..-...- ---- —— _....----- 44, 78, 118 
194. Period of Abelian transformations of type [b,, Do, b le 
Dickson ___.__.-__-_---- 2-2 ee een ee ee eee eee ee --- 45, 88 
195. S ion 1) ,,C, 2° r? =n? —2n, n=integer. 
"Greenstreet, Greenwood, Zerr..-------.------------------------------------ 78, 113 
196. rth term of (2—1/x)"=e" in terms of z. 
Newcomb, Greenwood, Posey, Zerr, Bureis....-.-----.---.---.------------- 78, 114 
197. (18)#2-*) == (54 / 2)3 2, 
Matz, Landis, Greenwood, Sanders, Holmes, Posey, Wells, Hopkins, Higley, 
Zerr, Sherwood, Bareis, Scheffer, Newcomb. .---------------.------~-------- 78, ll4 


198. 


199. 
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Qe+y—— GY, 3e—3.20+1, 
Matz, Zerr, Holmes, Posey, Sanders, Greenwood, Hornung, Newcomb, 
Scheffer, Bareis.____.-___---.--- ee ee ee 99, 137 


(2 — Oy) were (x#—-A,)=(4+4, )......... (@+G,). 


Epsteen, Posey, Zerr, Greenwood, Newcomb....-._-_--.__-____---.__--___-- 99, 187 


200, Maximum of (#+2)/(2”?+382+6) is 4. 


201. 
202. 


203. 


208. 


209. 


210. 


211. 
212. 
213. 
214. 
215. 
216. 


217. 


218. & 


Matz, Zerr, Graber, Newcomb, Greenwood..______.-._..__.-_-_.____..___- 121, 171, 187 
x+y + xey 19, ©? —y? 315. 

Leonard, Zerr._---_-------. --- ee eee eee 121, 171 
£9 +9mx7 +27m? x5 +380m3 23 + O9mta+2r—0. 

Zerr, Holmes, Schuyler, Scheffer, Newcomb, Posey .-_..--.-----.--_---__-_..-_- 146, 187 
t+ ax®+(2b/a+a?/4)ac? +b2+c—0. 

NeWcomb, Scheffer, Zerr, Posey, Holmes, Schuyler. -_-_-- wee eee eee eee eee 146, 188 


. Syzygy of seventh degree among roots of x*+ga+r=0. 


Matz, Graber, Schuyler, Scheffer, Posey, Newcomb, Greenwood____.______- 146, 189 


» ©8154 15me'2190m2att to... +15m7x+2r=—0. 


Zerr, Holmes, Scheffer.-_-_......... 22. --- ee ee 176, 206 


» +a > +bxe?+ame+m?—0. 


Newcomb, Zerr, Scheffer, Greenwood, Holmes, Sanders._._...__.._____- 176, 207, 228 


. t+ yt ry? ety=a. 


Paulsen, Rich, Holmes, Zerr, Greenwood, Graber, Scheffer, Newcomb. .176, 208, 228 
v*+y4—)4e7y?, r+ty=—m. 

Matz, Rich, Corey, Borger, Greenwood, Sherwood, Newcomb, Lawrence, 
Harwood, Schuyler, Zerr, Scheffer .__..____..__.-...------_-_-___- =e. 196, 228 
(a*+64+¢4-+d*4)>4abed. 

Matz, Graber, Greenwood, Borger, Sherwood, Newcomb, Schuyler, Meyer, 

Haun, Laisant, Scheffer, Zerr, Lawrence .......-.....__________-____..___ ee. 196, 229 
Tf ay +... +0,—=0, ©) +... +a —=0, sum of odd powers is divis- 

ible by sum of fifth powers. 

Greenstreet, Greenwood, Schuyler, Zerr, Scheffer__...._.._____._...._____. 196, 230 
p—qe« and qg—px tend to equality as « approaches zero. 

Greenwood ___..-..---..--2--- ee eee 2138 
(a? + 2a-+3)/(a? —24+38) + (x? —27+8)/(2? +274 8)=10/38. 

Matz -.-.---.---2 2 ee. Ween eee eee eee eee ee eee 218 


Matz .--.---...------ 2. en ee ene ee 218 
Three simultaneous equations. 

Rich -_-.._-. 20-22-22 ee ee en ee 240 
8 - ant + bx? +4022? +4aba + ec—0. 


Newcomb -____-.--.-_-. pe eee eee ee. 240 


Matz --_..--- 0.2 eee ee eee 240 
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203. 
208. 
209. 
210. 
211. 
212. 
2138. 
214. 
215. 
216. 


217. 
218. 


219. 


220. 


GEOMETRY. 

Two parabolas through vertices of triangle touching cireumcircles. Oonverse 14 
Tangents to confocal parabolae. Greenstreet, Greenwood, Zerr------.------- 14 
Maximum of sine cose cos26.. Greenstreet, Droke, Newcomb, Zerr---.- ------ 15 
Interior bisector of C—120° in triangle ABC. Dickson, Graber, Droke, Wells, 

Greenwood, Neweomb, Zerr, Scheffer, Sherwood -_---.---------------------- 16 
Inscribed regular pentagon and decagon. Dickson, Droke, Wells, Greenwood, 

Newcomb, Zerr, Scheffer, Hopkins.----.-----------..--.---------------------- 16 
Relations between certain segments of two coplanar triangles. Finkel, 

Greenwood, Zerr, Posey....---.--. -------- ---------- 2-2 eee eee ee -e---- 87, 68 
Vertices of equilateral triangle on three parallel lines. MacNei ish, Hopkins, 

Wells, Greenwood, Holmes, Newcomb, Posey---------. -------- ------------ 37, 63 
Inscribed triangle, sides passing through given points. MacNeish, Greenwood 37 


Given bisectors of acute angles, construct right triangle. Newell, Dickson 20, 63, 91 
Given hypotenuse and side of inscribed square, find sides. Quinn, Dickson, 


Finkel, Elwood,-Holmes, Zerr, Newcomb, Hopkins, Scheffer .-.----.---.---- 20, 68 
Locus of vertex of acone. Droke, Hoover.._..----------------------------- 20, 64 
Cut off given area from given triangle. Anthony, Posey, Greenwood, Zerr, 

Scheffer, Newcomb ._____-_-..------- ---- ---- ---- een ee eee ---- 20, 66, 92 
Geometric solution of quadratic equation. Dickson, Landis, Finkel, Holmes, 

Locke, Zerr,Greenwood __-. -.---------------------- ---) ---- -------- +2000 - 20, 67, 98 

219a. Divide quadrilateral into two equivalent parts. MacNeish, Zerr, Greenwood, 

Newcomb __......---- 2-2 eee eee wee eee wee ee eee eee ee eee ees -- 45, 95, 14 
Sides of triangle perpendicular to sides of given triangle. Zerr, Greenwood, 

Posey, Newcomb, Scheffer .....------.-------- ---------------------- _-_._-45, 96, 137 


221. 


Given hypotenuse and side of inscribed square, find sides. Dickson, Green- 
wood, Corey, Holmes, Wells, Hopkins, Zerr, Sherwood, Scheffer, Newcomb, 


_ Normals at ends of focal chord of parabola. Zerr, Posey, Wells, Scheffer, 


Neweomb _____..--------- -------4-----+ ---- -- +2 eee ee en ee ee 73, 116, 188 


. Triangle and point in coplanar line. Greenstreet, Greenwood, Landis, Posey, 


Wells, Zerr-_--.-- eee ee ee ee ee ee ee ee ee ee een eee eee ee 78, 117 


. Common tangent to two circles. Hoover, Scheffer, Posey, Zerr, Holmes, San- 


ders, Hornung, Sherwood, Bareis, Newcomb.--.- --------------------------- 99, 138 


. Determine triangle, given altitudes, medians, ete. Dickson, Sanders, Schef- 


fer, Zerr.__.-.-.-----. ------ ---- ---- +--+ --- 2 ee ee en een errr 99, 189 


. Plane perspective triangles lead to involution range. Greenstreet, Graber 121, 171, 191 
. Construction of parallelogram from five given conditions. Anthony, Graber. 


Neweomb, Zerr..---------- -- --------------------- 22 ee rere 121, 172 
_ Four circles intersecting in collinear points. Glenn, Croyes------------ 121, 178, 230 
. Complex roots of quadratic equation. Posey, Greenwood ....-------- .------- 146, 191 
. Cut off given area from triangle. Epsteen, Scheffer, Zerr, Greenwood, Schuy- 

ler, Holmes_-_-..-.--------- ------------ ---- +--+ --2+ ern ee reer errr tne . 146, 192 
. Man starting from vertex of right isosceles triangle goes to middle point of 

hypotenuse, ete. Finkel, Zerr, Holmes, Newcomb, Schuyler, Posey, 

Greenwood --.--.-------------------) --2) e225 e020 on eter 146, 193 
_ New definition of conic sections. Veblen, Scheffer, Zerr, Newcomb, Greenwood 146, 194 
. Perpendiculars from circumcircle to sides of triangle. Norris, Greenwood ._-.176, 208 
. Reciprocal of acirele. Graber, Greenwood, Zerr--_------------------------- 176, 208 


_ Point of ellipse joined to corners of inscribed square. Greenstreet, Green- 


wood, Scheffer, Zerr---. --------. ------------- --------- ------+----+--------- 176, 209 


_ Sides of triangle through fixed points. Hitt---..----.------------------------ 196, 240 


237. 
238. 


239. 
240. 
241. 
242, 
248. 
24-4. 
245. 


172. 


173. 


174. 


179. 


176. 


177. 


178. 


179. 


180. 


181. 


182. 


183. 


1&4. 


Relations of lines in pentagon. Corey, Greenwood .-_.---.------.----------- 197, 2380. 
Given four conditions to construct trapezoid. Anthony, Meyers, Scheffer, 
Greenwood, Zerr, Keyes, Schuyler__-.---..-----.-------------------------.- 197, 231 
Relation of segments of sides of triangle. Greenstreet._---.--------_.------ 213 
Given isosceles triangle to determine perpendiculars, ete. Burleson--_-.--_-- 213 
Coniecs having double contact with given conic. Epsteen-_----------.----_-- 213 
Determination of a line in given trapezoid. Baker-._-_--.----------------_--- 218 
Locus of centers of circles inscribed in right triangle. Matz.--.-.---------_-- 240 
Equilateral triangle about a given triangle. Anthony-.-.--------------------- 240 
Relations among ordinates to conjugate diameters of ellipse. Greenstreet.... 240 
CALCULUS. 
dy y 
L = 
dx y—-1— loge 
Matz, Beman, Droke, Graber, Anthony, Greenwood, Zerr, Sanders, Gregg... 17, 38 
Maximum ellipse inscribed in quadrant. 
Sanders, Gregg, Greenwood, Zerr, Holmes, Newecomb.------.-------------- 38, 67 
©: 
f SID PO oo gre dx, p* <q’. 
9 sinh gr 
Finkel, Hoover, Zerr .__-_-.----------. ---..---------------------------------- 20, 67 


Volume of 2? + a2y?/x?==c? between c=0, r=a. 
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Graber, Greenwood, Finkel, Landis, Sherwood, Hoover, Zerr, Walker, Scheffer 21, 70 
o 2 
J. eos sda by (meV *eosby/2. 
Finkel, Corey..-_---.---- .----------. --.-------------------+ ----. - ---------- 73, 117 
Minimum cone circumscribing hemisphere. 
Anthony, Holmes, Corey, Wells, Sanders, Greenwood, Landis, Zerr, Sher- 
wood, Scheffer, Neweomb--.-_--.------------. ----------------------------- 73, 117 
au dd | 
9 1+sin? 
Epsteen. Zerr, Holmes, Hornung, Kellar, Posey, Sanders, Scheffer, Corey, 
Greenwood, Sherwood, Higley,, Newecomb-__-.---_-------------------------- 99, 140 
Integrals of e(1—2)w"+[1—(a+b+1)xc]w'—abw=0 in vicinity of 
z=0, 1; indicating form when a+b=—1, 1—a—b= integer. 
Finkel, Zerr....-------..---. ---------------------------.--------+-----------121, 178 
y'’+-Acos?y.y'+ By=0. : 
Wenner .____--------------- ------ ------ +--+ ee ee e+ 147 
_@" ay 
1+24 


Norris, Greenwood, Graber, Zerr, Scheffer, Corey, Walker. 
fi d6,/[1+ sin? 0(1—4cosd) }. 


voce ee eee 176, 210, 282 


Holmes, Corey, “err ._.--. -_-------------.----------------------- ------------ 177, 210 


f sin2nx dx 
(a?-+2? )sina ° 
Greenstreet, Zerr.__-._.--.--------------_-----------.-.- 


, au du 


d*u 
If Uu=f(«, y), F==e7Y, Yue, de _ 


Greenstreet, Greenwood, Zerr 


wee ee a ei ee ee a ee a oe 


wee eee -------.--197, 238 


197, 233 


185. Altitude of cone if maximum inscribed ellipse equals area of base. 

Holmes ._-.--_. ----..------- ee ne ee eee eee eee 214 

°- , f sin my dy 

186. Soy 1 { Soe my dy’ 

Epsteen _._.-.---------------- + eee ee ee ee eee 214 
187. Area of an ellipse. 

Jackson _.-------.-----.-- ------ ++ ee eee eee eee eee 241 
188. fy(y? +2)/[(y* +38y° +3))/(y? +1). 

Epsteen ---.---_--.--..---------------ee 8 eee ee eeeeeeee 241 

MECHANICS. 

161. Four equal uniform smoothly jointed rods, ete. Greenstreet, Zerr.__..-_--. 17 
162. Velocity of wave in liquid deeper than a, density s, surface tension 7. Finkel, 

Zerr, Graber_._..-..---2 2-22 ee ee eee ee eee 17 
163. A particle on smooth horizontal plane, ete. Greenstreet, Gregg .._. .-.------- 38 
164. P balances Won system of n movable pulleys. Greenstreet, Zerr...._-...--- 70 
165. Form of circular tower all parts subject to same stress. Anthony, Green- 

wood, Corey, Zerr, Hornung.._---------.--. ---------- 2 eee -- 21, 72, 97 
166. Gravitating particle placed at given point, cte. Zerr, Corey, Greenwood, 

Graber, Landis-.--.---..--.----.---------- w----- ee ee eee ---- «2.1, 97 
167. Quadrant of anchor ring in equilibrium on horizontal plane. Orawley, 

Greenwood, Finkel, Corey, Zerr...._.-...--. ~--2----- ee ee eee 74, 118, 174 
168. Momental resistance in bifilar suspension. Graber, Zerr .--_. .__--__.-.-.-- 99, 140 
169. Sudden liberation of one end of suspended chain. Anthony... ...........---- 147 
170. Two iron angles moving freely on pivot, ete. Loomis, Zerr___.-... .-_--- 177, 211, 2384 
171. Electrical capacity of oblate ellipsoid. Zerr, Graber.._._.....-..-_._--..._-197, 285 

DIOPHANTINE ANALYSIS. 

116. 2°>2(n-+1) (+1)... , n odd positive integer. 

Vandiver __..----_.--------2- ee ee en ee eee 38 
118. Least integers whose sum is square and sum of squares a biquadrate. 

Walker _.-.---.----------0. 2 ee ene ee eee wee 39 
119. Solutions of x?” =x( mod p”). 

Dickson .__..__.-.-..---------- 2 ee eee 39 
120. Positive integral solutions of x? —prz—pa—z+p?—3=—0. 

Dickson, Gerr_.----------------------_------------- ----------------. ee 45, 120 
121. Solutions of «? +y? =1mod p. 

Dickson _.-------------------------- +--+ ee ee eee 121, 175 
122. 1+ p%« does not factor (p*—1)(p? —1), ete. 

Dickson _.--------..------------------ ee ne ee eee 197, 238 

AVERAGE AND PROBABILITY. 

63. Plane cutting four edges of tetrahedron. Clarke, Zerr.____________________- 18 
146. Two points of ellipse on opposite sides of random line. Walker, Zerr__._ -__- 19 
147. Chance of drawing two black out of n balls. Greenstreet, Landis.__..--____- 19 
148. » points at random upon acirele. Rorty, Zerr.-_.--.._-._--__-_- eee 40 
149. Three random points on cone. Walker, Zerr_...-._-._.-_. 2-2 eee 40 
150. Area of circular segments of given length. Matz, Zerr, Heaton.._..._..____- 41, 120 
151. Tennis chanees. Dickson, Zerr_._.._......-_.. 2-2 eee 492 
152. Volume of square hole through sphere. Walker, Zerr__.....-.....--___--_-_-- 45, 141 
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153. Three random circles in agivencirele. Sanders._........_..._--_---_---_---- 74, 120 
154. Five random points in tetrahedron. Walker_______._..-..--._--__---_------. 122, 237 
155. Chancesatecraps. Wilson___-_-...-...--.-_-- 22 ee eee eee 147 
156. Area of triangle of given perimeter. Sanders, Corey, Zerr._.........---.----- 197, 237 
157. Circle inside of given circle. Walker__._._..._.-_._..______-_ 2-2 -- 241 


GROUP THEORY. 
1. Simple groups of orders 661—1092. 


Dickson, Burnside_..-.......-.---. 2-22 eee eee 98, 100 
2. Group of #4+2ar?+b=0. 
Burnside, Dickson..._..-._..2-2 2 eee 100, 142 
3. Group of 24 —ax? +bx? —ax+1==0. 
Dickson, Borger.._....-.. 2.22 eee eee 100, 195 
4. Group leaving invariant z,2 —2,7,—0. 
Epsteen .___-------------- 22-2 eee eee eee 122, 175 
0. Subgroup of type (7,, ...., 2) of abelian group of type (m,, -...-, Mr). 
Dickson ___.---------_--------------_- +2 eee 177 
6. Binary substitutions on €,, 7,3 &5, 723 (4,45)(47172), ete. 
Dickson _-.-_----.--------------------------- ee eee eee 214 
MISCELLANEOUS. 
73. Temperature in ice cream freezer. Myers, Safford._.....-..--.--- 222-222. 144 
142. Value of acute angle of triangle with commensurable sides. Wells, Anthony, 
Zerr, Gregg....------------------------------ 43 


143. In triangle 1—cos? A—cos? B—cos? C—2cosAcosBeosC=0 Greenwood, Steag- 
all, Brown, Yates, Cadman, Pierrot, Hoover, Sherwood, Corey, Roray, 


Graber, Holmes, Zerr, Posey, Hornung, Scheffer_......2-22 2 ee 21, 72 
148A. Existence of a certain function. Moore_.._.._-...-.... 22-2 eee 45 
144. Transferred to Group Theory 1_-__-_--.--..-- 2 eee 21, 98, 99 
144A. Spherical polygons formed by » great circles. DeLong_...._.....___-_.._- 177 
145. Identical configuration in n-space. MacNeish_.._._........._.-.- 2-2-2 --- 177, 238 


146. Solution of trigonometric equations. Matz._...___. 1-222. 214 
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THE TRANSCENDENCE OF = AND «. 


By DR. OSWALD VEBLEN, The University of Chicago. 


§1. The proof that z is a transcendental number is ordinarily arranged as 
follows. If should satisfy any algebraic equation, so would z.;/—1. But it 
is well known that 


em V—-1— — ] (A). 

Hence if z.)/—1 1s one of the m roots Z,, 2,, .....-.. » 2m, Of an algebraic equation, 
we must have 

(67: +-1)(¢e72+1)......... (e7"+-1)=—0 (B) 


since one of its factors is zero. On expanding (B) we obtain 


eet: ets te... +er—() (C) 


Whee X,, Ly 4 meerreen , , are the n roots of an algebraic equation and where c is a 
whole number not zero. The rest of the argument consists in showing that 
equation (C) is impossible. . 

The proof* that (C) is impossible is so difficult for most students that it 


*The principal references in English on the subject of the transcendence of 7 and e seem to be the 
translation by W. W. Beman of the chapter on Transcendental Numbers in Weber’s Algebra published in 
the Bulletin of the American Mathematical Society, Vol. 3 (1897), p. 174, and the translation by Beman and 
Smith of Klein’s Famous Problems of Elementary Geometry (Ginn & Co., Boston). A good elementary 
treatment in the German language is that by Weber and Wellstein, Encyclopadie der Elementarmathema- 
tik, Vol. I, pp. 418-482. (B. G. Teubner, Leipzig). 
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seems worth while to publish the simplified arrangement of the argument that is 
given below. The simplification consists in leaving out one factor ordinarily 
multiplied into the function $(«) and in the device of adding together the terms 
of equation (3) first by diagonals and then by columns. 

§2. Our task is to show that 


lk el ae ern (1) 
cannot be zero if c¢ is an integer not zero and 21, Ly, , t, are the roots 
of an ‘equation 

f(®)=a,+0,%+ 0,0? +......... +a,0@"=0 (2) 


with integral coefficients, a, <0, a, <9. 

The scheme of proof is to find a number N such that when we multiply it 
into (1) the resulting expression becomes equal to a whole number plus a quan- 
tity numerically less than unity, a sum which surely cannot be zero. To find 
this multiplier N, we study the series for e** where a, is any one of the roots of 


f()=0. 
» ae 1,3 
we — 1 4h 1 | + -4- 3] eee 
Multiplying this successively by arbitrary factors, we obtain the equations called 
(3): 
ew. 11.b,=b,.1!+0), (1+ vk 4 SE laseeaee ) 


2 
er 21.b,—=b, 211+ Cyt der(l+ os by ed) 


th 0,81 3 Uy Uy 
€ s!.d=b,. 8 (1-5 + met ween ie (s—1)1 Pte SAG Tt FTy(sbad t eeees ) 


Now 0, , -s.---+ , b, can be regarded as coefficients of an arbitrary polynomial 
b(7)=b, +0,4+0,2?-+ ........ +698. 
Differentiating, we have 


¢' (x)=), +6, .2.0-+ peceemens + b,.s.08—1, 


and in general 


221 


f™ (2) =D! Hon t at eee a 


If we add together the equations (8), we evidently obtain as the sum of the terms 
1048 
“(s—1)!’ 


sum of the terms in the next lower diagonal $’(«,), ete. We therefore have 


in the main diagonal, from 0,1! to 0,.s!. the polynomial ¢’(%); as the 


e%( 116, +210, +....48!10,)=$' (a) +6" (a) +.....+6 (ay) + 2 Vite Bim (4) 


Xy,” 


T “GFL Gnb3y * 


in which Rin =1+-—— +] 


Suppose now that (7), which is perfectly arbitrary, be chosen as below so that 
@' (%)=0, PQ" (Xp) =O, , PP) (x,)=0, 


for every %, p<s. By returning to the arrangement of (3) and leaving out the 
terms due to ¢'(%;), ...----- , P-) (a), we could then rewrite (4) in the form 


eP(11D, L21D5 fp nseneen +8 1Bg) = 3 Dyna” Rion 
m=1 
+ Dy.p! 


+Bpi1-(p+1) 10. +54) 


+b,.s!C1 + Tit s+ site Tts—py)” (9). 


A choice of ¢(x) that satisfies the conditions just required is 


yp) wr f(a)? 
—=--—__— an eo 1)P = —__“** 7" _. 
(x) Cpaiy isto Fie aae + + A, t?)P = (p—1) | 
of which every x, is a p-tuple root, by (2). Here p is still perfectly arbitrary, 
but s=np+p—l1, the degree of ¢(7). Expanding ¢(x), we find on account of 
the factor rP-1! 
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7 a? ) — I, ) I, 
> @=D PP @ TP mn @aT) 
where Ip, ..-..++-+ , I, are all integers. 


Now the coefficient of e** in (5) evidently becomes 


L, , 8! 
Nyy? +o DT p! +@_ ty) PS p+) + esses $a 


If the arbitrary p is taken as a prime number greater than a,, this expression is 
the sum of a,”, which cannot contain p as a factor, plus a number of other inte- 
gers each of which does contain the factor p. N, is therefore not zero and not 
divisible by p. 

Further, since (p+k)!+[(p—1)! k!] is an integer divisible by p, it fol- 
lows that all of the coefficients of the last block of terms in (5) contain p as a 
factor. On adding the columns of (5) we have: 


Nye—pl Pp + Pye bP git? pone + Psp PP J+ 2 Outten, (8) 
m= 


where P,, Py, +--+ , Ps_x are integers. 

Before completing our argument we need only to show that by choosing 
as p a prime number sufficiently large, the last term of (6) can be made as small 
as we please. If a is a number greater than unity and greater than any of the 
n roots x, of f(x), 


_ ee my? ae 
| Ram | =| 1+ ota + ml) mE to" |< Jl +aytapte- |. 
- | Bim, | <e* ° 
Now since the coefficients 0,, in (6) are the coefficients of ¢(7) and since 
each coefficient of ¢(x) is numerically less than or equal to the corresponding 
coefficient of 


Gp yh lao l tla: |e [as | ee sesseseees + | a, | 2)?, 


we have the inequality, Y denoting a constant, 


8 a a abi (Q)? 
|e Ont” Bem | <e ‘Gaty ih lol + las bet seoseaen + | dy | 4)? S@_D! 1) 1" 


The last expression, designated 3,, is the pth term of the series for Qe®@ and 
therefore approaches zero as p is increased indefinitely. 
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We now choose the arbitrary prime number p>1 0 that it shall be larger 
that a,, larger than C, and also-so that Xp<1/n. The number N,, is the required 
multiplier N. 

For if we multiply N, into (1) in follows directly from equation (6) that 


NC O07 $082 4 rere + 0%") = Ny OF pC Py +P, Si +P, 82+ 
a + Ps pSs—p) EN Hig Hen $Mn (7) 


§ 
where 7,= & b,,(4,)"Rim<1/n, SyHat, +.aty pee + a,. 
m=1 


But from Newton’s formulas* 
S,+a,—0, 8,+a,8,+2a,=0, ......... 


it follows that S,, S,, ~......, Ss_p are whole numbers. Hence the second term 
of the right-hand member of (7) is an integer divisible by p. On the contrary, 
N, and C are not divisible by p. The sum of these terms therefore is a whole 
number greater than +1 or less than —1; and since the sum 7, +7, +.......... +p 
is less than unity the right-hand member of (7) cannot be zero. Hence the left- 
hand member of (7) is not zero and hence (1) cannot be zero.- 

§3. The proof that e is a transcendental number can be effected by almost 
precisely the same argument as that given above. It is required to show that 
the algebraic equation with integral coefficients 


CHO CyO? HH veeeeeeen + 6,e"=0 (1’) 
is impossible. Evidently no generality is lost by assuming c0 and c¢,0. Let 
f(®)=(—-1)(@— 2) ........ (*—N)=A, +4, 0+ 4,0? +-......... + Ant”. (2) 


The argument now is exactly like that of §2 from equation (2) to the sentence 
introducing equation (7). At this point we observe that since all the roots of 
f(#) are integers, (6) may be written 


N e?*=p W;, + Px, 
where W, is a whole number and 7, is less than 1/n. We therefore have 
Np(e+ ¢,é+.~ + ene”) =¢. Ny +p W, +W, Pee Wr) +r, t+re+ steee +1: (7) 


In the right-hand member, the first term is not divisible by p, the second term 
is divisible by p and the third teria is numerically less than unity. From this 
it follows as before that the left-hand member of (7’) cannot be zero and hence 
that (1’) is impossible. Therefore e cannot satisfy an algebraic equation. 


*Cf. Burnside and Panton, Theory of Equations, Chapter VIII, or any book on higher algebra. 
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A BALANCE FOR THE SOLUTION OF ALGEBRAIC EQUATIONS. 


By R. P. BAKER, Chicago. 


The ordinary balance with a riding weight and divided beam solves the 
equation az+b—0. Here a represents the weight of the rider, x its distance from 
the zero of the scale positive or negative, and b the weight in one of the pans, 
positive or negative, according to the pair. 

Consider the quadratic F=axz?+bx+c—0, with a, b,c, real, and a posi- 
tive. Take three balance beams parallel and in same horizontal plane; their ful- 
crums in a line perpendicular to the beams. Let a rider of weight a be placed on 
the first beam, and a fixed weight b at unit distance right or left according to sign 
of b (Cor unit weight at distance 6). If xis the distance of the rider from zero 
of the scale the moment turning the beam isaz+b. By some mechanism, ap- 
proximately and conveniently by a long thread attached at distance unity on this 
beam and passing vertically both up and down (to transmit forces of either sign) 
over pulleys sufficiently distant to preserve approximate parallelism, a force pro- 
portional to az+6 is transmitted to the second beam at a distance x from its ful- 
crum. The second beam also has a weight c at unit distance of appropriate sign 
(or unit weight at distance c). The moment on the second beam is now 
ax?+ba+c. This may have either sign, but the sign of this does not tell us 
which way to vary x to reach a zero value, or whether one can be reached. The 
third beam has weight 2a at distance z, and 0 at unit distance, and has turning 
moment 2ax+b=0F/dr. If this is positive x must be made to move in the neg- 
ative direction, or vice versa, to diminish the value of #. The third beam may 
be stopped and its bearing on the stops is the indicator as in the ordinary balance. 

If the equation has imaginary roots the third or indicator beam reverses 
its moment without the second beam coming to an equilibrium. The three riders 
on the three beams can be moved so as to remain in a straight line perpendicular 
to the beams by an appropriate frame and vertical forks containing the axes of 
small rollers carrying the riders. The machine may be extended in principle to 
an equation of degree 7, using 2n—1 beams, and two indicators for the signs of 
“and F’(2). | 

The machine may be made automatic by electrical attachments. In the 
case of the quadratic, when the sign of F’(#) is positive, and F(7) is positive, a 
connection through the stops may be used to start a rotation which moves the z- 
frame in the negative direction. For each change of sign the connection would 
reverse the current so that the sign of —F(x)F'(x) gives the direction of move- 
ment of the z-frame. In case of imaginary roots the machine after some oscilla- 
tion would come to rest in the minimum position. 


GROUPS OF ELEMENTARY TRIGONOMETRY. 


By G. A. MILLER. 


In a preceding number of this journal we considered a substitution group 
of degree 6 and order 12, which is very useful in deriving formulas from each 
other.* In the present note we shall consider some groups of operations, which 
are associated with the triangle and the trigonometric functions. Nearly all of 
these groups are too elementary to exhibit many group properties, yet it is hoped 
that their formal statement will exhibit some important points in a clear light. 

We begin with the operations upon the angle a which transform sina into 
+sina. By reflecting the point representing a on the y-axist we obtain a point 
representing an angle whose sine is equal to sina; by reflecting the same point 
on the z-axis there results an angle whose sine is equal to —sina. These two re- 
flections, in succession, are equivalent to a rotation through the angle z, which 
transforms « into another angle whose sine is equal to —sine. It is well known 
that the three given operations together with the identity constitute the four- 
group, or the axial group. Hence this axial group transforms theanglea so that 
Sina goes into +sina. It is clear that the same operations transform each of the 
other five trigonometric functions into + the same named function. 

By reflecting on the bisector of the first quadrant, every angle is changed 
into its complement. Hence the direct functions of «a will be transformed into 
the co-functions by this operation. The group generated by this operation and 
the preceding axial group is the octic group, or the group of movements of the 
square. Hence this octic group transforms a in such a way that each function of 
a will go into + itself or into + its co-function. Since subtracting «from any 
angle # is equivalent to reflecting « on the diameter through //2, it follows that 
the given operations result from taking the complement and supplement of the 
angle a, these operations being performed in any order. Hence by taking the 
complement or the supplement of an angle any number of times and in any order, 
we transform any of its six functions either into + itself or into + its co-function. 

Now angles 7,, 2, can be so selected that the two operations of subtracting 
a from them generate a dihedral rotation group of any even order, since the order 
of this group is 2z/d, where d is the highest: common factor of 8,, 8,, and 27.}{ 
Theoretically, these groups are just as interesting as the group formed by taking 
the complement and supplement of the angle a, but they do not have such im- 
portant applications in the solution of the triangle and hence need not be consid- 
ered here. 

In the preceding cases the operations of the group were performed upon 
the angle «. Instead of this, the operations may be performed upon functions 
ofa. Perhaps the most interesting case results when the operations of inversion 

*Vol. 5 (1898), p. 102. 


{The angles are supposed to be represented by points on the unit circle. 
tCf. Groups of Subtraction, Montuiy, Nov., 1904. 
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and subtracting from unity are performed upon sin?a. The six operations of the 
group generated by the two given operations* transform sin?a into the following 
functions of sin?a: 


sin? 1—sin? 1 sin?a—] sin?a —1 
1 a —S a —_. a => ae 
’ gin?’ sin?’a ’ gin?a—1’  sin2a—1 
These are respectively, 

sin?a, cos?a, ese?a, —cot®a, —tan?a, seca. 


Each of these functions is transformed into all the others by the operations of 
this group. 

A more elementary example presents itself if it is observed that the four- 
group is the group of division and changing sign. In particular, it is the group 
of inversion and ¢hanging sign. Hence the three sets of four functions (+ sina, 
+esca; +tana, +cota; +seca, +esea) are transformed among themselves by the 
operations of this group. 

If the three sides of a triangle are regarded as directed lines there are 
eight triangles having the same vertices. As the operations of changing the di- 
rection of the sides are independent operations of period two, it follows that each 
of these triangles may be transformed into all of them by the operations of the 
group of order 8 which contains seven operations of period two. Similarly, we 
obtain 64 trihedral angles from a given one by giving direction to the edges and 
the face angles. The corresponding 64 spherical triangles can be obtained from 
any one of them by the 64 operations of the group containing 63 operations of 
period two. These triangles have been studied in details by Study, Stchsischen 
Abhandlungen, Vol. 20, pp. 87-2381. A very brief account of them is found in 
Jones’ Trigonometry, 1896, p. 168. 

The main interest in employing group theory in the study of trigonometry 
is due to the fact these same groups have extensive application in other fields of 
mathematics. For instance, by means of the given operations of subtracting 
from unity and inverting we associate, in general, six expressions with every 


; ; ; , ; ; s—b)(s—e 
expression. The six expressions associated with sin? A/2—U— 2-6 x ) are 


- — es aa — nn 


(s—b)(s—c) s(s—a) be s(a—s) (s—b)(s—e) be 


These are respectively, 


i A A A A A A 
sin’? cos’, cset —cot?—-, — tan’; sec’ > 


*Subtracting from ~, and dividing w/ givesrise to this dihedral rotation group for every value of «,. 
In the present case v7,=1. 


227 


No new expressions are obtained by subtracting these from unito or by inverting 
them. The study of equality among these functions becomes a special case when 
the group generated by the operations x,—n, x,?/n transforms a point into less 
than six distinct points. This question has been completely solved for the gen- 
eral dihedral rotation group, 


THE EXPRESSION OF THE AREAS OF POLYGONS IN 
DETERMINANT FORM. 


By RB. P. BAKER. 


The area of the triangle the rectangular codrdinates of whose vertices are 
(€1,91)5 eo, Y2)j (Hs, ¥3), IS 


t, y, | 
{7% Y, 1 
t, Ys, 1 


For the area of a quadrilateral whose vertices are 1, 2, 3, 4, diagonals (13) and (24) 
and such that circuits (123), (184) have the area on the left, we have 


bis Yi» 1, 1 his Yi» 1, ma 
4 voy Yor 4 1 — 4 Boy Yo: 1, 1—k . 

vey Ys, 4, O| = hss Yess 1, —k 

Hay Yar 4, 1 Lay Yar }, 1—k 


The case of the pentagon or polygon of more sides than 5 is different. 
Suppose that the area P of the pentagon can be expressed by 


U1, Yi) 1, hi; b, | “45 Y1> 1, 0, 0 | 
Xo, Yo 1, Ge, 2 | %, Yo: 1, W's, b', 
A | Xs Y3; 1, Os , bs =A | vey Ys; 1, Ob’, b’, 
Yay Yar 1, hs, 4 | L4, Ya) 1, a 4, b', | 
Us Y 5) 1, Os, bs | | @;, Y5> 1, Q's, O' | 


the latter being obtained from the former by subtracting multiples of columns. 

Expanding by Laplace’s method in minors of the first three columns we 
get the area as a sum of multiples of triangular areas all having the point 1 as 
vertex. The multipliers must obviously be equal. Hence all the determinants 
a’; 


, 


a me | must be equal. This is impossible, for 
5 M9 


hy, Dy, Hy, By 
y | Ger Par ar Os | —(23)(45)—(24)(35) + (25)(34) =0, 
49 “49 “ao “4 
As, 5? Os, bs 
which cannot be satisfied by 
(23) = (45 )=(24)=(35 )=(25) = (84). 


The general case fails in consequence of a similar identical relation among 
the determinants of a matrix. This relation can be expressed as the expansion 


of a determinant of 2(n—3) rows which can be symbolized by rte where A, 
B, C denote, respectively, 


0, 0, a) Gna | | Ge, As, 7 » In—2 | | On—1, On, bo, bg, --- » dn—4 

0, 0, nesee 7 Un—2 | be, bs, b,, woere » Yn—2 | | m—1) Yns 2) 379 smery Yn—4 
’ ’ 

| 0, 0, nore y In—2 | l,, ls, U4, ? ln —2 | | ln—1) bins le, ls, nonee ’ In—4 


When this is expanded according to Laplace’s method in determinants of (n—3) 
rows, we get 


(2, 38, ,n—8, n—2)(n—1, n, 2, ......... , n—4) 
— (2, 3, ......... ,n—3, n—1)(n—2, n, 2, .......... ,n—4) 
$2, By ceeeecceteeee ,n—3, n)(n—3, n, 2, ......--. , n—4)=0, 


which cannot be satisfied if these determinants are all equal. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


Problem 206 was also solved by J. E. Sanders; No. 207 was also solved by L. E. Newcomb. 


208. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, O. 


Solve (1)........ e* + y4== 14a? y? 5 (2)......... at+y=m. 


I. Solution by EDWIN L. RICH, Student at Lehigh University. 
Hquation (1) may be written 


(2? — y? —xyy/12) (2? —y® +ay// 12)=0 ......... (3). 
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Solving each factor, 


B=(V/B £2) Yn 4), 
r—=(—7/3£2)y.-.(5). 


From the simultaneous equations (2), (4) and (2), (5), 
r= (84/3), y=—-BF3), 


ra (1ty3), y=5-CF 8). 


II, Solution by S. A. COREY, Hiteman, Iowa. 
Adding 2x2y? to each member of (1), 


rt + 202y? +-y4#=16r? y?......... (3), 
whence a? ty? — + 4ry......... (4). 
Squaring (2), we have 

x? + Qary + y2=m? ......... (5); 


substituting from (4), 6xy=m?, or —2ry=m’*, 
h ra or _m" | 
whence, by Dy 


By substituting these values of x in (2), we find without difficulty, 


r=m($+7/ ds), or M44//38/4); 
y=mM(2 FY qge), or me F 3/4). 


Also solved by R. L. Borger, G.W. Greenwood, E. L. Sherwood, L. E. Newcomb, J. F. Lawrence, 
S. E. Harwood, Elmer Schuyler. G. B. M. Zerr, and J. Scheffer. 


209. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, O. 


Prove that (a*-+04-+c4++d+4)>4abed. 


Solution by M. E. GRABER, A. M., Heidelberg University, Tiffin, 0. 
(a? +6?) >2ab and (c?+d* )>2cd from which, by multiplication, (a?c? + 
b2c? +a?d? + 62d? )> 4abcd......... (1). 
Again (a++ct)>2a%c?; (b4+c¢4)>2b%c?; (a4+d*)>2a2d2, and 
(b4+d*)>2b7d?. 
By addition, (a*-+6++c*+d‘)>(a’c?+62c?+a?d?+6%d*) and this in 
connection with (1) gives (at +64 -+¢4+d*)>4abed. 


Also solved by G.W. Greenwood, R. L. Borger, E. L. Sherwood, L. E. Newcomb, Elmer Schuyler, 
J. H. Meyer, A. J. Haun, C. A. Laisant, J. Scheffer. 


x*, Dr. G. B. M. Zerr and Mr. J. F. Lawrence prove in general that 
My AO g be eeeneeee Ag Ny/ (04 Og ne oon d,). Dr. Gerr also proved that (a,™”+.......... 
$ dy) > [ (Ay fever Fy) /N]™. 


210. Proposed by W. J. GREENSTREEHT, A. M., Editor of The Mathematical Gazette, Stroud, England. 
The sum of five quantities and the sum of their cubes are both zero. Show 
that the sum of their fifth powers is a factor of the sum of any odd powers of 
the quantities. 
Solution by G. W. GREENWOOD, M. A. (Oxon), Professor of Mathematics and Astronomy in McKendree 
College, Lebanon, III. 
Denote the quantities by a, #, 7, 6, «, and let the equation of which they 
are the roots be 
25 + ax4 + bx? +cxr? +dra+e=0. 
Then Sa=——a=—0. 
3a3 —= (3a? — Saf) Sa — Zahy)=c—0. 


Substituting the roots in turn for z, and adding, we get, 
3a5+5e—0. 


Multiply the equation by z?, make the same substitutions, and we get in a simi- 
lar manner, 
Yat +bo3a5 +5e—0, 
1.€., 3a7+(b—1)3a5=0. 


Hence 32° is a factor of 327 and the process may be repeated indefinitely. 
Also solved by Elmer Schuyler, G, B. M. Zerr, J. Scheffer. 


GEOMETRY. 
228 Proposed by 0.E. GLENN, A.M., Fellow in Mathematics, University of Pennsylvania, Philadelphia, Pa 
Given a point O without a circle 8S; two arbitrary lines through O cut Sin 
the points A, A’, and B, B’, respectively. Prove, by pure geometry, that the four 
circles through OAR, OBR, OA'R’, OB'R’, respectively, intersect in points col- 
linear with O; R and R#’ being points upon S arbitrarily chosen. 


Solution by T. L. CROYES, Paris, France. 

Let us take the inverse of the system with regard to O, and let the inverses 
of the five circles S, OAR, OBR, OA'R’', OB'R’, be a circle s, and the four right 
lines ar, br, a’r’,-b'r’ (a, a’, b, 0’, r, r’ being the inverses of A, A’, B, B’, R, FR’). 

By Pascal’s theorem, the points of intersection (ar, b'r')(br, a'r’) are col- 
linear with the point O. 


287. Proposed by S. A. COREY, Hiteman, Iowa. 


Let AB, BC, CD, DE, EA be the sides of a pentagon, plain or gauche. 
Double the length of CB and DE by extending from B and # to G and H, re- 
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spectively. Draw B’D parallel to and of the same currency as BC. Connect G 
and H. Then prove that 2(4 B?+BC?+CD? + DE? +HA*)=38CD? +4(DE. BC. 
cosEDB' + HA.AB.cosEHAB)+ GH". 


Solution by the PROPOSER. 

Let a, b, ec, and d be the vector sides corresponding with DE, HA, AB, 
and BC, respectively. Then will —(a+b-+c+d) represent the side CD, and 
(a—b—c+d), the line GH. Squaring each of these six vectors to get their 
squared tensors, and adding as follows: 


2[ T?a+T?b+ T%e+T?d+T?.(—a—b—c—a)] 
—38T?.(—a—b—c—d)—T?.(a—b—c+a) 


is found to be 4( Ta. Td.cosad+ Tb. Te.cosbe) as required by the problem.* 


238. Proposed by 0. W. ANTHONY, Head of the Mathematical Department, DeWitt Clinton High School, 
New York. 


Construct a trapezoid having given the sum of the parallel sides, the sum 
of the diagonals, and the angle formed by the diagonals. 


I. Solution by J. H. MEYERS, S. J., Profsssor of Mathematics in Spring Hill College, Mobile, Ala. 

Construct the triangle ABC, whose base 4B=sum of parallel sides, angle 
C=angle between diagonals and where AC+ CB=sum of diagonals. [See Cas- 
ey’s Sequel to Huclid, Book III, Prop. 29.]t 

Take the point H on AB, such that CH=CB; from E draw EF parallel 
and equal to AC meeting CB in O; join B and F. CFBE is the required 
trapezoid. In proof, AH=CF, hence HB+CF=given sum of parallel sides. 
Since HF=AC, EF+CB=given sum of parallel sides. And finally, angle 
KOB=ACB. 


Analogously solved by J. Scheffer. 


II. Remark by G. W. GREENWOOD, M. A., Professor of Mathematics and Astronomy in McKendree College, 
Lebanon, Ill. 


Consider any trapezoid ABCD satisfying the given conditions, where AB, 
CD are the parallel sides. Draw any parallel to AC meeting AB internally in 
A’, say, and hence meeting CD internally in C’. The trapezoid A’BC'D can eas- 
ily be seen to fulfill the required conditions. Therefore the solution is not 
unique. 


*In the above solution the lines CB and DE are the ones produced. Prof. G. W. Greenwood has 
demonstrated that the corresponding theorem, where the lines produced are BC and ED, does not hold 
true. Ep. EH. 

+Describe on the same side of AB as a chord the arcs AXB, AYB such that angle AX B=given angle 
a for every point X¥, and AYB=ia. Determine the point P on are AYB such that A4P=sum of diagonals of 
trapezoid (4. e., sum of sides of the required triangle). Let AP.meet arc AXB in C. Then since angle 
CPB+CBP=a, angle CBP=}a and CP=CB. Therefore ABC is the required triangle. Ep. EH. 
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III, Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Suppose ABCD the required trapezoid, AB being the shorter (upper) 
base, BD=x, one diagonal, AC=BF=y, BG=altitude=h. Produce DC to F 
so that DF=DG+ GF=-DC+-CF=a, x+y=c, #=given angle. 71/(#7?—h?)+ 
(yh? =a. 4a?y?=a4*4 (22 +y?)?+40*h? —2a2(2?+y?). Buta?+y?=—c? 
—2ary. ..4(0% —a® jey=4a?h?-+(c? —a?)*. Now xysind=ah. 


2__g?2 
2 4a7h? —4an( =F) (08 —a*y?, 


’. h=5-(e3 —a*)tand6 or h=4(c? —a? )cotso. 


xy == ofa! or or a" and #«+y—c 
ty 4cos? ga sin?46 ye. 


/ (a? —¢*?c08?$6) 
© Vv 
“= 30 ane 


V (a? —c*sin? $0) © 


or 30+ 2c0s46 ; 


2 ne 214 
enV c° cos? 40) 


V (a? —e’sin?40) 
2s8ingd 


or 20+ 2c0s46 


y=3 

Hence lay off DF=a, and draw AF parallel to DF at a distance h from it. 

With D as center and DB=z or y draw DB; then DF=yorz. Draw any line 

parallel to BF as AC, A’C’, A” OC”, and join B, Dto C, (’, 0", A, A’, A”, respect- 

ively. Then any one of the many trapezoids thus formed fulfill the required 
conditions, as is evident by drawing a figure. 


IV. Solution by J. J. KEYES, Nashville, Tenn. 


Construct the triangle HBF having BE=sum of diagonals, BF=sum of 
bases, and angle H=4 given angle. At F construct the angle HF D—=angle LH, 
FD meeting BE in D. Through Ddraw DM parallel to FB. Take any point C 
on BF, draw CA parallel to FD meeting DMin A. Join AB, DC. ABCD is 
the required trapezoid. In proof, AO=CF. -.AD+BOC=—BC+BD=sum of 
bases. AC=DF=DE, ..AC+BD=BD-+ DE=-sum of diagonals. The angle 
between BD and AC=angle BDF=? angle H=—given angle. 

Also solved by Elmer Schuyler. 


CALCULUS. 


Problem number 181 was also solved by S. A. Corey and L. C. Walker. 
183. Proposed by W. J. GREENSTREET, A. M., Stroud, Bagland. 
sin2uxdax 


Evalu ate ; (a? +2" )sine . 
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Solution by G. B. M. ZERR, A. M., Ph. D. 
, ~ 
sin2nax dx 
Let u =f —___—___._—, then 
Jo (a?+272) sina 


du _ (° — 2xcosnadx -f 4x2 sin2nadax —4a2u— 4 ° gsin2nzdx 
dn J 9 (a?—#?) sing’ ia (a* +a?) sing oe f, sing — 
nxeyY—1_ p—n«xy—1 
Let v8 SINE COSNA SInNe COSNT de __ sf e é cosnardx. 
sing — eeV—1_ ge y—1 
Let #)/(—1)=7y, da=—7)/(—1)dy; 
é TRY — e— cm 0) 
"VU — Bry (— =f Fay 08 enYY/ — 1)dy 
sinzn 
=~ 89 (—1) separa a) =~ 2 (Dotan, 
*v—=0, since n=any integer au 
ads | ~~ y eg ° . dn? 


u=Aeran + Beam, When n=0, u=0, and B=—A. +, u=A (24 —¢—2an), 


TE TE 
When n=1, u= and A=—._—______., 
a a(e24 — e—20) 
1 mee e2an __ e—tan— ze—* sinh 2an 
ga * eta—e-2a — q «=O ginh 2a’ 


184. Proposed by W. J. GREENSTREET, A. M., Stroud, England. 
If u=f(a, y); &=e"y; yn—=e*; show that 


du dé ue 4s ad?u 
dx? 7 dy? Ydy °° "dz.dy 


Solution by G. W. GREENWOOD, M. A. (Oxon), Lebanon, II 
We have c=slog?+4logy, y=1/(&/7), and therefore 


a 4 
be a * Vay” 


ae fy § _y(3 4 ~~) . 
ae 9E dz’ by \ ay det et dy , Whence 25 


In a similar way we get 
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AE = (5+ <\(<— é — gy Ou 
1 nea = ae Yay )\ae ~ Vay)" = oe2 — Yin dy * Vax dy 


ou Ou Ou OPM ou 
~ Fay 4 dy? Or? y dy? v3y" 


Also solved by G. B. M. Zerr. 


MECHANICS. 
170. Proposed by ELISHA S. LOOMIS, Ph. D., Berea, Ohio. 

Two angles of iron, A,CD and A,CA,, move freely ona pivot at C. Rods 
B,A, and B,A, are attached, respectively, at A, and at some point A, so that 
when B, moves along the rod CR, which is perpendicular to A4,A,, CD and CA, 
shall coincide in position with CEH which is perpendicular to rod KR. When 
angle A,CD is 135° find CA, in terms of CA,. Also find the following: 

a) That value of CB, which will require least effort exerted at B, to cause 
CA, to take the position CA,. 

b) That value of CB, which will cause B,A,, if produced, to pass through 
the point A,. 

¢c) As CB, varies in value, what is the locus of the intersection of A,B, 
and A,B,? Of B,A, and B,A,? 

d) Suppose angle A, CD to be any other angle than 135°, then find CA, 
in terms of CA,. | 

(For figure see pp. 177 and 212.) 


II.. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Let CB,=a, CA,=r, CA,=a, £A,CA,=/A,0A,=8. 
A, By=/ (a?+r?). 
d) A,B, =A, By=// (8 +9 )=// (r? + CBZ —2r.CB, sing). 
 CB,=rsinf +7/ (a? +r? sin?£). 
A,B, =a? +2r? sin? 2-+-a? + 2rsinf)/(a*? +r? sin?f). 
A,B,=A,B,=7? +a? + 2axsing. 
; rl sinf-+r(a2+r?sin?£) 
a 
When gods, etV2 Lrty Cat tt) 
a) Let P=pull along A,B,, Q=resolved part of pull along A,C. 
Then Q==PeosCA ,B,—=Pcosd 


_. Party Qe Pifray24 Vat try] 
~ 27/[eteartary2) [rty (2a?+r?)] p/(a?+r?) 
Pr Pra "2 


—=qd minimum. 


Cones MECC CED 


Differentiating and reducing, 

(73 //2—2ar? —2a?)// (2a? +r?) +74 //24+2a41/2—4a3r— 2ar?=0. 
Let 73 /a=y?. 

(Cy //2—2ay? —2)/ (2+y* )+y*ey/ 2—4y— 24° =0. 

“. y¥=0 or d=o for the minimum effort. 


r+y (2a’?+r*) 


b) CB, = 5 


»A,B,=// (a? +r), AA, Sry (2-2). 


A, B,=y (a? 2r 4+ r//(2a?-+9? )] =A, B, +A, A,= (CU +9P)+r7YO2-y 2). 
Let a? +r? =y?. 
VY Ly tr +r (2y —P \J=yt+ry 2-2) 
or 1 — 2) +eyy 2-VY2)=y Cy? —r*). 
ry (2-2) / 


=D -1 “y@alt 


ce) «/a—y/r=1 is the equation to A,B, ......... (1). 
raty)/ (2a? +r?) —7r? //2—ry ay (2a? +r?) =0 is equation to A, B,.........(2). 


From (1), area this in (2) gives 


(y—ry/2)* [202 +(r+y)? ]=(rt+y)? (r//2—2)? for first locus. 


2ax 4 y|/2 
ry ry 2a +r) ] "rE Qa? +r") 
. 2an + 2ry=r,/2[r+yp (2a? +97? )] ....... (4). 


=I] is equation to A,B, ........ (3). 


[rt 2a? +r (2a? +92) yr (20? +7?) earl y/ (2a? +7°)] 


is equation to A, Bj......... (5). 
From (4), 
qa eV A rey try [aaty® +2r? x? —21/ (2) rey | 
i” 242 —y? 


Substituted in (5) this gives the second locus. 


171. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Prove that the electrical capacity of an oblate ellipsoid of revolution is 
Vy (a? —b? )/cos—!(b/a), where a and 6 are the equatorial and polar semi-diameters. 


I. Solution by M. E, GRABER, A. M., Heidelberg University, Tiffin, Ohio. 
Suppose the thickness of the shell to be m¢, then the force due to the shell 
at any point P, external, is 4xom@. The force due to the shell is obtained from 
dn 4nromdéabe 
du 1/L(@® +2 (84D (2 4D) 


where dn is an element of the normal at p. 
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Taking dz, ma ™“ de in the direction of the normal we get from the differentia- 


2 
so + spall, M=2¢dn. 
2zxpmabedl 


VY FeO +DCe 4D)’ 


tion of = I aa 


Hence dv from which we get 


U=2n mabe { ee 
ee DV Me FD(P4DE+D) 
Replacing 4xpmabc, the mass of the shell, by @Q in the electrical case 


9? dl 
Eh oY [CP 4D? 4D +0)] 


dl 
and ~~ fala VY [(a?+D(e Deal 


Since /=0 and a=c>b, we get, upon integrating, 


q 


+ =)/(a2 —9? )/ (ge tan\ 5) =v (2 b?) /(4x—sin) 


vy (a 


=y/ (a? —b?)/cos~1(b/a). 


II, Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


The electrification at any point is proportional to the length of the perpen- 
dicular from the center on the tangent plane at that point. Let us denote it by 
mp. We must have {‘mpdS equal to the charge Q. 

But fpdS=47a°b. ss. m=Q/4na?b. 

The potential V at any point in the interior of the conductor is constant. 
At the center we have 


V= foes Op porysindds = ( psingds = Ja saat, r2sinédé 
sind Q 1 ES b?) ° 
= qa tan- 6 
=2Qb f a®cos?6+b2sin20 2 Vv (a? —0? y fan eo8 | 


__ Q (a? —6?) 7] qd —] 
= aoe 0 LE |= aay 7/0. 


“. The capacity Q/ V=7/(a® — 6? )/cos—!(b/a). 
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AVERAGE AND PROBABILITY. 


154. Proposed by L. C. WALKER, A. M., Santa Barbara, Cal. 


Five points are taken at random in space. The chance that the fifth: point 
may be included within the tetrahedron of which the other four points are the 
vertices is 54 


Solution by the PROPOSER. 

With the five points taken at random as vertices, five tetrahedrons may 
be formed. 

Let A, B, C, D be the four points which form the greatest tetrahedron, 
and let EH be the fifth point. Through the vertices A, B, 0, D, pass the planes 
BOD, A'C'D', A’B'D', A'B'C’,, parallel, respectively, to the planes BCD, ACD, 
ABD, ABC. Now H must fall within the tetrahedron D—ABO; for if E fell 
without it, the tetrahedron D—ABC would not be the greatest tetr ‘ahedron which 
could be formed with the five random points as vertices. 

Consequently the volume of the tetrahedron D’—.A’B’(’ represents the ex- 
tent of all possible cases; that is, of all eases consistent with the assumption that 
D—ABC is the greatest tetrahedron that could be formed with the five random 
points as vertices. The volume of the tetrahedron D—ABC represents the total 
number of favorable cases. Hence the required chance is 


___the volume of tetrahedron D— ABO 7 
~ the volume of tetrahedron D’— A’B’O’ 27° 


156. Proposed by J. E. SANDERS, Hackney, Ohio. 


Find the average area of a triangle, the sum of whose sides is constant 
and equal to 2a. 


Solution by the PROPOSER. 
Let x, y, 2a—ax—y be the sides. 
Then the area is A==)/[a(a—r)(a—y)(a+y—a)]. 
The limits of x are 0 anda; of y,a—«anda. Putting a for the average 
area required, we have 


9 - ate 
ae J Adedy. 


y= 


Let a—y=u, du == —dy; the limits of u are x and 0. 


= LF vtaa— a) ou—wy edn =, [ie taca—ny r=, 


Solved with the same result by S. A. Corey, and G. B. M. Zerr. 


5, > 
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DIOPHANTINE ANALYSIS. 


122. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 
If p is a prime (p*—1)(p?—1) has no factor of the form 1+p%z, x>0, if 
p>2; (p>—1)(pt—1)(p?—1) has no factor of the form 1+-p°z, r>0. 


No satisfactory solution has been received. 


MISCELLANEOUS. 


145. Proposed by H. F. MacNEISH, Chicago, III. 


Two complete 5-plane configurations in space having the same vertices are 
identical; in general two complete (n+2)-faces in n-space having the same ver- 
tices are identical. 


Solution by the PROPOSER. 
We proceed at once to the general case. 
| Definition. An (n+2)-face in n space is defined as the n-space configura- 
tion formed by (n+2) (n—1)-spaces and the intersections with the restriction 
that noi+2 (i+ j)-spaces have a common j-space. 
Suppose one (n-+-2)-face has the following notation: The (n—1)-spaces 
are specified A?—? (r=1....... n+2), and any j-space has notation of the type 


Al; vin and the incidence relations are fully specified by stating that 
Al, in lies in precisely every element of higher dimensions whose subscripts 
are all of the set 4, ....... 1y 7. 


(1) Any three collinear points are of the type 
‘, e . —_— 0 a . e 0 2 . e ° 0 e e 2 a 
A 44% ---- inp Uybq ----U% A tyt2----Unm—1l *n+1 A 41%, ---- tg@—1 4242" 


We consider any two points with every possible third point and show that this 
type is the only possible type of three collinear points. 
(a) AG, tiny AGG, tp pinay (Nl subscripts common). With these 


two points A 4, i, ap inae is collinear from the (n-+2)-face A?—'; any other 


third point will be of the type A, ing which will then be on the line 
A’ isis in 1 (being collinear with A, 4, 4, and A; 4,4, 4 im 41 in (n+2)-face 
Av-t) and then n+1 (m—1)-space A?™, ART ae A>; will pass through 
which contradicts the definition of an (n-+2)-face. 


lo---- I 9 
0., . . : —_.° ar] ] 
(b,) Aaya, tiny Asst. in 49 (n—2 subscripts common) with 
0. ., ° . : 
A tyte-. -- n—2*n-+-1 *n42° 
Now the line determined by AG, ins Abt ine lies in the plane 


A?;, i, and the line determined by A°j.4, in; As 3 lies in the 


a---- tn—2Qtn41? n+l 
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plane A?;,,. and the line determined by A°;;, A? 


---ty—? - In 49) tgty---- Im 4Qinirinie 


lies in the plane A*;, 4: niin’ 
Therefore if A%s iG. tny Ati in +2) Ae g in—ot ntlin+e 
these three planes are coaxial, which contradicts the definition. 
(b,) AGG, én AX its in ge with A%s, in ay On this line will lie the 
point Ai, nin as for it is collinear with A°;;, _;, and Ap. tin sy in the (7+2)- 
face A?—! and at A°;, _-inyg We then have n+1 (—1)-spaces concurring, which 
contradicts the definition. 


are collinear, 


Therefore the points are collinear only according to type (a); there are 
exactly n42Cn,—1 such lines, and these are the lines of the (n+2)-face Av—. 
Therefore if the xertices of two (n+ 2)-faces are identical the lines are identical. 


Sa wecemant teeees ees Heroes ees +. tees eens 
veewee wen: tuwene nets ten euueses twesecenne 


Pe ween emes meee eeess SU Bete wee sesame enes 


(IT) Any k+3 k-spaces in the same (k+1)-spaces are of the type for k= 0 


an — AF. . . 
(a) A} in hl AN in pa in—k 
k . . 
A ¢1----*n—k—1* n—k+1 
Ak 


ty----tm—k—-1 ¢n—k+2 


Ak 


For if only n—k—2 or less subscripts are common for any two k-spacs in the 


t,----tm 1 i n+2 


same (k+1)-space we would have k-spaces of the types AM) tn pp _gttins 
A*, in 4 girts Lying in the same (k+1)-space. They intersect in a k—1)-space 
which will le in (n—k+2) (n—1)-spaces; 7. e., AP 1 An Veen , AP” 1 a 
Ar-l, Art, An—!, A®-!, which contradicts the definition that no i42 “G+h)- 
spaces have a common k-space. 

Therefore if the k-spaces of two (n+ 2)-faces are identical the (k+41)-spaces 
are identical k=0, ........., N+2. 

Therefore the two (n+2)-faces are identical throughout. 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


215. Proposed by EDWIN L., RICH, Lehigh University. 
Solve (1)......... x /at+y/b-+-e/e=3, 
(2) euneutt /A+-b/y+2/e=8, 
(3)... a/xe+y/b+2/c=3. 


216. Proposed by L. E.. NEWCOMB, Los Gatos, Cal. 
Express by radicals the roots of x6 -;-ax*+-bx°+ 4a°a? + gabx-+ c=0. 


217. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, O- 


Find the condition that H=«> —bx? + cr? +dx—e shall be the product of 
a complete square and a complete cube. 


218. Proposed by SAUL EPSTEEN, 


mC — 2ntt—] 
Prove that = oa aa 


where ¢, is the coefficient of 2 in the expan- 


sion of (1-+2)”. 


GEOMETRY. 
236. Errata. This problem should read: If twosides of atriangle pass 
through fixed points, the third side touches a fixed circle. 


248, Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, O. 


What is the equation to the curve on which lie the centers of the inscribed 
circles in the right-angled triangles of hypotenuse h? 


244, Proposed by 0. W. ANTHONY, Head of the Mathematical Department, DeWitt Clinton H'gh School, 
New York. 


Upon the sides of a triangle as bases isosceles triangles with base angles 
of 80° are constructed. Show that the lines joining the vertices of these isos- 
celes triangles form an equilateral triangle. 


245. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud. England. 
PCP’, DCD’ are conjugate diameters of an ellipse; PN, DM are the ordin- 
ates to the major axis at P and D; show CM/PN=CN/DM=AC/BC, and that 
AP and BD’ are parallel, and that AP’ is parallel to BD. 
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CALCULUS. 


187. Proposed by L. T. JACKSON, St. Louis, Mo. 
Find the area of the ellipse 
r=a, +a,cos?+a,sind, 
y=b, +b, cos6=6b, sind. 


188. Proposed by SAUL EPSTEEN. 


yy? +2)dy 
Bealeate J G5 98 $8)1/ FFD) 


AVERAGE AND PROBABILITY. 


1380. Proposed by L. C. WALKER, A. M., Santa Barbara, Cal. 
Three points are taken at random in a given circle, and a circle passed 
through them. The probability that the circle through the random points will 
be wholly in the given circle is 2. 


NOTES. 


A number of good problems in Algebra, for solution, are desired. 


Mr. T. H. Barton has been appointed instructor in mathematics in Dart~ 
mouth College. 


Dr. E. L. Dodd has been appointed instructor in mathematics in the Uni- 
versity of Iowa. 


At Rutgers College Prof. Ei. A. Bowser has been made emeritus professor 
of mathematics. 


Mr. A. Hall has been appointed instructor in mathematics in the United 
States Naval Academy. 


Mr. H. V. Gummere has been appointed professor of mathematics in the 
Drexel Institute, Philadelphia. 


Dr. H. C. Converse has been appointed instructor in mathematics in the 
Baltimore Polytechnic Institute. 


Mr. K. D. Grant has been promoted to an assistant professorship in math- 
ematics and physics at the Michigan College of Mines. 


Mr. T. E. Gravatt and Mr. C. F. Sharp have been appointed to instructor- 
ships in mathematics in the Pennsylvania State College. 
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Dr. B. L. Newkirk has been appointed instructor, and Mr. A. J. Cham- 
preux assistant in mathematics at the University of California. 


The following new members have recently been admitted to the American 
Mathematical Society: R. P. Baker, W. H. Bussey, H. A. Converse, A. M. 
Curtiss, G. R. Dean, E. L. Dodd, R. R. Fleet, E. D. Grant, J. E. Higden, L. HE. 
Karpinski, O. C. Lester, Tultio Seir-Cevita, J. C. Symer, W. F. Monerieff, 
A. Ranum, C. S. Sisam, Adelaide Smith, Clara E. Smith, C. M. Snelling, 
Edward Study, D. T. Wilson. 


The Index for Vol. XI will be sent out with the January number of Vol. 
XI. 


BOOKS. 


Exercises in Algebra. By Edward R. Robbins and Frederick H. Somer- 
ville, William Penn Charter School, Philadelphia, Penn. 8vo. Cloth Sides and 
Leather Back. 178 pages. New York and Chicago: The American Book Co. 

This little book abounds in well selected exercises suitable for beginners in 
Algebra. 

Practical Measurements in Magnetism and Electricity. By George A. Hoad- 
ley, A. M., C. E., Professor of Physics in Swarthmors College; Author of ‘A 
Brief Course in Physies.’’ 8vo. Cloth, 111 pages. New York and Chicago: The 
American Book Co. 

This book contains a fine collection of experiments in Magnetism and Electricity 
well suited to the requirements of students in the High School or Academy. 

An Introduction to the Modern Theory of Equations. By Florian Cajori, 
Ph. D., Professor of Mathematics, Colorado College. 18vo. Cloth, 1x+289 
pages. Price, $1.75. New York: The Macmillan Co. 


In addition to the usual matter treated in works on the Theory of Equations, Dr. 
Cajori has, in this treatise, devoted 24 pages to Substitutions, 5 pages to the Lagrangian 
Resolvents, 26 pages to Galois’ Theory of Algebraic Numbers, 24 pages to Normal 
Domains, and 12 pages to Reduction of the Galois Resolvent by Adjunction. 

The treatment of the Theory of Equations as here presented is clear, eminently sci- 
entific, and thoroughly modern. It cannot fail to satisfy the demands for a first-class 
work on the subject it treats. 


Physical Laboratory Manual for Use in Schools and Colleges. By H. N. 
Chute, M. 8., Author of ‘‘Practical Physies,’’ ete., and Teacher of Physics in the 
Ann Arbor High School. Revised Edition. 8vo. Cloth, 266 pages. Price, 80 


cents. Boston and Chicago: D.C. Heath & Co. 


The experiments in this book may all be performed in the average High School Phys- 
ical Laboratory, and will give the student a thorough understanding of the physical prin- 
ciples involved in each. F. 

ERRATA. 


Page 198, Mechanies, for 121 read 171. 


